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The nonlinear canonical gyrokinetic Vlasov equation is obtained from the nonlinear
noncanonical gyrokinetic theory using the property of the coordinate transform. In the linear
approximation, it exactly recovers the previous linear canonical gyrokinetic equations derived by
the Lie-transform perturbation method. The computation of the test particle gyrocenter motion in
tokamaks with a large magnetic perturbation is presented and discussed. The numerical results
indicate that the second-order gyrocenter Hamiltonian is important for the gyrocenter motion of
the trapped electron in tokamaks with a large magnetic perturbation. © 2013 American Institute of

Physics. [http://dx.doi.org/10.1063/1.4789550]

I. INTRODUCTION

12 13-20

Gyrokinetic theory''? and simulation are widely
used to investigate the long time behavior of the magnetized
plasma, including the low-frequency turbulence and the
interaction between the high-frequency wave and particles in
tokamaks. The classical gyrokinetic theory'™ has been
developed by the recursive method, while the modern gyro-
kinetic theory*™'" has been developed by the Lie-transform
perturbation method.?'~>*

The Lie-transform perturbation method is used to sim-
plify the equations of motion. It has been applied to the
guiding-center (GC) theory* " and the modern gyrokinetic
theory. In the modern gyrokinetic theory, the phase-space
transformation from the GC coordinates to the gyrocenter
(GY) (GC in perturbed fields) coordinates is a Lie transform,
which is dependent of the electromagnetic perturbations.
The transformation decouples gyromotion from the GY
motion, that is, the GY magnetic moment is a conserved
quantity.

The modern gyrokinetic theory based on the Lie-
transform perturbation method has been derived by starting
from different GC coordinates; for example, the noncanoni-
cal coordinates*™ and the canonical coordinates’'' have
been used independently to derive the gyrokinetic theory.
The noncanonical coordinates are simple and clear, while the
canonical coordinates are useful in some circumstances, such
as the numerical computation of the equations of motion' '
and the canonical equilibrium distribution function.?*° Tt
has been found that the zonal flow damping can be correctly
simulated using the canonical equilibrium distribution func-
tion, while spurious zonal flow oscillations can be generated
by the local (noncanonical) equilibrium distribution func-
tion.>”° The previous canonical gyrokinetic thoeries”™'! are
linear and written in terms of specific canonical coordinates.
It is of interest to develop the nonlinear gyrokinetic theory in
terms of canonical coordinates.
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In this paper, the nonlinear canonical gyrokinetic Vlasov
equation using the property of the coordinate transform and
its numerical application is presented. The rest of the paper
is organized as follows. In Sec. II, the nonlinear gyrokinetic
theory based on the Lie-transform perturbation method is
reviewed. In Sec. III, the property of the Lie transform in the
nonlinear gyrokinetic theory is presented. In Sec. IV, the ca-
nonical nonlinear gyrokinetic equations are presented using
the property of the coordinate transform. In Sec. V, the com-
putation of the test particle gyrocenter motion with a large
magnetic perturbation in tokamaks is presented and dis-
cussed. In Sec. VI, the main results are summarized.

Il. A BRIEF REVIEW OF NONLINEAR GYROKINETIC
THEORY BASED ON THE LIE-TRANSFORM
PERTURBATION METHOD

In the gyrokinetic theory, the following standard order-
ings are assumed,®

s = po/L < 1, (1)

[OE|  |0B| 6f
B By - €5 < 1. (1b)
Here, p, is the Larmor radius, and L is the characteristic
length of the equilibrium magnetic field By; (OE, 0B) are the
perturbation parts of the electromagnetic fields defined as
(0B=V x0A, 0E=—-Vd0¢ — 0,0A), and vy, is the ther-
mal velocity of the particle. df and fy are the perturbation
part and the unperturbed part of the distribution function,
respectively.

