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a b s t r a c t

We present a theoretical study on optical properties such as optical conductance and light transmission
coefficient for mono- and multi-layer graphene systems with AB- and ABC-stacking. Considering an air/
graphene/dielectric-wafer structure, the optical coefficients for those graphene systems are examined
and compared. The universal optical conductance sN

0 ¼Nπe2=ð2hÞ for N layer graphene systems in the
visible region is verified. For NZ3 layer graphene, the mini-gap induced absorption edges can be
observed in odd layers AB-stacked multilayer graphene, where the number and position of the
absorption edges are decided by the layers number N. Meanwhile, we can observe the optical absorption
windows for those graphene systems in the infrared to terahertz bandwidth (0.2–150 THz). The
absorption window is induced by different transition energies required for inter- and intra-band optical
absorption channels. We find that the depth and width of the absorption window can be tuned not only
via varying temperature and electron density but also by changing the number of graphene layers and
the stacking order. These theoretical findings demonstrate that mono- and multi-layer graphene systems
can be applied as frequency tunable optoelectronic devices working in infrared to terahertz bandwidth.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Since the breakthrough discovery of graphene in 2004 [1], the
investigation into graphene based novel devices has become a
fast-growing field of research due to their extremely useful
physical properties, including very high electron mobility, high
mechanical strength, excellent thermal conductivity, optoelectro-
nic properties, etc. At present, transparent flexible electronics on
the basis of graphene devices is a much sought technology with
important applications that can range from foldable displays and
electronic paper, to transparent solar cells. It has been found that
an air/graphene/dielectric-wafer system has high light transmit-
tance from UV to near-infrared bandwidth. This makes it possible
to replace the conventional indium tin oxide (ITO) transparent
electrodes [2,3] in producing better and cheaper LED, LCD, etc. The
variable optical transmittance in graphene systems can make a
new breed of optical modulators with broad optical and electrical
bandwidths [4–6]. Meanwhile, graphene based photodetectors
have also received considerable attention because of the broad
spectral bandwidth and ultrafast response time [7–9]. It has been

shown that graphene is an intrinsically two-dimensional (2D)
material with sensitive electrostatic perturbation conductance
induced by photo-generated carriers close to the surface which
makes graphene a particularly promising material for high gain
photo-detection by employing the photo-gating effect [10]. More-
over, graphene has been considered as a promising candidate for
photosensitive terahertz (1012 Hz or THz) devices, due to its
gapless density of states and high quantum efficiency. It has been
demonstrated experimentally that the optical conductivity of
graphene in THz regime can be well described by the Drude
model, implying that graphene is a metallic like THz material [11].
In addition, the strong nonlinear optical response in mono- and bi-
layer graphene systems from THz to far-infrared regime makes
graphene a preferred material for nonlinear photonics and optoe-
lectronics devices [12,13].

It is known that mono- and bi-layer graphene systems are
gapless 2D electronic structures, whereas the ABC-stacked tri-
layer graphene becomes a semiconductor with tunable funda-
mental band gap. For multilayer graphene films, the electronic
structures depend strongly on layers number and stacking order.
Thus, the features of electronic band structure can directly affect
the electronic and optical properties of graphene systems with
different graphene layers. At present, the low-cost and reliable
growth of high quality and large size graphene films are mainly

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/optcom

Optics Communications

http://dx.doi.org/10.1016/j.optcom.2014.04.079
0030-4018/& 2014 Elsevier B.V. All rights reserved.

n Corresponding author at: Department of Physics, Yunnan University, Kunming
650091, China.

E-mail address: wenxu_issp@aliyun.com (W. Xu).

Optics Communications 328 (2014) 135–142

www.sciencedirect.com/science/journal/00304018
www.elsevier.com/locate/optcom
http://dx.doi.org/10.1016/j.optcom.2014.04.079
http://dx.doi.org/10.1016/j.optcom.2014.04.079
http://dx.doi.org/10.1016/j.optcom.2014.04.079
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2014.04.079&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2014.04.079&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2014.04.079&domain=pdf
mailto:wenxu_issp@aliyun.com
http://dx.doi.org/10.1016/j.optcom.2014.04.079


based on a chemical vapor deposition (CVD) technique [14]. Multi-
layer graphene samples are the main products of the CVD growth.
In recent years, the optical and optoelectronic properties of
different graphene systems have been investigated intensively.
Theoretically, the electronic band structures for systems with
different graphene layers have been examined [15–17,27–29].
The low-temperature optical conductivity for both monolayer
and AB-stacked multilayer graphene was calculated using the
Kubo formula [18], where optical properties for different graphene
systems were examined in UV to far-infrared regime. Experimen-
tally, the optical properties of epitaxial graphene from visible to
THz range were measured and the high transmittance windows
were observed in infrared and THz regime for multilayer graphene
systems [19]. It has been found that the optical conductance per
graphene layer is a universal value s0 ¼ πe2=ð2hÞ in visible
bandwidth [20,21]. The corresponding light transmittances for
mono-, bi- and tri-layer graphene are about 97.7%, 95.4% and
93.1%, respectively, and the opacity is about 2.3% per graphene
layer [22]. Furthermore, it has been observed that there exists an
optical absorption window in mono-layer graphene at room-
temperature [20,21] in the mid-infrared to THz regime. The width
and depth of this absorption window in monolayer graphene
depend strongly on temperature and carrier density, especially at
the lower frequency edge. These findings imply that graphene
systems can be applied for infrared or THz detection in ambient
condition. Our previous theoretical work [23] shown that the THz
absorption window can also be achieved in bilayer graphene
systems.

