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Nonlinear gyrokinetic theory based on a new method and computation of the

guiding-center orbit in tokamaks

Yingfeng Xu,® Zongliang Dai, and Shaojie Wang

Department of Modern Physics, University of Science and Technology of China, Hefei 230026, China
(Received 24 January 2014; accepted 28 March 2014; published online 18 April 2014)

The nonlinear gyrokinetic theory in the tokamak configuration based on the two-step transform is
developed; in the first step, we transform the magnetic potential perturbation to the Hamiltonian part,
and in the second step, we transform away the gyroangle-dependent part of the perturbed
Hamiltonian. Then the I-transform method is used to decoupled the perturbation part of the motion
from the unperturbed motion. The application of the I-transform method to the computation of the
guiding-center orbit and the guiding-center distribution function in tokamaks is presented. It is
demonstrated that the I-transform method of the orbit computation which involves integrating only
along the unperturbed orbit agrees with the conventional method which integrates along the full orbit.
A numerical code based on the I-transform method is developed and two numerical examples are
given to verify the new method. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4871726]

I. INTRODUCTION

The turbulence transport is a very important topic in the
tokamak confinement research. The micro-instabilities
related to the turbulence are often investigated by using the
gyrokinetic theory'™ and simulation.”'® In the modern
gyrokinetic theory,*™'”* the Lie-transform perturbation
method®*~" is used to decouple the gyrocenter motion from
the gyromotion. Then the kinetic equation can be reduced to
the gyrokinetic equation, which is much easier to investigate
the evolution of the tokamak plasmas on the timescale longer
than the gyro-period.

The Lie-transform method is a very effective and gen-
eral method to treat the perturbation problem. Several differ-
ent transform procedures have been used in nonlinear
gyrokinetic theories.””* In the gyrokinetic theory developed
by Brizard and Hahm,”** one-step transform procedure from
the guiding-center coordinates to the gyrocenter coordinates
is used to derive the gyrokinetic equations. The gyrocenter
transform of the procedure includes the A term and the S,
term. Here, A is the perturbation part of the magnetic poten-
tial. S, is the nth-order gauge function, used to remove the
gyroangle-dependent part the Lagrangian and thus to keep
the gyrocenter magnetic moment conservative. The gyroki-
netic equations developed by Hahm er al.” have been widely
used in the electromagnetic gyrokinetic simulation.'® His
Lie-transform perturbation method is based on a two-step
transform procedure. The first step is to move the 6A) term
into the Hamiltonian part by a simple transform, which
makes all the perturbations appear in the Hamiltonian part
and keep the transformed Poisson bracket formally same as
the unperturbed one. The second step is the conventional
Lie-transform determined by the perturbations only through
the gauge function §,. However, the perpendicular compo-
nent of the magnetic potential perturbation is not included
and the slab geometry is used in his work. This two-step
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transform procedure also has been used to derive the kinetic
theory of turbulence by Wang,?? and the full electromagnetic
potential perturbations are included. In this kinetic theory,
the first-step transform procedure, which is related to the
magnetic potential perturbation 0A, is clear and easy to
understand and may be useful in the gyrokinetic simulation.
The first-step transform procedure makes the transformed
Poisson bracket independent of perturbations.

Recently, the I-transform method is developed, which
can be used to decoupled the perturbation part of the motion
from the unperturbed motion, is a useful method in the ki-
netic and gyrokinetic theory.’’® The method has been
developed to formulate the nonlinear gyrokinetic equation in
the Fokker-Planck form and to find the nonlinear scattering
term from the nonlinear gyrokinetic equation. Note that the
first-order I-transform was introduced by Cary and
Kaufman® in discussing the ponderomotive effects on the
dynamics of the oscillation center.

In this paper, first we derive the nonlinear gyrokinetic
equations in the tokamak configuration including the full
electromagnetic potential perturbations by the two-step
transform procedure from the guiding-center coordinates to
the gyrocenter coordinates. Then the I-transform method is
used to make the transformed gyrokinetic equations same as
the unperturbed ones. Finally, a numerical orbit code based
on the short-time I-transform method is developed to com-
pute the guiding-center orbit, and two numerical examples
are given to validate the new code.

The remaining part of this paper is organized as follows.
In Sec. II, the guiding-center theory is reviewed. In Sec. III, the
nonlinear gyrokinetic theory based on the two-step transform
procedure is developed. In Sec. IV, the gyrokinetic equation
based on the I-transform method is derived and its application
to the computation of the guiding-center orbit and the guiding-
center distribution function is presented. In Sec. V, we develop
a numerical orbit code based on the short-time I-transform
method and give two numerical examples to validate the new
method. In Sec. VI, the main results are summarized.