A. Unperturbed guiding-center equations of motion

The unperturbed fundamental one-form (the GC
extended Lagrangian) can be written in terms of the nonca-
nonical GC coordinates (X, v, ¢, u, t, =U) as

'y = Ty — hodt = ToidZ — hodt (2a)

= (vjbo + Ao) - dX + pdé — Udt — hodt,  (2b)
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with X the GC position, v the parallel velocity, u the mag-
netic moment, ¢ the gyro-angle, U the total energy of the
particle, and 7 the independent parameter. Here, by = By/Bj,
with By the equilibrium magnetic field and X = r — py(g, &),
with r the particle position and p, the Larmor radius vector.
Throughout the paper, e; = 1 = m; is set to simplify the for-
mulae, with e; and m; the electric charge and the mass of the
particle species s, respectively. The unperturbed GC
extended Hamiltonian is

1
hOEHO—Uzivﬁ—i—uBo—i—(bo—U, 3)

with H, the unperturbed GC Hamiltonian, and ¢, the equi-
librium scalar potential. The Lagrange two-form is defined
as @ = dI".*' The unperturbed Lagrange two-form can be
written as

Wo = wy — dho Adt (4a)

1 o . .
= 5 eipBy dX' ndX’ + bodvy A dX’
+dundé+d(—U) adt — dhondr, (4b)

with

BE; =By + UHV X by, %)

d the exterior differential, A the exterior product, €;; the per-
mutation tensor, and bg; the component of the unit vector by.
The Jacobian of the noncanonical GC coordinates 7o can be
obtained from j% = |wojj|, that is, Jo = Bﬁo = B{, - by. The
Jacobian of the canonical GC coordinates is unity.

The unperturbed GC equations of motion in terms of the
noncanonical coordinates are written as

doZ! . y
21 ={Z ho}o = Jho. (6)

Here, Jo is the unperturbed Poisson matrix, which is the
inverse matrix of the unperturbed Lagrange matrix @g. The
non-zero components of the unperturbed Poisson matrix are

w0 ip,
J())(XI _ EB* 0k 7 (73)
lo
iy X B
J())( v _J(L)HX _ S , (7b)
B
lo
I = =1, (7c)
I = gt =1 (7d)

B. Lie-transform perturbation method

When a perturbation of the electromagnetic fields is
introduced, the GC magnetic moment p is not conservative
any more. To decouple the GY motion from the gyromotion,
we need to find a new conservative magnetic moment /.
The phase-space Lagrangian Lie-transform perturbation
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method?** is an effective method for seeking a new con-
servative magnetic moment by the GY phase-space transfor-
mation. The GY phase-space transformation 7,, and its

inverse 7 g_yl are defined as
Z\(Zie5) = T o2, (8a)
Z(Zies) =T,'Z. (8b)
T4 and T g_yl are generated by the nth-order vector fields G,
(n=1,2---). Due to the scalar invariance,
F(2) = F(2), ©)

a push-forward operator Tg’y1 and a pull-back operator T,
induced by the transformation and its inverse are written as

F=T,F, (10a)

F =TyF. (10b)
T,, and Tg’y1 are expressed by the generating vectors G,. The
transformation of the fundamental one-form is

i_ _1/\
[ =T,'T +ds, (11)

where S is a gauge function used to simplify the equations of
motion. The scalar function F can be chosen as the Hamilto-
nian and the distribution function. From Egs. (8), (9), and
(10), we have

T F(Z) = F(T oZ), (12a)
—1 > —15
Ty F(Z)=F(T,Z) (12b)
Note that {F, h}, = {F,h}, and {Z', h}, = % (Z){Z ,}},.

For simplying the GY equations of motion, the symplec-
tic part of the transformed one-form has the same function as
the symplectic part of the unperturbed one, therefore,

O(Z) = 00(Z)|7—z- (13)
Note that J = o~ ! and J? = |a),-j|,26 one can easily find

J(Z)=J0(2)|,—z,
T (Z)=To(Z)|—z-

(14a)

(14b)

Note that the GC coordinates and the GY coordinates can be
chosen as the canonical coordinates or the noncanonical
coordinates. The Jacobian of the GY coordinates 7 has the
same function as the unperturbed Jacobian of the GC coordi-
nates 7,

T(Z) = To(2);—7 = Bjo(Z)| ;-7 (15)
for the noncanonical coordinates (X, vy, &, i, t, —=U);

T(Z)=T0Z)|,_; =1, (16)

for the canonical coordinates.” ™!
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C. Noncanonical gyrokinetic equations based on the
Lie-transform perturbation method

With the perturbed scalar and vector potentials (0¢, 0A)
introduced, the fundamental one-form can be separated into
the unperturbed part and the perturbed part,