Currently, the major results for optical properties of mono- and
bi-layer graphene systems have been well documented. However,
less research work has been conducted for graphene systems with
layer number NZ3. Most theoretical work on optical properties of
multi-layer graphene has been focused mainly on ultraviolet to
infrared absorption peaks and universal optical conductance
observed in visual light regime [18]. In this paper, we employ
the effective low-energy model to study the responses of mono-
and multi-layer graphene systems to the radiation field. It is
known qualitatively that in infrared to THz region, the number
of graphene layers must have influence on optical properties of the
graphene systems. It is of great importance and significance to
provide a quantitative answer about how optoelectronic proper-
ties of mono- and multi-layer graphene systems vary with the
number of graphene layers and with the stacking orders. This
becomes a prime motivation of the present theoretical study.

2. Theoretical approaches

We consider that a graphene sheet is placed on the xy-plane on
top of a dielectric wafer such as SiO2 substrate and a weak
radiation field is applied with linear polarization along the x-
direction. The vector potential of the light field is AðtÞ ¼ F0
sin ð2πνtÞ=ð2πνÞ, where F0 and ν are the electric field strength
and the frequency of the light field, respectively. The optoelec-
tronic response of the graphene system in such a situation can be
studied through the balance equation approach [24] derived from
the semiclassical Boltzmann equation. With this approach, the
total energy transfer rate can be evaluated via P ¼∑λ;λ0Pλλ0 , where
λ¼ þ1 for conduction band and λ¼ �1 for valence band,
Pλλ0 ¼ 4hν∑k0 ;kf λðkÞ½1� f λ0 ðk0Þ�Wλλ0 ðk;k0Þ is the energy transfer rate
induced by different transition channels, Wλλ0 ðk;k0Þ is the electro-
nic transition rate obtained from Fermi's golden rule, and
f λðkÞC f λ½EλðkÞ� is the Fermi–Dirac distribution function for car-
riers in graphene. For a relatively weak radiation field, the optical
conductivity can be calculated through sðνÞ ¼ 2P=F20 ¼∑λ;λ0sλλ0 ðνÞ.
Furthermore, the optical transmission coefficient for an air/

graphene/dielectric-wafer system can be evaluated via [25]

TiðνÞ ¼
ffiffiffiffiffiffi
ϵi2
ϵ1

s
4ðϵ1ϵ0Þ2

j½ðϵ1ϵi2Þ1=2þϵ1�ϵ0þ
ffiffiffiffiffi
ϵ1

p siðνÞ=cj2
; ð1Þ

where siðνÞ is the optical conductivity for an i-layer graphene
system at a radiation frequency ν, ϵ1 ¼ 1 and ϵi2 ¼ ϵi1 are the
dielectric constant of free space and the effective high-frequency
dielectric constant of the substrate for different systems, respec-
tively, and c is the speed of light in vacuum.

2.1. Monolayer graphene

The massless Dirac–Weyl quasiparticles of monolayer graphene
for a carrier (an electron or a hole) in the monolayer graphene in the
π-bands near the K-point can be described by a k � p Hamiltonian

Hm
0 ¼

0 ℏv0k�
ℏv0kþ 0

 !
; ð2Þ

where k7 ¼ kx7 iky ¼ ke7 iϕ with v0 ¼ 106 m=s being the Fermi
velocity, k¼ ðkx; kyÞ is the wavevector for a carrier, and ϕ is the
angle between k and the x-axis. The eigenfunction and the energy
eigenvalue are given by ψm

lkðrÞ ¼ 21=2 e�iϕ; l
� �

eik�r and Emλ ðkÞ ¼ λℏv0k,
respectively, where λ¼ þ1 for electron and λ¼ �1 for hole.
Here, the eigenfunction is in a form of row matrix. In the presence
of a weak light field applied perpendicular to the graphene sheet and
polarized along the x-direction, the steady-state electronic transition
rate induced by direct carrier–photon interaction can be obtained by
using Fermi's golden rule, which reads

Wm
λλ0 ðk;k

0Þ ¼ 2π
ℏ

eF0v0
4πν

� �21þλλ0 cos ð2ϕÞ
2

�δk0 ;kδ½Emλ0 ðk
0Þ�Emλ ðkÞ�hν�: ð3Þ

It measures the probability for scattering of a carrier from a state
jk; λ〉 to a state jk0; λ0〉. After considering the effect of the broadening
of the scattering states due to energy relaxation through Poisson
Kernel: δðEÞ-ðEτ=πÞðE2þE2τ Þ�1 to replace the δ function for intra-
band optical transition and using the identity

R1
0 f ðxÞδ½gðxÞ� dx¼

f ðxÞ=jg0ðxÞj in the case that gðxÞ ¼ 0 has only a single root for
interband optical transition, we can obtain

sm
λλðνÞ ¼

2s0v20
π2ν

τ
ð2πντÞ2þ1

Z 1

0
dk kf λ½Emλ ðkÞ�

�f1� f λ½Emλ ðkÞ�g; ð4Þ
for transition within the conduction band and valance band, where τ
is the energy relaxation time, Eτ ¼ ℏ=τ is the energy broadening of
the states, and s0 ¼ πe2=ð2hÞ.