© 2014 AIP Publishing LLC
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Il. REVIEW OF THE UNPERTURBED GUIDING-
CENTER THEORY

In the guiding-center theory, the guiding-center transform,
which can be solved by the Lie-transform perturbation method,
is used to remove the fast gyromotion.”” By using the Lie-
transform perturbation method, the guiding-center transforma-
tion from the particle phase-space coordinates (r, v, i,,&,)
to the guiding-center phase-space coordinates (X, v, 4, <) is
expanded in powers of a small parameter eg. Here, ez = po/L,
where p is the Larmor radius, and L is the characteristic length
of the equilibrium magnetic field B,. X is the guiding-center
coordinates, v is the velocity component parallel to the unper-
turbed magnetic field By, u is the magnetic moment, and ¢ is
the gyroangle. The subscript p denotes the phase-space coordi-
nates of particle. In general guiding-center theory, the
guiding-center transform X =r — py, v = v, 1=, and
& =¢, are often used. The unperturbed fundamental one-form
(the guiding-center Lagrangian) for a charged particle,

Iy =Ty — Hodt = ToidZ' — Hodt, )

can be written in terms of the noncanonical guiding-center
coordinates.**>? The unperturbed symplectic part and the
unperturbed guiding-center Hamiltonian are

m
I'y= (mUHbo + mugp + EAQ) -dX + ;,udf, (2a)
1
Hy = zm(vﬁ + u,zi) + uBy Jr%bo -V Xug +egy. (2b)

Here, m and e are the mass and the charge of the particle,
respectively. The equilibrium E XxB  velocity ug
= E x by/By associated with the equilibrium ¢, can be
chosen of the order of the thermal velocity, that is,
ugfog ~ 13132

The Lagrange two-form is defined as @ = dI'.*** The
unperturbed Lagrange two-form can be written as
o = wo — dHy A dt. The two-form wy is

1 . . .
Wy = Ee,-jkeBékdX’ AdX" + mbodvy AdX
+ (m/e)dundé — dHy ~dt, 3)

where

B = By + (m/e)v |V x by + (m/e)V x ug, 4)

d is the exterior differential, A is the exterior product, €iji 18
the permutation tensor, and by; is the component of the unit
vector b, along the unperturbed magnetic field.

The unperturbed guiding-center equations of motion are
written as

ZSE

dOZi i ij

o= {z' Ho} = J]8H,. )
Here, J is the unperturbed Poisson matrix, which is the inverse
matrix of the unperturbed Lagrange matrix wo.* The non-zero
components of the unperturbed Poisson matrix J, are
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ivi ijkb
JXY GeB*Oﬁ (6a)
o
i) o i B
JXDH — _J'“HX — 0 (6b)
0 0 *
mBHO
I =Tt =e/m. (6¢)

Here, B\*|0 =B - bo.

lll. NONLINEAR GYROCENTER EQUATIONS OF
MOTION AND GYROKINETIC VLASOV-MAXWELL
EQUATIONS

In the standard modern nonlinear gyrokinetic theory,®
the amplitude of the perturbations is much smaller than the
corresponding  equilibrium quantities, that is, % ~ ‘(;—T
~ % ~ €5 < 1. Here, (OE, dB) are the perturbation parts of
the electromagnetic fields defined as OB =V x 0A,
OE = —V ¢ — 0,0A, and vy, is the thermal velocity of the
particle. of and f, are the perturbation part and the unper-
turbed part of the distribution function, respectively. The fre-
quency o and perpendicular wave vector k; of the
perturbations satisfy the conditions, w/Q < 1,k py ~ 1.
Here, Q is the gyro-frequency of a charged particle.

With the electromagnetic perturbation potentials
(0¢, 0A) introduced, the conservation of the guiding-center
magnetic moment yu is broken. For removing the fast gyro-
motion, the gyrocenter conservative magnetic moment p is
found by the gyrocenter transformation from the guiding-
center coordinates to the gyrocenter coordinates.