F=Ty+1, (17)
where the perturbed part of the one-form is written as

[ =T, =TydZ
= 0A(X + po, 1) - d(X + py) — 0p(X + po, 1)dr.  (18)
Here, the spatial dependence of the gyroradius vector p, is
ignored, that is, p, = po(u, &).3
The GY extended-phase-space transformation can be

expanded in powers of the amplitude ordering parameter €5
up to O(€3), written as

i . . o1

V4 :Z’+G’1+G’2+§G’18,G’1. (19)
Note that ¢ is not affected by the transformation, that is,
G| =0=G)}. The transformed fundamental one-form is
defined as

[ =T — hdt = T:dZ' — hdx. (20)

It can be expanded in powers of €5 up to O(€3), written as

Lo = Toi, (21a)

ry=ry,-G, woji + OiS1, (21b)

[ = —Ghogi — %Gﬁ (w1i + @1ji) + 882, (21c)
ho = ho, (21d)

hy = =G\ 0:ho, (21e)

hy = —G50iho — %Ggaﬁ]. (21f)

Here, S, is independent of U and t, that is, dyS,, = 0 = 0,S,,.
wi and @, are Lagrange two-forms, defined as

i = o' — 9Ty, (22a)

W1ji = 8_,1:1,- - 8if1_j- (22b)

Here, S| and S, are the first-order and the second-order of
the scalar field function used for canceling the gyroangle de-
pendence of the extended Lagrangian. The first-order
Lagrange two-form can be rewritten as

1 o .
) =dl) = EeijkéBkdX’ AdX) + S E;dX! A dt

+ €k 0 B0, phdu ndX? + €40 B* 0z phdé A dX?
+O0E - 0upydundt + SE - Oz pydé ndt. (23)
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Clearly, w; denotes the perturbation part of the electromag-
netic field tensor. From Egs. (21b) and (21c¢), the first-order
and second-order generating vector fields are obtained,

G, = [981 + (Ty — i)y, (24a)

A 1 - ;
Gy = |9;82 = 5 Gi(05 + Ou) | Jy.- (24b)

For simplifying the GY equations of motion, the simplec-
tic part of the transformed Lagrangian is chosen to be formally
same as the unperturbed one, that is, Iy, =0=T5, then
w1 =0, w = wy. The nth-order generating vectors G, in
terms of the GC coordinates can be obtained from Eq. (24)

qu = {Sn;Zi} + 5»/4/; . {X + pOaZi} - 51#,1{[, Zi}’ (25)

where
[5"41 ) 5‘701] = [5Aa 5¢}7 (263)
[0A2, 0] = %G{ X 5B,%G{ -OE|, (26b)
Gl ={S51,X + po}- (26¢)

Note that the generating vectors G, are non-Hamiltonian
flows, although the first term in Eq. (25) is a Hamiltonian
flow. However, G, are incompressible flows in the phase
space.'?

Using Eq. (25), the nth-order generating vectors G, can
be rewritten as

b B,
Gf = _B:‘) X (5,/4” + VSn) - 8U‘SilB_*07 (273.)
lo o
) _B_S.((sA +VS,) (27b)
n _B* n njy
llo
GS = 7(5./4,1 . aﬂpo + auSn)7 (270)
Gy = 0A, - Depo + O:Si, 27d)
G =&, — OiSn, (27¢)
G, =0. (271)

To decouple the GY motion from the gyromotion, the GY
Hamiltonian £, is chosen to satisfy the condition /2, = (h,).
Here, (- --) denotes the gyro-average. Thus, the first-order and
second-order scalar field functions can be chosen as

doSy .
—=K 28
dt 1 ( a)
do(S2 +1{81,Z2"}Ty)) 1. e 3
= —= A
IS (28b)
with K, defined as
Ky = —T'Zy = 0¢ — (Xo + Egdzpy) - 0A, (29a)
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1 5]
K> =3 GloyZ,, (29b)

For any function A, A denotes the gyroangle dependence
part, defined as A = A — (A).

By substituting Eq. (28) into Egs. (21e) and (21f), the
first-order and the second-order GY extended Hamiltonians
are written as

hy = (K1) = (0p) — X - (0A) — Eg(0A - D:py),  (30a)

hy = —§<{Sl,(S'1>o}> +%<I5A|2>- (30b)

The GY equations of motion are written in terms of the
Poisson matrix as
N N S
Note that the GY equations of motion satisfy the Liouville’s
theorem.® -
The nonlinear gyrokinetic Vlasov equation {F,h} =0
can be written in terms of the noncanonical coordinates as

dX

O, F
R

- dT)H _
-VF +Eaﬁ”F =0. (32)
The GC distribution function can be obtained by the

pull-back transformation of the GY distribution function,
that is, F = Ty F,

_ - P -
F=F +G\0F + Gy0,F + 5G’lé),z(G’lajF). (33)

Note that in gyrokinetic theories® and simulations,*® Eq. (33)
is usually kept up to O(e;).