For interband transition channels, we have sm
þ � ðνÞC0 and

sm
� þ ðνÞ ¼s0f � ð�hν=2Þ½1� f þ ðhν=2Þ�: ð5Þ

2.2. Bilayer graphene

After including the various interlayer coupling such as the near-
neighbor and the next-nearest neighbor interactions, the effective
Hamiltonian for a carrier (an electron or a hole) in the bilayer
graphene in the π-bands near the K-point can be written as [15]

Hb
0 ¼

0 ℏ2k2� =ð2mnÞ�ℏu3kþ

ℏ2k2þ =ð2mnÞ�ℏu3k� 0

0
@

1
A; ð6Þ

where mn ¼ ξ1=ð2u2
0Þ, ui ¼

ffiffiffi
3

p
aξi=2ℏ, p¼ ℏk and a¼2.46 Å. More-

over, we quote ξ0 ¼ 3:16 eV, ξ1 ¼ 0:39 eV, ξ3 ¼ 0:315 eV for typical
coupling values [26,27] in bilayer graphene. The corresponding
Schod̈inger equation can be solved analytically and the eigenvalue
is given as EbλðkÞ ¼ λA, where A¼ ½h2aþh2b�2 cos ð3ϕÞhahb�1=2,
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ha ¼ p2=ð2mnÞ, and hb ¼ pu3. The eigenfunction for a carrier in
bilayer graphene is ψb

λkðrÞ ¼ 2�1=2½ðhae�2iϕ�hbeiϕÞ=A; λ�eik�r , in the
form of a row matrix, with r¼ ðx; yÞ. In the presence of a weak light
field applied perpendicular to the bilayer graphene sheet, the
carrier–photon interaction Hamiltonian within the usual Coulomb
gauge for bilayer graphene becomes

Hb
cpðtÞ ¼

eAðtÞ
mn

0 mnu3�ℏk�
mnu3�ℏkþ 0

 !
: ð7Þ

Here, the contribution from the F20 term has been neglected. Then
the first-order contribution to the steady-state electronic transi-
tion rate induced by carrier–photon interaction via absorption
scattering is obtained as

Wb
λλ0 ðk;k

0Þ ¼ 2π
ℏ

eF0
4πmnν

� �2jUb
λλ0 ðkÞj2
4A2 δk0 ;k

�δ½Ebλ0 ðk
0Þ�EbλðkÞ�hν�; ð8Þ

with jUb
λλ0 ðkÞj2 ¼ j½λ0 ðhae�2iϕ�hbeiϕÞþλðhae2iϕ� hbe� iϕÞ�mnu3þ

ℏk½λ0ðhbe2iϕ�hae� iϕÞþλðhbe�2iϕ�haeiϕÞ�j2. After considering the
effect of the broadening of the scattering states due to energy
relaxation through Poisson Kernel, we have

sb
λλðνÞ ¼

4s0

π3νðmnÞ2
τ

ð2πντÞ2þ1

Z π

0
dϕ
Z 1

0

dk k

A2

�f λ½EbλðkÞ�f1� f λ½EbλðkÞ�gGb
λλðk;ϕÞ; ð9Þ

for transition within the conduction band and valance band,

where Gb
λλðk;ϕÞ ¼ ½mnu3ðha cos 2ϕ�hb cos ϕÞþℏkðhb cos 2ϕ

�ha cos ϕÞ�2.
For interband transition channels, we have sb

þ � ðνÞC0 and

sb
� þ ðνÞ ¼

4s0

π3νðmnÞ2
Z π

0
dϕ
Z 1

0

dk k

A2 ½1� f þ ðhν=2Þ�

�f � ð�hν=2Þ τGb
� þ ðk;ϕÞ

4τ2ðπν�A=ℏÞ2þ1
; ð10Þ

where Gb
� þ ðk;ϕÞ ¼ ½mnu3ð�ha sin 2ϕ�hb sin ϕÞþℏkðhb sin

2ϕþha sin ϕÞ�2.

2.3. ABC-stacked trilayer graphene

The effective Hamiltonian for a carrier (an electron or a hole) in
low-energy regime in ABC-stacked tri-layer graphene (TLG) in the
π-bands near the K-point is [17]

Ht
0 ¼

S1 S0ℏ3k3� þS2

S0ℏ3k3þ þS2 S1

0
@

1
A; ð11Þ

where S0 ¼ 33=2a3γ30=ð8ℏ3γ21Þ, S1 ¼ γ5�3γ0γ4k
2a2=ð2γ1Þ, and

S2 ¼ γ2=2�3γ0γ3k
2a2=ð2γ1Þ, with the typical hoping parameters

[17] γ0 ¼ 3:16 eV, γ1 ¼ 0:502 eV, γ2 ¼ �0:0171 eV, γ3 ¼ �0:377 eV,
γ4 ¼ �0:099 eV, γ5 ¼ �0:0014 eV. The corresponding Schod̈inger
equation can be solved analytically and the eigenvalue is given as

EtλðkÞ ¼ S1þλB with B¼ ½S20ℏ6k6þS22þ2 cos ð3ϕÞ S0S2ℏ3k3�1=2. The
corresponding eigenfunction for a carrier in ABC-stacked TLG is

ψ t
λkðrÞ ¼ 21=2½eiψ ; λ�eik�r , in the form of a row matrix, with

eiψ ¼ ðS0ℏ3k3e�3iϕþS2Þ=B and r¼ ðx; yÞ. The carrier–photon inter-
action Hamiltonian for a ABC-stacked TLG becomes

Ht
cpðtÞ ¼

eAðtÞ
ℏ

Q1 Q2�3S0ℏ3k2�
Q2�3S0ℏ3k2þ Q1

0
@

1
A; ð12Þ

with Q1 ¼ 3γ0γ4a2k cos ϕ=γ1 and Q2 ¼Q1γ3=γ4. Here we have

ignored the contributions from F20 and F30 terms in case of a weak
light field. Then the first-order contribution to the steady-state

electronic transition rate induced by carrier–photon interaction via
absorption scattering is obtained as