The fundamental one-form can be separated into the

unperturbed part and the perturbation part
F=0y+1, (7a)

f] = F”dZ" — Hdt = €5A(X+ po,l) . d(X + po)
—edp(X + py, t)dt. (7b)

The first-order Lagrange two-form ¢, can be rewritten as
@) =dl) = o) — dH, Adt
= %eijkeéBkdXi AdX + eSE;dX' Adt
+ €1 edB* 0, phdp A dX ®)
+ €;uedB* O phd & A dX’

+ e,;,keﬁupgagpgéBkdﬂ/\dé
+edE - O,podundt + edE - Ozpydé ndt,

with the first-order Lagrange two-forms ; defined as
wy=dI'y, that is, wy;; = 0jI'1; — 9;I"y;. Hereafter, the spatial
dependence of the gyroradius vector pj is ignored in the fol-
lowing, that is, p, = po(u, €).2

In the Subsections II A-III C, first we move the pertur-
bation part of magnetic potential A into the Hamiltonian
part by the Lie-transform perturbation method. This trans-
form makes the symplectic part of the transformed funda-
mental one-form same as the unperturbed one. We call it /A
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transform. Then the conventional Lie-transform method is
used to remove the gyroangle-dependent part of the
Hamiltonian by the gauge function S,. Finally, the gyroki-
netic equations are presented.

A. The /A transform

The 0A transform 74 from the guiding-center coordi-
nates Z to the transformed coordinates Z~ is expressed in
terms of dg, that is Z*/ = T ,Z. According to the conven-
tional Lie-transform perturbation method, 0A transform can
be expanded in powers of the amplitude ordering parameter
€5, Written as

si i i i oo
7" =7 +5g1+5g2+55g]18j5g1+-“7 9)

where dg; and Jg, are the first-order and second-order gener-
ating vector fields, respectively.

The transformed fundamental one-form is defined as
[ =" — H*dt = ["dZ" — H*dr. To make the symplectic
part of the transformed fundamental one-form same as the
unperturbed one, we set I'Y = I'p;. Then, we have = T
—H*dt. From the symplectic part of M= T, 'T", we obtain

0 =T — g, wyi, (10a)
0= —dg o — 0g, i, forn>2. (10b)

Note that
{X + po, X +po} = 0. (11)

Using Eq. (11), we can obtain the nth-order generating
vectors

3¢} = edA - (X + po)Jy, (12a)

5gl =0, forn>2. (12b)
Then, the dA transform can be simplified as
i i i, Loy i

Z" =7'+6g, +§5g’18j(3g]. (13)

It is not hard to show that dg; is an incompressible flow
in the phase space

1

38i(jégﬁ) =0, (14)

with 7 being the Jacobian of the phase space. The compo-
nents of dg can be explicitly written as

X bo

0g) = T X 0A, (15a)
llo
5g) = if.aA, (15b)
mBHO
. e?
0g] = _E(SA - Oupos (15¢)
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2

e
3} =04 - :pp. (15d)

The transformed Hamiltonian can be obtained by the pull-
back transform

H' =T,'H=H~0g\0H +%5g€8j(5gia-H)7 (16)

with H=H, + H,.
After the dA transform, we have the transformed funda-
mental one-form

" =Ty — (Ho+ 0H")dr, (17a)

. 2
SH* = edp — e(Xo + EoDzpy) - 0A +26—m 0A. (17b)

Note that all the perturbations appear in the Hamiltonian
part.

B. The gyrokinetic Lie transform

Note that the perturbed Hamiltonian in Eq. (17b) is
gyroangle-dependent. To decouple the gyromotion from the
gyrocenter motion, we need to make the gyrocenter Lie-
transform.

The gyrocenter phase-space transformation 7 g from the
variables Z* to the gyrocenter variables Z defined as Z'
= T ¢Z* can be expanded in powers of the amplitude order-
ing parameter €5 up to O(e3) written as

=i i i i i
7' =77+ G + Gy +36]aG;, (18)

where G| and G, are the first-order and second-order gener-
ating vector fields, respectively.
The transformed fundamental one-form is defined as

T =T —Hdt=T,dZ' — Hdr. (19)

We choose T'; =Ty, that is, the transformed Lagrangian
two-form is formally same as the unperturbed one, then

| 0, w1 =0, ® = wy. By using this choice, the transfor-

mation of the fundamental one-form, I" = TEIF : +dS, can
be expanded up to O(€3),

Lo =T, (20a)
0 =G i + 0:S,, (n=1,2), (20b)
H, = Hy, (20c)
Hy = 0H* — G, 0;H, (20d)
_ . 1 . . .
H2 = —G’18,5H* + EGII&(GJ] BJH()) - Glzﬁ,-Ho. (206)