For the low-frequency turbulence, the displacement cur-
rent can be neglected, thus the gyrokinetic Maxwell equa-
tions can be written as

1
V(o +6¢) + (V- (Ao +6A4)) = ——=> p, (34a)
€
V(Ao + 0A) = V(V - (Ao + 0A)) = —po Y J, (34b)
where the summation is taken over particle species and the

particle charge density and current are expressed in terms of
the guiding-center distribution

p= JF&(X +po—1)d°Z, (35a)

J = |(Xo + &E0:po)FO(X + py — r)d°Z, (35b)

with d°Z = BW‘*“’ d*Xdvdud¢. The energy invariant is defined as

1
Bx( 2By + SEP +—|By + B
2 21

+> JdGZF (; vy + uBO) . (36)

Eorar =
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lll. PROPERTY OF THE COORDINATE TRANSFORM

In this section, we present the property of the coordinate
transform in the gyrokinetic theory. It will be used in the
next section for deriving the nonlinear canonical gyrokinetic
equations from the noncanonical gyrokinetic equations.

Let Z, and Z, be two different sets of GC coordinates,
and the transformation between them is given by

7, = Z5(Zy). (37)
Let

Z1=TyZ, (38a)

Z, =T o2, (38b)

which means that Z, and Z, are two sets of GY coordinates
based on the two sets of GC coordinates Z; and Z,, respec-
tively. 7 ,, is determined by the generating vectors (25). The
transform between the two sets of GY coordinates is given
by

Zy = Z,(Zy). (39)
Using the scalar invariance
F(Z) = F(2a), (40)
and the pull-back transform, we found
F(22(21)) = F(22(Z1))

= Tgy]_:(ZZ(Zl)) =
= ﬁ(Z2(TgyZl)) =

(TgyZ2(Zl))
F(22(Zy)). (41)

Therefore, we found the property of the coordinate transform
2:(Z1) = 22(2) =2, (42)

which indicates that the transform between two sets of the
GY coordinates is the same as the transform between the two
corresponding GC coordinates.

Using this property, we can quickly derive the GY equa-
tions of motion based on an arbitrary GC coordinates (Z5)
from a standard GY equations of motion based on Z;, instead
of carrying out the lengthy calculation of the Lie transform
once again from the GC coordinates (Z,) to the GY coordi-
nates (Z»), as will be shown in the following. The point is that
the Lie transform from the GC coordinates to the GY coordi-
nates is a time-dependent transform determined by the field
perturbations, while the coordinate transform between the GC
(or between the GY) coordinates is a time-independent trans-
form that is independent of the field perturbations.

For any vector A in terms of the GC coordinates, we
have

oz,

Al(Z,) = H(Z)) 7

(43)

A' can be chosen as dTZ,i (Z) and G',(Z).
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For any vector A in terms of the GY coordinates, we have
AN Zy) = A(Z)) =22, (44)

Using the property of the coordinate transform (42), we
have

0Z, = laz (45)

oz, |0z,

Z1=7,

By choosing A as £ ( Z) and using Eq. (45), Eq. (44)

becomes
azy _ . a7\ _ |0z
B )Lm - o
—w = Oh(Zy) |0Zi
ff’k(zl)i(_k‘) —2
0z, |074],_,
07, 7NZ)==2 Zzah( ), (46b)
Y _ 0z, 07,
=7"Z,) on (_Zf) , (46¢)
075

with the GY Poisson matriyi and the GY Hamiltonian in
terms of the GY coordinates Z, given by

il = 0ZL . 07,
77, = l 2 k(7)) ] , (47a)
? 0z, ozt s
= " (2)) -z, (47b)
h(Z1) = h(Z1(Z2)) = [W(Z21(22)) 1=z, = W' (Z2).  (4Tc)

Note that in obtamlng Eq. (47a), we have used Eq. (14a) to
find 7(Z1) = U (2], s,

Equation (47a) indicates that the Poisson matrix in terms
of the GY coordinates Z, can be obtained from the Poisson
matrix in terms of Z;, by simply using the corresponding GC
coordinate transform relation. Equation (47b) indicates that
the Poisson matrix in terms of the GY coordinates Z, can be
obtained by simply making the substitution, Z, — Z,, in
Jo(Z,), the unperturbed GC Poisson matrix in terms of Z,, as
is expected using Eq. (14a). Equation (47c) indicates that
h'(Z,), the GY Hamiltonian in terms of Z;, can be obtained
from 4 (Z;) by simply using the transform between the GC
coordinates, as is expected from the scalar invariance of the
GY Hamiltonian.