W t
λλ0 ðk;k

0Þ ¼ 2π
ℏ

eF0
4πν

� �2jUt
λλ0 ðkÞj2
4B2 δk0 ;k � δ½Etλ0 ðk

0Þ�EtλðkÞ�hν�; ð13Þ

where jUt
λλ0 ðkÞj2 ¼ j�3S0ℏ2k2½λ0ðS0ℏ3k3e� iϕþ S2e2iϕÞþλðS0ℏ3k3

eiϕþS2e�2iϕÞ�þ½λ0ðS0ℏ3k3e�3iϕþS2Þþ
λðS0ℏ3k3e3iϕþS2Þ�Q2=ℏþð1þλλ0ÞQ1B=ℏj2. Using Poisson Kernel to
replace the δ-function, we have

st
þ þ ðνÞ ¼

4s0

π3ℏ2ν
τ

ð2πντÞ2þ1

Z π

0
dϕ
Z 1

0

dk k

B2 f þ ½Etþ ðkÞ�

�f1� f þ ½Etþ ðkÞ�gGt
þ þ ðk;ϕÞ; ð14Þ

for transition within the conduction band with

Gt
þ þ ðk;ϕÞ ¼ ½Q1B�3S0ℏ3k2ðS0ℏ3k3 cos ϕþS2 cos 2ϕÞþ

ðS0ℏ3k3 cos 3ϕþS2ÞQ2�2. For transition within the valance band,
we obtain

st
� � ðνÞ ¼

4s0

π3ℏ2ν
τ

ð2πντÞ2þ1

Z π

0
dϕ
Z 1

0

dk k

B2 f � ½Et� ðkÞ�

�f1� f � ½Et� ðkÞ�gGt
� � ðk;ϕÞ; ð15Þ

with Gt
� � ðk;ϕÞ ¼ ½3S0ℏ3k2ðS0ℏ3k3 cos ϕþS2 cos 2ϕÞ�ðS0ℏ3k3

cos 3ϕþS2ÞQ2þQ1B�2.
For interband transition channels, we have st

þ � ðνÞC0 and

st
� þ ðνÞ ¼

2s0τ
π2ℏ2ν

Z π

0
dϕ
Z 1

0

dk k

B2 e�jτð2πν�2B=ℏÞj

�f � ½Et� ðkÞ�f1� f þ ½Etþ ðkÞ�gGt
� þ ðk;ϕÞ; ð16Þ

where Gt
� þ ðk;ϕÞ ¼ ½3S0ℏ3k2ðS0ℏ3k3 sin ϕ�S2 sin 2ϕÞ�S0Q2ℏ

3

k3 sin 3ϕ�2 and we have taken an approximation
δðEÞ-e�jEj=Eτ=ð2EτÞ to replace the δ-function.

2.4. AB-stacked multilayer graphene

For AB-stacked N-layer graphene with NZ3, the electronic
Hamiltonian can be approximately decomposed into subsystems
equivalent to monolayer or bilayer graphene and the total optical
conductivity can be regarded as a summation over each subsys-
tems [18,26,27]. The Hamiltonian of odd-layered graphene is
composed of one monolayer-type and ðN�1Þ=2 bilayer-type sub-
bands, while that of even-layered graphene is only composed of
N/2 bilayers [28]. When we focus mainly on the optical response to
long wavelength radiation field, the reduced effective low-energy
Hamiltonian for mono- and bi- layer subsystems can be consid-
ered as [28,29]

HM
AB ¼

qη2 v0ℏk�
v0ℏkþ qη5

 !
; ð17Þ

and

HBj
AB ¼

αjη2 �v20ℏ
2k2� =ðμjξ1Þ

�v20ℏ
2k2þ =ðμjξ1Þ βjη2

0
@

1
A; ð18Þ

where η2 ¼ �0:02 eV, η5 ¼ 0:04 eV, q¼ ð1�NÞ=ðNþ1Þ, uj ¼ 2
cos ðκjÞ, κj ¼ π=2� jπ=ð2Nþ2Þ and j denotes the index of bilayer
subsystem which ranges as

j¼
1;3;5;…;N�1; N¼ even;
2;4;6;…;N�1; N¼ odd:

(
ð19Þ

In addition, we have αj ¼ βj ¼ ½N cos ð2κjÞþ1�=ðNþ1Þ for even N,
αj ¼ ½ðN�1Þ cos ð2κjÞþ2�=ðNþ1Þ and βj ¼ cos ð2κjÞ for odd N [27].
For monolayer subsystem, the corresponding eigenvalue and
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eigenfunction can be written as

EMNλðkÞ ¼
qðη2þη5Þ

2
þλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2ðη2�η5Þ2

4
þv20ℏ

2k2

s
; ð20Þ

and

ψM
NλkðrÞ ¼NM

Nλ½RM
Nλe

� iϕ;1�eik�r; ð21Þ
respectively, where RM

Nλ ¼ v0ℏk=ðEMNλðkÞ�qη2Þ and
NM

Nλ ¼ ½1þðRM
NλÞ2��1=2. For the bilayer subsystem Bj, the corre-

sponding eigenvalue and eigenfunction are

EBjNλðkÞ ¼
η2ðαjþβjÞ

2
þλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η22ðαj�βjÞ2

4
þv40ℏ

4k4=μ2
j ξ

2
1

s
; ð22Þ

and

ψBj
NλkðrÞ ¼N

Bj

Nλ½R
Bj

Nλe
�2iϕ;1�eik�r; ð23Þ

where RBj
Nλ ¼ v20ℏ

2k2=½μjξ1ðαjη2�EBj

NλðkÞÞ� and N
Bj

Nλ ¼ ½1þðRBj

NλÞ2��1=2.
In the presence of a weak and linearly polarized radiation field, the
first-order contribution to the steady-state electronic transition
rate induced by carrier–photon interaction via absorption scatter-
ing for mono- and bi-layer subsystems is obtained as