Here, T§1 is the push-forward transformation. S; and S, are

the first-order and second-order scalar field function used for

removing the gyroangle dependence of the Hamiltonian.
From Eq. (20b), we can find the generating vector fields,
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Gl = 98,0y, (n=1,2). (21)
The components of the nth-order generating vector field can

be explicitly written in terms of the noncanonical variables
in the generic form®'

b *
X __
G = = X VS, = 0y Sy, (22a)
o lo
B*
W =0 .vs,, (22b)
mB?
lo
£ e
GS=—=0,5,, (22¢)
e
=208 (22d)
m

From Eq. (21), we can see that G,’s are the Hamiltonian
flows. Therefore, G,’s are incompressible flows in the phase
space, that is,

076, =0, @3)
Here, J is the Jacobian of the phase space.

To decouple the gyrocenter motion from the gyromo-
tion, the gyrocenter Hamiltonians H, are chosen to satisfy
the condition H, = (H,). Here, (---) denotes the gyro-
average. Thus, the first-order and second-order scalar field
functions can be chosen as

doS1

dr = OH*, (24a)
doS 1.7
% = —5{S1, (S1)o} — {81, (6H™)}, (24b)

with % defined as Z—‘; =0, +Xy-V+ 000 + &085. For any
function A, A denotes the gyroangle dependence part,
defined as A = A — (A). By substituting Eq. (24) into Egs.
(20d) and (20e), the first-order and the second-order gyro-
center Hamiltonians are written as

Hy = (5H") = e(6¢) — eXo - (3A)

. 2
—efo(0A- Dpo) + - (0AF),  @50)

=~ 3 ({51, 50} (25b)

C. Equations of the gyrocenter motion and
Maxwell-Vlasov equations

The gyrocenter equations of motion are written in terms

of the Poisson matrix as
dZ' oo
E:JoaiH:Joaj(HO +H,+H,). (26)

Note that the gyrocenter equations of motion satisfy the
Liouville’s theorem.® The nonlinear gyrokinetic Vlasov
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equation O,F + {F,H} =0 can be written in terms of the
noncanonical coordinates as

dx doy .
OF + < VF+ < 1o, F =0, @7)

The guiding-center distribution function can be obtained by
the two-step pull-back transform of the gyrocenter distribu-
tion function, that is, F = TF* = T, TsF

_ _ - - 1 . -

. 1. A
F=TyF" =F +0g\0F +508,0/(08\0F").  (28b)

The Poisson equation and Ampere law can be expressed as

V(o + 5¢) = —%Zp, (29a)

V(Ao + 0A) = —po Y _J. (29b)
Here, the displacement current has been dropped for the low-
frequency perturbations, and the Coulomb gauge V - (Ag
+0A) = 0 has been used. The charge density and the current
are expressed in terms of the coordinates Z*, written as

p= eJ F3(X* + py — r)d°Z", (30a)

J= eJ T (Xo 4 E0D:po)F (X" + py — r)d°Z*, (30b)

with d°Z" ="2dXdvidptde’. Here, X + po(Z) = X*
+po(Z*) has been used.

Using Eq. (15), we can obtain T, "(Xo + 508 Po)
=X+ &0, :py — 5, 0A. Then the expressions of the density
and the current can be rewritten as

p= eJTsﬁé(X* + po — r)d()Z*7 (31a)

2

. . =l @
J= eJ(Xo + €00epo) TsFO(X" + po — 1)d°Z" — ,u—lczéA'
0

(31b)

Here, w), is the plasma frequency of some particle.

1 _
V(o +0¢) =——>_ "’J TsFO(X* + py —r)d°Z*, (32a)
€
V(Ao +0A)
eJ(XO + E0epo) TsFO(X* + po—r)d°Z".
(32b)
Here, wp, / = m,/m; < 1 has been used. ”‘ 0A is the col-

lisionless skm depth term. This term is ﬁrst mentioned in
Ref. 5 which only considers dA| in the slab model.
The energy invariance can be written as
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€ 1
Ewtal - Jd?’){(?o |EO + 5E‘2 + ﬂ ‘BO + 5B|2>
0

(33a)
+> Jd6ZFT§1T;1(H0 — edy),
| p.(C 2 L 2
_ Jd x(2 [y + O + 3 - Bo + 0B )
3 Jd(’ZF(HO ety + Hy — el50)
+Hy +e({S1,00})). (33b)

The JA transform is easy to understand. It makes all the
perturbations appear in the Hamiltonian part and keeps the
structure of the Poisson bracket unchanged. The gyrokinetic
theory based on the dA transform, which is similar to the ki-
netic?? situation, agrees with the standard modern nonlinear
gyrokinetic theory.® This will be demonstrated up to O(€3) in
Appendix A. In addition, the second transform is determined
by the perturbations only through the gauge functions S,,.