By choosing A" as G! (Z), Eq. (44) becomes

07
07,

G,(22) = G)(Z, )[

(48)

Z1=7,

Equation (48) means that the generating vectors in terms of
the GY coordinates Z, can be obtained from the generating

Phys. Plasmas 20, 012515 (2013)

vectors in terms of the GY coordinates Z;, using the coordi-
nate transform between the GC coordinates Z; and Z,.

IV. NONLINEAR GYROKINETIC EQUATIONS IN TERMS
OF THE CANONICAL COORDINATES

If the gyrokinetic equations in terms of a standard coor-
dinate system are known, one can find the gyrokinetic equa-
tions in terms of a new coordinate system by simply using
the property of the coordinate transform (42), instead of car-
rying out the lengthy calculation of the Lie transform from
the new GC coordinates to the new GY coordinates.

A. The nonlinear canonical gyrokinetic equations

In Sec. II, the nonlinear gyrokinetic equations in terms
of the noncanonical GC coordinates Z = (X, v, ¢, i, t, —U)
using the Lie transform perturbation method have been intro-
duced. In this subsection, we develop the nonlinear gyroki-
netic equations based on general canonical GC coordinates
Z¢ = (0", P', 0>, P ¢ u,t,—U) by the coordinate transform
between (X, v)) and (0', P!, 0%, P?).

The extended-phase-space transformation between the
canonical GC coordinates Z¢ and their correspondmg canoni-
cal GY coordinates Z° = (@l,Pl é nt,=U) is
Z° =T, Z¢. It can be expanded in powers of €5 up to O(e3)
and has the same form of Eq. (19). From Eqs. (25) and (48),
we can obtain the first-order generating vectors related to
(6", P!, 6%, P?) in terms of the canonical coordinates

G) =— (5A g,i + a,m‘) (492)

GV =— <5A g}i + apzs‘> (49b)

Gl =64 ﬁ—éf + Oy SE, (49¢)

G =04 6—; + 9SS, (49d)

and the second-order generating vectors related to
o', P, 92, P?) in terms of the canonical coordinates,

GY = - B (G" x 5B) - gﬁ + aPISC] (50a)

Gy = - B (G" x 5B) - 88;(2 + aPZSC] (50b)

G = %(G’ x OB) - g; + 9y S5, (50¢)

GY = % (G" x 5B) - g; + 9SS, (50d)

Here, §j, is the scalar field functions in terms of the canoni-
cal coordinates. The generating vectors are determined by
: 0X 0X 0X X
tl'le GC coordlnat.e transform (ﬁ,ﬁ,ﬁ,ﬁ). If the coor-
dinate transform is known, then one can find the generating

vectors.
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From Eq. (46c), the GY equations of motion related to
(6',P',0*,P?) in terms of the canonical coordinates are
obtained,

1

d0- O(hy+hy +h)
—_— =10 "1 "2/ 1
o Y (51a)
51 i~ i~ R4
dP' _ O(hy + Iy + 1)) 51b)
dt 90" ’
=2 —C —C =
do” _ (g + k' + 1)) S10
dr opP’ ’
52 —C i~ i~
dP® _ A(hy+ i +75) 510
dt 90° '

Here, h,(Z°) = [h,(Z(Z))],c_pe, as is indicated by
Eq. (47¢).
The nonlinear gyrokinetic Vlasov equation can be

written in terms of the canonical coordinates as

Al 51 =2 52
do dP db dP .
g 0 0+ 0, |FC=0.
(5,-1— i 39 + i 31, + T 862 + i BP2>

(52)

Here, F(Z°) = [F(Z(Z°))]so—ze. 0" and 07 are two independ-
ent angle variables. For the axisymmetric tokamak, the mo-
mentum variable P; can be chosen as the toroidal angular
momentum, a constant of the unperturbed motion. Further-
more, the momentum variable P, can be replaced by the
energy variable U, which is also the constant of the unper-
turbed motion. We can use the canonical variables to com-
pute the canonical form of the gyrocenter distribution
function, F¢, then transform it into the noncanonical form,
which can be used to directly compute the density and cur-
rent using Eq. (39).