WM
Nλλ0 ðk;k

0Þ ¼ 2π
ℏ

eF0v0
4πν

� �2

jUM
Nλλ0 ðkÞj2δk0 ;k � δ½EMNλ0 ðk

0Þ�EMNλðkÞ�hν�;

ð24Þ
where jUM

Nλλ0 ðkÞj2 ¼ ðNM
NλN

M
Nλ0 Þ2½ðR

M
NλÞ2þðRM

Nλ0 Þ2þ2 cos ð2ϕÞRM
NλR

M
Nλ0 �,

and

WBj

Nλλ0
ðk;k0Þ ¼ 2π

ℏ

eF0v20ℏk
2πνμjξ1

 !2

jUBj

Nλλ0
ðkÞj2δk0 ;k � δ½EBj

Nλ0
ðk0Þ�EBj

NλðkÞ�hν�;

ð25Þ
where jUBj

Nλλ0
ðkÞj2 ¼ ðNBj

NλN
Bj
Nλ0

Þ2½ðRBj

NλÞ2þðRBj
Nλ0

Þ2þ2 cos ð2ϕÞRBj

NλR
Bj

Nλ0
�,

respectively.
For odd AB-stacked multilayer, the intraband optical conduc-

tivity of monolayer subsystem is

sM
NλλðνÞ ¼

8s0v20
π2ν

τ
ð2πντÞ2þ1

Z 1

0
dk k 1� f λ½EMNλðkÞ�

n o
�f λ½EMNλðkÞ�ðNM

NλÞ4ðRM
NλÞ2; ð26Þ

within the conduction band and valance band. For interband
transition channels, we have sM

Nþ � ðνÞC0 and

sM
N� þ ðνÞ ¼ 2s0ðNM

N�N
M
Nþ Þ2½ðRM

N� Þ2þðRM
Nþ Þ2�f � ½EMN� ðkÞ�

�f1� f þ ½EMNþ ðkÞ�g; ð27Þ

where k¼ ½h2ν2�q2ðη2�η5Þ2�1=2=ð2v0ℏÞ for an incident radiation
frequency ν in monolayer subsystem.

As for the Bj subsystem in AB-stacked multilayer graphene, we
have

sBj
NλλðνÞ ¼

32s0v40ℏ
2

π2νμ2
j ξ

2
1

τ
ð2πντÞ2þ1

Z 1

0
dk k3f λ½EBjNλðkÞ�

�f1� f λ½E
Bj

NλðkÞ�gðN
Bj
NλÞ4ðR

Bj

NλÞ2; ð28Þ

for intraband transitions within the conduction band and valance
band. For interband transition channels, we have sBj

Nþ � ðνÞC0 and

sBj
N� þ ðνÞ ¼ 4s0ðNBj

N�N
Bj

Nþ Þ2½ðR
Bj
N� Þ2þðRBj

Nþ Þ2�f � ½E
Bj

N� ðkÞ�
�f1� f þ ½E

Bj

Nþ ðkÞ�g; ð29Þ

where k¼ f½h2ν2�η22ðαi�βiÞ2�μ2
j ξ

2
1g

1=4
=ð21=2v0ℏÞ for an incident

radiation frequency ν in the Bj bilayer subsystem.
After combining the contributions from each subsystem, the

total optical conductivity for an N-layer AB-stacked graphene

becomes

sAB
N ðνÞ ¼ δN;odd∑

λ;λ0
sM
Nλλ0 ðνÞþ∑

j
∑
λ;λ0
sBj
Nλλ0 ðνÞ: ð30Þ

2.5. ABC-stacked multilayer graphene

The ABC-stacked N-layer graphene with NZ3 constitutes a
physical realization of a chiral two-dimensional electron gas
(2DEG) with effective low-energy Hamiltonian as [17,29]

HN
ABC ¼

vN0
γN�1
1

0 ðℏk� ÞN
ðℏkþ ÞN 0

 !
: ð31Þ

The corresponding eigenvalue and eigenfunction for an ABC-
stacked N-layer graphene with a chirality J¼N can be written as
EJλðkÞ ¼ λðv0ℏkÞN=γN�1

1 and ψ J
λkðrÞ ¼ 21=2½λ; eiNϕ�eik�r , respectively. In

the presence of a linearly polarized light field, the first-order
contribution to the steady-state electronic transition rate induced
by carrier–photon interaction via absorption scattering is obtained
as

WJ
λλ0

ðk;k0Þ ¼ 2π
ℏ

eF0Nv
N
0 ðℏkÞN�1

4πνγN�1
1

 !2
1þλλ0 cos ð2ϕÞ

2

�δk0 ;kδ½EJλ0 ðk
0Þ�EJλðkÞ�hν�: ð32Þ

Following the same theoretical approach for calculating the optical
conductance, for ABC-stacked N-layer graphene we have

sJ
λλðνÞ ¼

2s0N
2v2N0 ℏ2N�2

π2νγ2N�2
1

τ
ð2πντÞ2þ1

Z 1

0
dk k2N�1

�f λ½EJλðkÞ�f1� f λ½EJλðkÞ�g; ð33Þ

for intraband transitions within the conduction band and valance
band. For interband transition channels, we have sJ

þ � ðνÞC0 and

sJ
� þ ðνÞ ¼Ns0f � ð�hν=2Þ½1� f þ ðhν=2Þ�: ð34Þ

3. Results and discussions

In this study, we consider that the conducting carriers in a
graphene system are electrons in the absence of the light radia-
tion. The dark electron density is n0. In the presence of the
radiation field, the total electron density becomes ne ¼ n0þΔne,
where Δne is the density of photoexcited electrons, and the hole
density is nh ¼Δne due to the law of charge number conservation.