IV. SHORT TIME BEHAVIOR
A. I-transform method

The new phase-space transformation 7 called I
transform*' > from the gyrocenter variables Z to new varia-
bles Z" defined as Z" = 7 ¢Z' can be expanded in powers of
the amplitude ordering parameter €5 up to O(e}), written as

—wi =i v IR B
7"=7 +G11+G2’+§GIJ(’9J-G1’, (34)

where G and G} are the first-order and second-order gener-
ating vector fields, respectively. The transformed fundamen-
tal one-form is defined as

*

" —H'dt =

=
Il

T7dZ' —H'dr. (35)

To make the transform equations of motion same as the
unperturbed one, we set F =Ty and H" = H,, that is,

f =Ty — Hoydt. From the transform of the one-form,
r =T 'T + dS*, we have

Lo = o, (362)

0= —GJwg; + 0iSi(n = 1,2), (36b)

Hy = Ho, (36¢)

0=H,+H,— G}'0;Hy, (36d)

0=—G\9:H, + %G?@,(G?&,HO) — Gy'9iHy.  (360)

Note that the second-order gyrocenter Hamiltonian H, is
placed in the first-order equation (3'6d).23 From Eq. (36b),
the nth-order generating vectors are

G = 9SiT(n=1,2). (37)

Like G, G, are also the Hamiltonian flows and incompressi-
ble in the phase space, that is, %8,-(] G:') = 0. From Egs.
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(36d) and (36e), the first-order and second-order gauge func-

tions can be chosen as
doS7 _
—— = 0H 38
a7 ; (38a)

doS% _
ﬁ_——{s OH}. (38b)
With 6 = H — Hy = H| + H,. The transformed equations
of motion are

dZ*i i

7:-]({6_;'1"10; (39)
which has the same form as the unperturbed ones. Then, the
transformed gyrokinetic Vlasov equation is

OF +{F",Hy} = 0. (40)

Note that Eq. (40) is valid in a short-time interval.”> The
transformed gyokinetic Vlasov equation is independent of
the electromagnetlc perturbations. By using the pull-back
transform F = 7 F and the incompressibility of G}, in the
phase space, we can find

F=F + }af{j[(c*; Gy + ;ijc’;fa,}p*}. @1)

The gyrokinetic theory based on the I-transform method
can be used to compute the guiding-center orbit and the guiding-
center distribution function with the short-time approximation.
In Subsection IV B, we will discuss the short-time I-transform
method and give the procedure of the computation of the
guiding-center orbit and the guiding-center distribution function.

B. Application of the short-time I-transform method to
the computation of the guiding-center orbit and the
guiding-center distribution function

We choose a short time Af, which satisfies

€ = ZoAt/Ly < 1, 42)
with Z = (X', 0, 0); Ly = 7%, that is, (o, k-V,bjo/Ly)
xAt < 1. For the standard gyrokinetic ordering, we have
k| V| ~ k1 - Vp, then the condition becomes wlAt, o, At < 1,
with w, =k V. Before pushing the gyrocenter of the particle
every a short time, we choose

Z(t—A)=Z"(t — Ar), (43)
which means that two coordinates has the same phase-space
point at r — At and G, (t — Ar) = 0. Thus, we can choose S,,(
- Ar)=0.

First, we make some general remarks on the computa-
tion of G}'. S is kept up to O(€?), expressed as
t

§H(Z") = J SH(Z* (0))dz ~ J SHIZ () + 72 (0)

t—At t—At
. ~ AP
X (1 —1)]dt ~ 0HAr — 8k5H7
AP
= 0HAt — {6H ,Ho},— > (44)
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The subscript ¢ denotes that the Poisson bracket is computed

at the phase-space coordinates Z_*(t). Then we can find G}
from Eq. (44)

AP
=
(45)

Gy = —J30;S; ~ —{Z" 6l } At + {Z" {oH Hy}},

Next, we will analyze G5 by using the short-time
approximation. S5 can be expressed as

1( _
5= — —J (5%, 6H }dr. (46)
2 t—At

From Eq. (44), we have
{S1,6H}At = {S],57} + O(e3€)) ~ O(e3¢,). 47)
Then we can find
Gyl = —JJ9;S; ~ O(éx€)). (48)

Thus, G’ can be neglected when keeping up to O(€3¢?).