B. The nonlinear gyrokinetic Hamilton’s equations
in terms of specific canonical coordinates

In this subsection, we first introduce a specific canoni-
cal variables (0, Py, 0., P,), which are defined in Refs. 11
and 32. Then, we choose the canonical variables
(0", P',0*,P?) as (0,Py,a.,P,) and develop the nonlinear
canonical gyrokinetic Hamilton’s equations in terms of the
latter variables.

The equilibrium magnetic field in an axisymmetric toka-
mak can be written in terms of the magnetic coordinates

(1, 0,0) as

B=q({)V{y x VO+V{ x Vi (53a)

=WV IW)VO + ()oY, )V, (53b)

with i the poloidal magnetic surface. (i) is the safety fac-
tor. Note that the toroidal angle { is an ignorable coordinate.
The canonical variables (P, o., Py, 0) are expressed in terms
of the noncanonical variables (i, 0,(, pg) as

Phys. Plasmas 20, 012515 (2013)

Py=y—p|8,
Vo
Po=pg(g+1/g)— (¥ —y) (CI(‘/IO) + JO 89561!#)
v Vo
+J% qdy + on L Opodpdyy (54a)
v
P18 (61 —q(¥o) + L aoédx/f), (54b)
v

2o = —C + q()0 — L sdy, (540)

with ¥, chosen as the initial value of the poloidal magnetic
flux or the toroidal angular momentum. Here, P =70 /B.

By choosing (0", P', 0%, P?) as (0, Py, o, P,), and using
Egs. (49) and (50), we can obtain the first-order generating
vectors related to (6, Py, o, Py),

X .
G! = _(5A .(;)+apﬂs‘1>, (552)
" 0X .
Gl =— <5A .70Pa + 8})751), (55b)
X .
GY =5A- ?9_0 + 0pS5, (55¢)
X :
GP =0A -8—+aa[s;, (55d)
oo,
and the second-order generating vectors related to
(0, Py, 0, Py),
1, ., 0X .
Gg =— {E (G x OB) '8—Pg+ 81:(,5‘2], (56a)
" 1, ., 0X c
Gy = — [E (G x OB) -a—Pa+ apqu], (56b)
1 0.4 .
Gy = 5 (G} x 0B) - =+ iS5, (56¢)
r, 1, . 0X .
Gy = E(Gl X OB) -—8% +0,,.55. (56d)

The GC coordinate transform (25, 9%, % , %) can be found
in Ref. 11. Note that Eq. (23) in Ref. 11 exactly agrees with
Eq. (55).

By choosing (0', P!, 0%, P?) as (0, Py, o, P,), and using

Eq. (51), the GY equations of motion related to
(0,Pg, 0., Py) in terms of the canonical coordinates are

fl—? = ST];;’ (57a)

ddizo =— %}g , (57b)

dz“ = %7 (57¢)
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dp, oh’
== 57d
dt 0o’ (57d)
with

W(Z)=hZ)=H(Z)—U=Ho+H +Hy— U, (58)

Ho = Hy, (58b)

Hi = (5¢) — (Yo(0Ay) + 00(3Ap)
+ Lo(0A:) + Eg(0A - Depy)), (58¢)
o= —5 ({81, G0o)) +5 (84P).  (584)

Note that Egs. (29¢)—(29f) in Ref. 11 can be recovered from
Eq. (57) in the linear approximation.

V. COMPUTATION OF THE GYROCENTER MOTION

In this section, we will give a numerical example of the
code GYCAVA,'"" in which the gyrocenter equations of
motion (57) are used. We will show that the second-order
GY Hamiltonian (58d) is important for the trapped electron
in tokamaks when the long-wavelength magnetic perturba-
tion is large.

To model a static magnetic island, we choose the pertur-
bation of the poloidal magnetic flux as

Y = —0A; = ¢1(2.1)(¢)C05(29 -0,
lﬁl(z,l)(w = ey (Y — Vais) Wy, — ).