The chemical potential μi
λ for electrons and holes in mono-, bi-,

and ABC-stacked multi-layer graphene can be determined, respec-
tively, through ni

e ¼ g∑kf þ ½Eiþ ðkÞ� and ni
h ¼ g∑kf1� f � ½Ei� ðkÞ�g,

where g¼4 counts for spin and valley degeneracy. For AB-
stacked multi-layer graphene, the chemical potential for electrons
and holes are determined through nN

e ¼ g∑kff þ ½EMNþ ðkÞ�δN;oddþ
∑jf þ ½E

Bj
Nþ ðkÞ�g and nN

h ¼ g∑kff1� f � ½EMN� ðkÞ�gδN;oddþ∑jf1�
f � ½E

Bj
N� ðkÞ�gg, respectively. For the calculation of optical transmit-

tance, we take ϵm2 ¼ 1:2, ϵb2 ¼ 1:3 and ϵt2 ¼ 1:5 for mono-, bi- and
ABC-stacked tri- layer graphene system, respectively, where the
effect of the dielectric constant mismatch between graphene film
and the substrate layer has been taken into account [30]. Further-
more, the energy relaxation time for a high-density graphene
device [31] is found to be about τ� 1 ps. Thus, we take this value
for numerical calculations.

In Fig. 1, we show the contributions from different electronic
transition channels to the optical conductance for the fixed
electron density nie and hole density nih at a temperature
T¼300 K for mono-, bi-, and ABC-stacked tri-layer graphene
systems. We can see the following features. (i) In three graphene
systems, the optical absorption via inter-band transition from
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valence band to conduction band gives the main contributions in
the frequency regime ν420 THz, whereas the intraband transi-
tions give rise to optical absorption in lower frequency regime. (ii)
For mono-, bi- and ABC-stacked tri-layer graphene systems, the
optical conductance in frequency range ν4130 THz, ν4100 THz
and ν470 THz depends very weakly on ν, whereas it depends
strongly on the radiation frequency in the regime νo130 THz,
νo100 THz and νo70 THz, respectively. As we can see, a small
absorption peak appears at a frequency about 3.6 THz in ABC-
stacked TLG. This small absorption peak is caused by the asym-
metry between conduction band and valence band in ABC-stacked
TLG. (iii) We find that the optical conductances in high frequency
regime for three graphene systems are universal values with
sm
0 ¼ πe2=ð2hÞ, sb

0 ¼ πe2=h and st
0 ¼ 3πe2=ð2hÞ. This confirms that

the universal optical conductance per graphene layer is πe2=ð2hÞ.
(iv) Importantly, we can observe absorption windows in the 1–
100 THz frequency range for three graphene systems. These
absorption windows are induced by the completing absorption
channels with different energies due to inter- and intra-band
transitions, as shown in Fig. 1. (v) A red-shift and a narrower
and taller absorption window can be observed with increasing
number of graphene layers.

The optical conductance and corresponding light transmittance
of three graphene systems are shown in Fig. 2 as a function of
radiation frequency at fixed carrier densities for different tem-
peratures. As can be seen, siðνÞ and TiðνÞ depend very little on ν in
high frequency regime and they do not vary with temperature.
These features are in line with experimental findings for mono-
layer graphene [22]. The optical absorption window can be
observed in far infrared to THz frequency regime where both
siðνÞ and TiðνÞ depend sensitively on temperature. This is in line
with the experimental result for mono- [20] and bi-layer [33]
graphene systems. We know that the chemical potential for
electrons/holes in an electronic system decreases/increases with
increasing temperature at a fixed electron/hole density. As a result,
due to the Moss–Burstein effect [32], the edge of the optical
absorption window shifts to higher energy regime with increasing
temperature, as shown in Fig. 2. For monolayer graphene, the
width of the optical absorption window decreases with increasing
temperature. In bilayer graphene and ABC-stacked TLG systems,

the hight and width of the optical absorption window decrease
with increasing temperature. A wider and deeper optical absorp-
tion window and a sharper cutoff of the optical absorption at the
window edges can be observed at lower temperatures, in line with
experimental finding for monolayer graphene system [20]. The
position of the small absorption peak at the frequency about
3.6 THz in ABC-stacked TLG does not change with varying tem-
perature and the strength of this peak becomes weaker with
increasing temperature.