The guiding-center orbit can be found from the gyrocen-
ter orbit by the gyrocenter transform related to electromag-
netic potential perturbations.'® The procedure of the
computation of the gyrocenter orbit based on the I-transform
method can be expressed as

Z(t)=T5 (t,t— AD[Z"(t — Ar) + AZy],  (49)

which includes two steps: First, the equations of motion is
integrated along unperturbed orbit during the short time At

Z'(t) = Z7(t — At) + AZ)
!

=Z"(t— A +J

{Z",Ho} dr. (50)
t—At

Second, we make the inverse I-transform (75" (¢, — Ar))

Z'(t) =T (60— ANZT (1)

i *i 1 . *i
=7" -G +§G1"8jG1. (51)

Here, the inverse I-transform is kept up to 0(6(256?), thus G; is
neglected due to Eq. (48). The new procedure of the gyrocen-
ter orbit computation agrees with the conventional method,
which integrate the gyrocenter equations of motion along the
full orbit. This will be demonstrated in Appendix B. We will
give two numerical examples about the guiding-center orbit
computation by using the new procedure in Sec. V.

The guiding-center distribution function can be obtained
from the gyrocenter distribution function by the pull-back
transform (28) as is adopted in the standard modern gyroki-
netic theory. The pull-back transform will give the adiabatic
part of the guiding-center distribution function. Next, we dis-
cuss the computation of the gyrocenter distribution function
by the I-transform method, which will give the nonadiabatic
part. From Eq. (43), we have
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F(Z — AZy,t — At) =F(Z — AZy,t — At),  (52)

which means the two distribution functions are same at r — At.
By integrating Eq. (40) along the unperturbed orbit from
t — At to t, we can obtain

NZ,t) =F"(Z — AZy,t — Ar). (53)

]l

By using Egs. (41), (52) and (53), we can find

_ _ 1 |
F(Z,l‘) = F(Z — AZ(),[— AI) +38,[j(GT —‘FEGTIGTJBJ)F]

(54)

Here, G5 has been neglected. Equation (54) can be used to
solve the gyrocenter distribution function by two steps.”’
The first step, which is related to the first term of the right-
hand side of Eq. (54), is to compute the gyrocenter distribu-
tion function along the unperturbed orbit at 1 — At. The
second step, which is shown in the second term, is to com-
pute the effects of the -electromagnetic perturbations.
Equation (54) derived by using the I-transform method pro-
vides an alternative method for the nonlinear gyrokinetic
simulation. The I-transform method, which splits the gyro-
center distribution function into the unperturbed part and the
perturbation part, is similar to the df-method. The character
of the I-transform method is that all the perturbations are
included in the first-order generating vector field G7. This
character may be useful for theoretical analysis.

V. THE NUMERICAL CODE NLT AND ITS EXAMPLES
A. The code NLT

The numerical Lie-transform code NLT for computing
the guiding-center orbit is developed, which is based on the
short-time I-transform method presented above. Equations
(37), (38a), (50), and (51) have been used in the code NLT to
compute the gyrocenter orbit. The long-time computation of
the gyrocenter orbit is composed of many short-time compu-
tations, that is, Eq. (49). In the code NLT, we choose the
short time Ar as one time step. The procedure of the short-
time computation has been discussed in Subsection V B.

To validate the code NLT, the code GYCAVA,18 which
has been developed earlier, is used as a benchmark in the fol-
lowing numerical examples. Both of them can be used to
compute the guiding-center orbit in the tokamak configura-
tion with a strong short-wavelength electromagnetic pertur-
bation. The finite-Larmor-radius effect is included in the two
codes. The code GYCAVA, based on the conventional
method, pushes the phase-space point by integrating along
the full gyrocenter orbit.

B. The numerical examples

In this subsection, we compare the new code NLT with
the code GYCAVA. In both of the codes, the magnetic flux
coordinates (i, 0, {) are used, with {y being the poloidal
magnetic flux, 0 being the poloidal angle, and { being the to-
roidal angle. Two numerical examples are illustrated for val-
idating the code NLT. The finite-Larmor-radius effect is not
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important in the two examples due to the character length of
the perturbations used has the same order as the minor
radius.