(59a)

(59b)

Here, €y is a small constant. (Y, =0,y = 0.098Wb) are
the values of the equilibrium poloidal magnetic flux at the
magnetic axis and the boundary of the tokamak, respectively.
The parameters of the perturbation are chosen as
Vi W) /v = 1073, with i, the value of the equilibrium
poloidal magnetic flux on the rational surface where g = 2.
With the perturbation, the ratio of the width of the magnetic
island to the minor radius is about 6%. The scale length of the
imposed perturbation of the poloidal magnetic flux has the
same order as the minor radius of the tokamak, that is,
kipy <1 with k; the wave number in the perpendicular
direction. Thus, the finite-Larmor-radius effect is not important
in this numerical example. Furthermore, the ratio of the first
term of the right-hand side of Eq. (58d) to the second term has
the order of O (k% p3). Thus, the first term can be neglected in
contrast to the second term in this numerical example.

The Poincare section plots for the trapped electron orbits
without and with the second-order GY Hamiltonian (58d)
are shown in Figs. 1(a) and 1(b). The banana width of the
trapped electron with H, is small, while the one without H,
is large.

The deviations of Hamiltonian and the longitudinal
invariant are shown in Fig. 2 for the trapped electrons, which
are defined as

(60a)

Phys. Plasmas 20, 012515 (2013)

»(1072Wb)
[e)]

6.2

6.0k

¥ (1072Wb)

58F .

56F o
-0.4 -0.2 0.0 0.2 0.4
6/

FIG. 1. Poincare section plots of the magnetic flux surfaces (dotted line) and
the trapped electron orbits (dotted symbol) with the initial energy Ey =
1keV and the pitch v /v = 0.4. Two different launch points are labeled by
the square and the triangle symbols, respectively. (a) and (b) are for the
orbits without and with H», respectively.

J—TJo
Jo

AT /Ty = (60b)

Here, H(Z) and J are the gyrocenter Hamiltonian function
evaluated at the gyrocenter coordinates and the longitudinal

invariant, respectively; [H(Z)],_, and J, are the initial val-
ues of H(Z) and 7, respectively. The longitudinal invariant
is defined as J = §P9d9.“’32

The initial error of the energy defined as (H(Z),_, —
Eo)/Eo is —0.07 for the orbit without H, and 3 x 10~* for
the orbit with H,. It indicates that H,(Z),_,/Eo = 0.07.

Note that the particle energy conserves for a static mag-
netic island. It is seen from Fig. 2 that the deviations of Ham-
iltonian have the order of 1073 for the orbit without H, and
the order of 10~* for the orbit with H 2, which numerically
demonstrate the conservation of the particle energy.

From Fig. 2, it is seen that the deviations of the longitu-
dinal invariant have the order of 10~! for the orbit without
H, and the order of 1073 for the orbit with H,. It indicates
that 7 is still a good invariant with H,, while J is not a
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FIG. 2. The deviations of Hamiltonian AE/E (labeled by “A” and “[1”) and
the longitudinal invariant AJ/Jo (labeled by “A” and “W”) for trapped
electrons shown in Fig. 1. (a) and (b) are for the orbits without and with H,
respectively.

good invariant without H,. The underlying physics of the
longitudinal invariant 7 for the trapped particles with a mag-
netic perturbation was discussed in Ref. 11.

According to the above discussion, we know that the
trapped electron orbits without /5 are unphysical due to the
large numerical error produced by neglecting H,. Therefore,
the second-order GY Hamiltonian is important for the GY
motion of the trapped electron in tokamaks with a large mag-
netic perturbation.

VI. SUMMARY

The nonlinear gyrokinetic Vlasov equation in terms of
the canonical coordinates has been derived using the prop-
erty of the coordinate transform, instead of carrying out the
Lie-transform perturbation calculation. In the linear approxi-
mation, the results exactly recover the previous linear canon-
ical gyrokinetic equations'' derived by the Lie-transform
perturbation method.

Phys. Plasmas 20, 012515 (2013)

The computation of the GY motion with a large magnetic
perturbation has been presented and discussed. The numerical
results indicate that the second-order GY Hamiltonian (58d) is
important for the GY motion of the trapped electron in toka-
maks with a large magnetic perturbation.

For a new set of GC coordinates and its corresponding
GY coordinates (canonical or noncanonical), we do not need
to derive the gyrokinetic theory by carrying out the Lie-
transform perturbation calculation again. If we know the
gyrokinetic equations based on one set of GC coordinates,
then we can directly obtain the gyrokinetic equations based
on another set of GC coordinates using the property of the
coordinate transform.
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