The optical conductance and corresponding transmittance of
three graphene systems are plotted in Fig. 3 as a function of the
radiation frequency at a temperature T¼300 K and a fixed hole
density nh for different electron densities ne. For a graphene
system placed on a dielectric wafer, applying a positive (negative)
gate voltage can pull the electrons (holes) out from the dielectric
wafer and inject them into the graphene layer. Then, the electron
density in the graphene layer can be varied by the gate voltage
[36]. The influence of applying the gate voltage on electronic
properties of graphene systems has been investigated theoretically
[34,35]. From Fig. 3, we find that in high-frequency regime, the
optical conductance does not change with ν and depends very
little on electron density in three graphene systems. The absorp-
tion windows can be observed in the frequency range 2–150 THz.
The small absorption peak at about 3.6 THz in ABC-stacked TLG
does not depend on electron density and the strength of it
becomes weaker with increasing ne. Normally, the chemical
potential for electrons in the conduction band increases with
electron density. Thus, the optical absorption window shifts to
higher energy regime with increasing electron density, as shown
in Fig. 3. We can see that the height of the absorption window for

Fig. 1. Contributions from different transition channels to optical conductance at a
temperature T¼300 K for carrier densities ne ¼ 1:5� 1012 cm�2 and
nh ¼ 5� 1011 cm�2. The results obtained from mono-, bi- and ABC-stacked tri-
layer graphene are show in green, red and blue curves, respectively. Here, si

þ þ
(dash dot curve), si

� � (dot curve) and si
� þ (dash curve) are optical conductance

induced by intra-band transitions within the conduction band, within the valence
band and by inter-band transition from valence band to conduction band,
respectively. The solid curve is the total optical conductance and s0 ¼ πe2=ð2hÞ.
(For interpretation of the references to color in this figure caption, the reader is
referred to the web version of this article.)

Fig. 2. The optical conductance (upper panel) and light transmittance (lower
panel) as a function of radiation frequency ν at the fixed carrier densities ne ¼ 1:5�
1012 cm�2 and nh ¼ 5� 1011 cm�2 for different temperatures T¼10 K (solid
curve), 77 K (dashed curve), 150 K (dotted curve), and 300 K (dotted-dashed curve).
The results obtained from mono-, bi- and ABC-stacked tri-layer graphene systems
are show in green, red and blue curve, respectively. (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of
this article.)
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different graphene systems increases with electron density and a
sharper cutoff of the optical absorption at the window edges can
be observed for larger electron density. These results suggest that
the width and height of the absorption window in mono-, bi- and
ABC-stacked tri-layer graphene systems can be tuned by varying
electron density in graphene system through applying a gate
voltage.

The optical conductance of AB-stacked multi-layer graphene
systems is shown in Fig. 4 as a function of radiation frequency at
fixed carrier densities for different temperatures. We can see that
the universal optical conductance in visual light regime is con-
tributed by the effective low-energy subsystems with the con-
tribution πe2=ð2hÞ per layer in AB-stacked graphene multilayer.
The infrared to THz optical absorption windows can be observed in
tri-, tetra- and penta-layer AB-stacked graphene. At lower tem-
perature, a wider and deeper optical absorption window can be
achieved and the optical absorption window red-shifts with
increasing the layers of graphene sheet. The absorption window
also has a red-shift with decreasing temperature. In Fig. 4(a) and
(c), we can observe two absorption edges in AB-stacked penta-
and tri-layer graphene. These absorption edges are caused by the
mini-gaps in AB-stacked multilayer graphene with an odd layer
number. In Fig. 4(b), there is no absorption edge because the
subsystems in even number AB-stacked mutilayer graphene is
gapless. These features can be explained with the help of Eqs. (20)
and (22). AB-stacked tri-layer graphene has two mini-gaps
with E3g1 ¼ 0:03 eV and E3g2 ¼ 0:01 eV which correspond to two
absorption edges at 7.3 THz and 2.4 THz, respectively. For AB-
stacked penta-layer graphene, there are three mini-gaps with
E5g1 ¼ 0:04 eV, E5g2 ¼ 0:01 eV and E5g3 ¼ 3:33 meV. The first two
mini-gaps result in two absorption edges at 9.7 THz and 2.4 THz.

In the low-frequency regime νo1 THz, the contribution from
interband transition is so weak that we cannot observe the third
absorption edge in Fig. 4(a). We also find that the height of the
absorption edges increases with increasing temperature. In addi-
tion, it should be noted that the band gap absorption edges differ a
lot from the absorption window edges which are induced by
electronic transition around the Fermi-level. From Fig. 4, we can
see that the absorption edges in AB-stacked multilayer graphene
are within the window area of the absorption window. In a recent
work, Hao [18] calculated the optical conductivity in AB-stacked
multilayer graphene in full optical spectrum. It should be noted
that Ref. [18] studied the optical conductivity through the full band
Hamiltonian and reported how the layer number affects the
number of near-infrared and ultraviolet absorption peaks. In Ref.
[18], the near-infrared absorption peaks are induced by the optical
transitions from the lower energy subsystems to the higher energy
subsystems near the K point and the ultraviolet absorption peaks
are associated with the Van Hove singularities at M point. In the
present study, we employ the effective low-energy model to study
the optical response to the radiation field, with which the infrared
to THz optical properties can be examined. Additionally, we have
demonstrated that the universal optical conductance in visual
regime in AB-stacked multilayer graphene is induced only by the

Fig. 3. Optical conductance (upper panel) and transmittance (lower panel) as a
function of radiation frequency ν at a temperature T¼300 K and a fixed hole
density nh ¼ 5� 1011 cm�2 for different electron densities ne ¼ 1� 1012 cm�2

(solid curve), ne ¼ 1:5� 1012 cm�2 (dashed curve), ne ¼ 2� 1012 cm�2 (dotted
curve), and ne ¼ 2:5� 1012 cm�2 (dotted-dashed curve). The results obtained from
mono-, bi- and ABC-stacked tri-layer systems are show in green, red and blue
curve, respectively. (For interpretation of the references to color in this figure
caption, the reader is referred to the web version of this article.)