The first example is about the ion neoclassical polariza-
tion drift. The initial energy of the trapped ion is chosen as
Eo;=10keV. The unperturbed electric potential is not
included, thus Hy=FEy;=10keV. The large time-varying
electric potential perturbation is chosen as®*

0 = ogysin(wr). (55)

Here, the mode frequency and amplitude are chosen as
o = 2.0 x 10*Hz, §¢, = 2.0 x 10°V/Wb, which makes the
perturbation part of the Hamiltonian has the same order as
the unperturbed one, that is, H, ~ H,. Note that Y ~0.1 Wb
for the model tokamak equilibrium used here.

The ion drifts radially, which is induced by the strong
time-varying radial electric field, is shown in Fig. 1. It is
clearly seen that both of the codes NLT and GYCAVA have
the same orbit with the large electric potential perturbation.

The second example is about the gyrocenter motion in a
large magnetic island perturbation. The perturbation of the
poloidal magnetic flux is chosen as

Oy = Y, ycos(ml — nl — wt) (56)

to model a static magnetic island. The poloidal and toroidal
numbers are chosen as m=2, n=1. The mode frequency
and amplitude are chosen as @ =0, 8\, /), = 1073, with
W, =0.098 WD being the values of the equilibrium poloidal
magnetic flux at the boundary of the tokamak. The initial
particle energies of the electron and ion are set as
Eo.=1keV and Ej; = 100 keV. The Poincare section plots of
the passing particles computed by the codes NLT and
GYCAVA are shown in Fig. 2.

03 T T T T T T

—+— ion, NLT
—>— ion, GYCAVA

02

0.1

02+

FIG. 1. Comparison of the neoclassical polarization drift of the trapped ion
computed by NLT (labeled by plus and line) and by GYCAVA (labeled by
cross and line), respectively.
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-I|- ion, NLT '
03 kL < ion, GYCAVA

*+$ t - X electron, NLT

O electron, GYCAVA

03

FIG. 2. Comparisons of the drift structure of the passing ion and the passing
electron in a static magnetic field. The plus and the diamond symbols denote
the Poincare plots of the passing ion computed by NLT and GYCAVA,
respectively. The cross and the square symbols denote the Poincare plots of
the passing electron computed by NLT and GYCAVA, respectively.

The Poincare plots of the passing particles have the drift
island structure. The island structure of the passing electron
is almost same as the magnetic island, while the island struc-
ture of the passing ion is shifted away from the magnetic
field. From Fig. 2, it is clearly seen that both of the codes
have the same Poincare plots for the electron and the ion.

From these two numerical examples, it can be seen that
the guiding-center orbits computed by two different methods
have the same results, which shows that the code NLT is
valid for computing the guiding-center orbit in tokamaks.

VI. SUMMARY

The gyrokinetic theory in tokamak configuration based
on the two-step transform has been presented. The two-step
transform procedure includes the 0A transform, which makes
the effects of the magnetic potential perturbation appear in the
Hamiltonian part, and the gyrokinetic Lie-transform, which
transforms away the gyroangle-dependent part of the
Hamiltonian to decouple the gyromotion from the gyrocenter
motion. Note that the A transform is generated by an incom-
pressible flow in the phase space; the gyrokinetic Lie-
transform presented in this paper is generated simply by a
Hamiltonian flow. It has been proved that this gyrokinetic
theory is equivalent with the conventional one. The two-step
transform proposed in this paper is a generalization of Ref. 5,
which considers JA| in the slab model. The gyrokinetic
Maxwell equations include the full electromagnetic potential
perturbation (d¢p, 6A4). The collisionless skin depth term due
to the full magnetic potential perturbation dA has been recog-
nized by using the dA transform.

The I-transform method is used to make the transformed
equations of motion has the same form as the unperturbed
ones. The application of the short-time I-transform method
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to the computation of the guiding-center orbit and the
guiding-center distribution function has been presented. It is
demonstrated analytically that the new method agrees with
the conventional method in the orbit computation. A new
code based on the short-time I-transform method is devel-
oped, which involves integrating only along the unperturbed
orbit. Two numerical examples including the strong electro-
magnetic field perturbations have been illustrated to validate
the new code by using a code which involves integrating
along the full orbit in the conventional method. The unper-
turbed motion is well-understood so that the I-transform
method provides an alternative method to compute the
guiding-center orbit and the guiding-center distribution func-
tion. It can also be used and may bring about advantages in
the nonlinear gyrokinetic simulation.
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APPENDIX A: THE EQUIVALENCE OF THE
GYROKINETIC THEORY BASED ON THE TWO-STEP
TRANSFORM PROCEDURE AND THE STANDARD
MODERN NONLINEAR GYROKINETIC THEORY

For the gyrokinetic theory based on the two-step trans-
form procedure, the phase-space transform and the pull-back
transform are

7' =TsTiZ =7+ 6¢, + G + G|

R
+ 5g]1 (9,G11 + EGJI a/'Gll, (Ala)
F=TuF =T,\TsF
:F+(5g§+G§+Gg+5gﬁajG§
Lo s iVam
1 o o
+3 (38108} + GG} +2081G))0,F (Alb)

For the gyrokinetic theory based on the conventional®
procedure, the phase-space transform and the pull-back
transform are

i , : : N .
Z"=T7Z =7 + Gl + G} + 5Glfa,»c;}’, (A2a)

. I ) . N R
Ft=T.F =F' + (G + Gl + GVo,GToF" + EGI’GI’E),jF .
(A2b)

Here, the conventional first-order generating vector GI
can be expressed as

Phys. Plasmas 21, 042505 (2014)

G =g +G'. (A3)

The conventional second-order generating vector G; can be
expressed as

i N i
G ={s},7'} - EGI"wlij{). (Ad)

The conventional gauge function S; and the new gauge func-
tion S, have the following relations:

1 )
si=8,— 3 {$1,2}1y;. (A5)

From Egs. (A4), (AS5), and (21), the conventional second-
order generating vector G; can be rewritten as

i i 1 i i 1 ji
Gl =G, - {E{Sl,Z/}FU,Z } - zG’;wl,q-J{). (A6)
Then, we can obtain

R P T B A
Gl + §G'1j3jG? =G, +6¢0,G| + EGJ@'G? + 55%3_;58?
(A7)

From Egs. (Ala), (A2a), (A3), and (A7), we can see that

Z—i _ Z_ﬂ.

(A8)
From Eq. (A8) and the property of the scaler invariance
F(Z)=F(Z)=F'(Z"), we have

F=F"

(A9)
Using Egs. (A9), (A1b), (A2b), (A3), and (A7), we can see
that

F=F" (A10)
Equations (A8), (A9), and (A10) mean that the gyrokinetic
theory based on the two-step transform procedure agrees
with the standard modern nonlinear gyrokinetic theory.8

APPENDIX B: THE EQUIVALENCE OF THE SHORT-
TIME I-TRANSFORM METHOD AND CONVENTIONAL
METHOD FOR COMPUTING GYROCENTER ORBIT

According to the conventional'® method, the change of
the phase-space position AZ' during a short time At is kept
up to O(e3€?), written as

Az‘T":J

t—A

t

{Z_i,H}Tdr
!

—i =i AP
= {Z 7H}r7AtAt+{{Z ’H}vH}zfAtT' (BI)
According to the short-time I-transform method, from
the procedure of gyrocenter orbit computation, the change of
the phase-space position AZ during a short time At is kept
up to O(€3€?), written as
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i i i L i i
AZ' = AZ" ~ G +3GYOGY (B2)

From Eq. (45), the first-order generating vector can be
rewritten as

i

Gyl = —({Z",0H},_p + {{Z"', 6H}, Ho}_p A1) Al

({0 AZ" 0}, g~ (O AZ" Ho Y, ) S

= —{Z" 6H},_ At

i i _ Ar?
_({{Z Iv 5H}3H0}I7At + {{Z 17H0}7 5H}I7At) 7
(B3)
Using Eq. (B3) and keep up to O(€3€?), we have
1 *] *i 1 % s Fl
EGI aiG = E{Sla {Sl>Z }}r—Ar
1 —xi o - Al2
25{{2 75H}76H}1‘—At7 (B4)

From Eq. (50), the change of the phase-space position AZ"
during a short time Az can be computed by integrating along
the unperturbed orbit

—j 4
AZ*':J

A {Z_*i,Ho}Td‘C
t—At

—% 73 ki Atz
= {Z ’HO}rfAtAt'i' {{Z 7H0}aH0}t7A17' (B5)
Using Egs. (B1)—(B5), we have
AZ' = AZ" (B6)

From Eq. (B6), we can see that the change of the phase-
space position during a short time Af computed by the new
method is same as the one computed by the conventional
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method up to O(e}e?). It is demonstrated that two
methods for computing the gyrocenter orbit in tokamaks are
equivalent.
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