Fig. 4. The optical conductance of AB-stacked graphene multilayer as a function of
radiation frequency ν at the fixed carrier densities ne ¼ 1:5� 1012 cm�2 and
nh ¼ 5� 1011 cm�2 for different temperatures T¼10 K (solid curve), 77 K (dashed
curve), 150 K (dotted curve), and 300 K (dotted-dashed curve). The results are
shown for the AB-stacked penta-layer (a, blue curve), tetra-layer (b, red curve), and
tri-layer graphene (c, green curve). (For interpretation of the references to color in
this figure caption, the reader is referred to the web version of this article.)
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effective low energy subsystems. We find that the layer number of
the graphene sheet can affect effectively the absorption windows
in AB-stacked graphene multilayer.

The optical absorption spectrum for ABC-stacked multilayer
graphene systems are shown in Fig. 5 at the fixed carrier densities
for different temperatures. The universal optical conductance is
Nπe2=ð2hÞ for a ABC-stacked N-layer graphene in high frequency
regime. There also exists the optical absorption window at low
frequency regime in ABC-stacked multilayer graphene. In Fig. 5, we
can see that the absorption window red-shifts to low frequency
regime with increasing layer number N or decreasing temperature.
Meanwhile, the width and depth of the absorption window
decreases with increasing graphene layer number N. Moreover,
we note that the absorption window in Fig. 5 shows some different
features from those in Fig. 4. (i) Unlike the abundant low energy
subsystems in AB-stacked multilayer graphene, ABC-stacked multi-
layer graphene only has one effective low energy subsystem. Thus,
the relatively richer structure of the absorption window can be
observed in AB-stacked multilayer graphene than ABC-stacked
systems. (ii) ABC-stacked multilayer graphene has a narrower
absorption window than that in AB-stacked multilayer graphene
with the same layer number. (iii) The depth of the optical absorp-
tion window in AB-stacked multilayer graphene is deeper than that
in ABC-stacked graphene multilayer. (iv) At low temperatures, the
shift of the absorption window tuned by temperature and layer
number of graphene sheet is more obvious in ABC-stacked multi-
layer. These results suggest that the stacking order in multilayer
graphene systems also plays an important role in determining the
optoelectrical properties in infrared to THz bandwidth.

The results obtained from this study show that the strength of
optical absorption increases with increasing number of graphene
layers in whole optical spectrum. In infrared to THz regime, optical
absorption windows can be seen in mono- and multi-layer
graphene systems with AB- and ABC-stacking. The red-shift of
the optical absorption window can be observed with increasing
number of graphene layers. The main physical reason behind these
interesting features is that the mono- and multi-layer graphene
systems have different electronic energy spectra. This can result in
different density-of-states for optical transition scattering required
by momentum and energy conservation laws in different graphene
systems. These theoretical findings suggest that the optoelectronic
properties of graphene systems can be tuned and modified not

only by varying temperature and carrier density but also by
choosing graphene sheet with different layers and with different
stacking orders.

4. Conclusions

In this study, we have developed a simple theoretical approach
to study optoelectronic properties of mono- and multi-layer
graphene systems with AB- and ABC-stacking. We have examined
the dependence of optical absorption/transmission on tempera-
ture, electron density, stacking type and number of graphene
layers in air/graphene/dielectric-wafer systems. It has been
demonstrated theoretically that the optical conductance is uni-
versal values sN

0 ¼Nπe2=ð2hÞ for N-layer graphene systems in the
high frequency regime and they depend very little on temperature,
electron density and stacking type. This finding confirms that the
optical conductance per graphene layer is given by a universal
value s0 ¼ πe2=ð2hÞ in the high frequency regime. The correspond-
ing optical transmission coefficients in high frequency regime are
about 97.7%, 95.4% and 93.1% for mono-, bi- and ABC-stacked tri-
layer graphene, respectively, in agreement with the experimental
data [22]. We have shown that there exist optical absorption
windows in the radiation frequency range 0.2–150 THz for mono-
and multi-layer graphene systems with AB- and ABC stacking. The
Drude-like optical conductance and the corresponding high trans-
mittance windows in infrared to THz regime have been verified
experimentally [11,19]. The optical absorption windows in few
layer graphene systems are induced by different transition ener-
gies required for inter- and intra-band transition channels. The
depth and width of such absorption windows depend sensitively
on the temperature, electron density, stacking type and the
number of graphene layers, especially at lower frequency edge.
There is a small absorption peak at the frequency about 3.6 THz in
ABC-stacked tri-layer graphene system which does not change the
position with varying temperature and electron density but the
strength of it decreases with decreasing temperature and/or
increasing electron density. For AB-stacked multi-layer graphene
with an odd layer number, there exists mini-gap induced absorp-
tion edges. The number and the position of the absorption edges
depend on the graphene layers' number N. They depend weakly on
temperature but the strength of them increase with increasing
temperature. At lower temperature and/or larger electron density,
we can observe the prominent cutoff of the optical absorption at
the window edges in graphene systems. The optical absorption
window in AB-stacked N-layer graphene is wider and deeper than
that in ABC-stacked multilayer graphene. The optical absorption
window red-shifts and the width of the absorption window
decreases with an increase in the number of graphene layers.
These theoretical results indicate that mono- and multi-layer
graphene with AB- and ABC-stacking have some unique features
in infrared to THz bandwidth, which can be utilized for application
as infrared or THz optoelectronic devices.
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