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Abstract. The inﬂuence of geometrical focusing on the ﬁlamentation of femtosecond laser pulses at various low pressures (<1 atm) in air has been numerically demonstrated. The main peculiarities, such as
ﬁlamentation dynamics, spatial-temporal evolution and supercontinuum generation manipulated by external geometrical focusing in the low atmospheric pressure regime, are analyzed by numerically solving
a spatial-temporal equation for femtosecond laser pulse propagation in air. The results show that those
important characteristics are more sensitive to the focal length than the variation of atmospheric pressure.
It indicates that suitable design of the focal length will result in further amplitude uniformity and a lack
of temporal aberrations in the compressed pulse. This theoretical modelling of pulse shaping optimization
is a step to realization of high-energy femtosecond pulse delivery from the Earth’s surface to altitudes of
several kilometers up into the atmosphere.

1 Introduction
Propagation of ultra-short laser pulses in transparent media have attracted more and more interest both in experimental and theoretical researches in the last several
years [1–3]. For an incident laser pulse whose peak power
exceeds the critical power (Pcr ) of self-focusing, a ﬁlamentary propagation conﬁguration can be formed. The ﬁlamentation phenomenon is a dynamical process associated
with a competition between several physical mechanisms;
the major eﬀects are Kerr self-focusing, diﬀraction and
laser-induced optical photon ionization. The combined action of those eﬀects can maintain high intensity (1013 ∼
1014 W/cm2 ) conﬁned within a narrow channel over a long
distance [4–6]. Femtosecond ﬁlamentation is a special aspect related to the issue of light ﬁlament propagation, due
to the promising advantages of ﬁlamentation for THz radiation [7], triggering and guiding [8], attosecond and supercontinuum generation [9], remote sensing [10], lasing
action [11,12] and laser-assisted condensation [13–15].
A wide range of ﬁlamentary applications [16–19] based
on the driven force of laser ﬁlamentation are dependent
on the stability and eﬀective interaction length of the ﬁlament. It is possible to control the ﬁlament formation by
changing the parameters of femtosecond laser pulses (powers and durations) and spatial and temporal characterisa
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tics. It has been reported that controllable ﬁlament can be
achieved over horizontal and vertical kilometric distances
by changing the chirp of the incident pulse [4,20]. For outdoor large-scale lighting control and LIDAR applications
at high altitude (low pressure), the impact of pressure is
not an ignorable parameter on the prefocused laser pulse
ﬁlamentation process in the ambient atmosphere. It has
been numerically shown that the existence of low pressure
ﬁlamentary paradigms, as well as the prolonged length of
the plasma channels at various pressures from 0.1 to 1 atm
(1 atm ∼ 105 Pa), which correspond to vertical attitudes
higher than 10 km [6,21]. In laboratory-scale methods,
which are conducted in pressurized gas cells [22,23], the
excitation of plasma can be well controlled by changing
the gas pressure to obtain ﬁlament applications, such as
pulse shortening and high harmonic generation. In low
pressure conditions, the plasma generation is suppressed
due to the decrease of neutral gas molecule density weakening photo-ionization. In contrast to this scenario, the
plasma density variation is tremendously dependent on
external focusing [24]. Its maximum magnitude can be
progressively increases, attributed to the shortening of focus length. The spatial characterizations of focused ﬁlamentation at low pressure have been extensively investigated [1,2,6,25]. However, it is still an open question about
how the focus lens aﬀects the temporal evolution and spectrum dynamics of the plasma channel when pressure dependency becomes less pronounced.
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In this paper, we numerically investigated the inﬂuence of focus lens on the ﬁlamentation of femtosecond laser
pulses in various low pressures (<1 atm) in air. The motivation for undertaking this study is to investigate the
combination role of focus lens and low pressure in the ﬁlamentation process; furthermore, to identify and elucidate
the diﬀerent temporal evolution and spectrum dynamics
of the plasma channel in the regimes of nonlinear pulse
propagation.

(ρc = 1.8 × 1021 cm−3 at λ0 = 800 nm); here, qe and
me denote electron charge and mass, respectively, and τc
represents the electron collision time. The cross-section
for inverse Bremsstrahlung also follows the Drude model
and is given by σ(ω) = k0 ωτc /n20 ρc (1 + ω 2 τc2 ). The
self-generated plasma density ρ (r, z, t) satisﬁes the rate
equation [1,2]:
∂ρ (r, z, t)
= W (I) {ρ0 − ρ (r, z, t)}
∂t
σ(ω0 )
2
+
ρ (r, z, t) |E (r, z, t)| ,
Ui

2 The physical model
Maxwell’s equations as the standard mathematical model
governing the evolution of an electromagnetic ﬁeld propagation through a dielectric medium can be expressed as a
set of coupled vector-wave equations containing the electric ﬁeld E, the dielectric displacement ﬁeld D and the
current density J. For a practical scalar version, the Unidirectional Pulse Propagation Equations (UPPE) are exact
system of equations that describe evolution of ultra-short
laser pulses along the positive z-direction for the forward
propagating ﬁeld. The canonical model of the equations
in the spectral domain can be read [26,27]:



i
2
∇ + ik(ω) Ê (r, z, ω)
2k(ω) ⊥


Jˆ (r, z, ω)
iω 2
. (1)
P̂N L (r, z, ω) + i
+
2k(ω)c2 ε0
ω

∂ Ê (r, z, ω)
=
∂z

In this equation, the four terms on the right-hand side
correspond to diﬀraction, dispersion, SPM, and plasma
behavior, respectively. Ê (r, z, ω) represents the Fourier
presentation of the forward propagation electric ﬁeld component, k(ω) = n(ω)ω/c is the wave vector and n(ω) is the
linear refractive index of the material, c and ω are light
speed and the optical frequency, respectively. P̂N L (r, z, ω)
accounts for the nonlinear polarization in the frequency
domain of PN L (r, z, t) = 2ε0 n0 n2 I(r, z, t)E(r, z, t) in the
space-time domain; n0 , n2 are the linear refractive index
and nonlinear coeﬃcient at center wavelength λ0 , and ε0
denotes the permittivity of free space. Taking into account
the generation of plasma and the photoionization losses,
the current density J (r, z, t) = JP (r, z, t)+JP I (r, z, t). In
the frequency domain, the free carrier current density by
photoionization is treated in terms of a Drude model [1,2]
according to the equation:


ω02
n0 σ(ω)
+i 2
JˆP (r, z, ω) = c2 ε0
c
c ρc ω(1 + νe2 /ω 2 )


× ρ̂ (r, z, ω) ⊗ Ê (r, z, ω)
and the loss current is
JP I (r, z, t) =

k0 c2 ε0 Ui W (I)
{ρ0 − ρ(r, z, t)} E (r, z, t) ,
ω0 I (r, z, t)

where νe = 1/τc and ρc = ω02 me ε0 /qe2 is the critical
plasma density above which the plasma becomes opaque

(2)

where the quantity Ui and ρ0 denote the molecules
ionization potential in air and the neutral gas density, respectively. The multi-photon ionization (MPI)
rate obeys the results of the Perelomov-Popov-Terent’ev
(PPT) ionization model and can be approximately ex2
2K
pressed by W (|E (r, z, t)| ) → WMP I = σK |E (r, z, t)| ,
σK denotes the photoionization cross section and K =
mod(Ui /ω0 + 1) is the minimum number of photons necessary to ionize the gas medium and its quantity depends
on the gas species. Because most of the pulse energy is
converged right around the central frequency, we approximately adopt σ (ω) ≈ σ (ω0 ) to simplify the calculation of
the contribution from avalanche ionization.
The input laser pulses are with Gaussian proﬁles both
in the spatial and temporal domain as follows:


E(r, t, z = 0) =

2Pin
r2
exp − 2
2
πr0
r0
∞


(ω + ω0 )r2
1
+ iωt
dω exp i
×
2π
2cf
−∞
 2
t
×  exp − 2
,
(3)
Tp

where
∞

 [E(t)] =
−∞

 2
t
dt exp − 2 exp (−iωt)
Tp

represents the Fourier transform of the temporal proﬁle of
the input pulse. Equation (3) includes the importance of
a frequency dependent lens factor [28] describing the fact
that diﬀerent frequency components of the input pulse
have diﬀerent wavefront curvature and will be diﬀracted
into diﬀerent cone angles. In the calculation, Pin = 2.1Pcr ,
r0 = 1.0 mm, Tp = 30 fs, and f denote input pulse peak
power, beam radius, pulse duration, and eﬀective focal
length, respectively. k0 = ω0 /c = 2πn0 /λ0 and ω0 are
the wave number and the angular frequency of the carrier
wave, respectively. We
√ use the full-width at half maximum
(FWHM) tFWHM = 2 ln 2Tp with respect to the intensity

and introduce the pulse energy through Ein = Pin Tp π/2
to characterize the incident pulses.
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low pressures, the self-focusing becomes less important because of the divergence of critical power of self-focusing,
similarly for group velocity dispersion (GVD) as charac
terized by k ∼ p and MPI with threshold mechanism denoted by equation (4). The focus lens becomes important
and dominates for the resulting focus shift. Indeed, the
plasma generation as the defocusing eﬀect also contributes
to the focus position shift, despite it being a minimal factor. In contrast, in the intermediate (p > 1 atm) and highpressure regimes (p
1 atm) [29], other eﬀects, such as
GVD, MPI and self-focusing, are dominant at the stage
of ﬁrst focus formation and in the ﬁlamentation dynamics beyond the focus point. This is why we ﬁrstly analyse
the focus shifting at the self-focusing stage. In the next
section, we mainly focus on the ﬁlamentation dynamics
beyond the focus point at low pressures.
Fig. 1. 3D plot of the nonlinear focus position as a function of
both the parameter variables of focus length f and atmospheric
pressure p.

Under the consideration the variation of the gaseous
medium pressure p, which is expressed in atm, the parametric values of the above equation coeﬃcients vary as
follows [21,22]:
n2 = n2,0 × p,

τc = τc,0 /p,
  2

2
2
/ p + ω02 τc,0
,
σ = σ0 × p × 1 + ω02 τc,0


ρat = ρat,0 × p, βK = βK,0 × p.

(4)

Here, the index 0 denotes the initial values of the parameters at atmosphere pressure 1 atm.

3 Results and discussion
We are interested in the situation where an initial collimated Gaussian beam is focused by a lens of focal length f at diﬀerent pressures p. The longitudinal focus position of the input Gaussian beam under
conditions
of linear focusing is determined by: zlf =

2
, here zR = πn0 r02 /λ0 denotes the Rayleigh
f / 1 + f 2 /zR
range (diﬀraction length) of the input laser beam. A collimated beam with peak power several times above the
self-focusing threshold
will collapse to a singularity at

2
znf = 0.367zR/ [pin /pcr (p) − 0.852] − 0.0219, if there
exists no other saturation mechanism to counterbalance
Kerr nonlinear eﬀect [1,2]. By considering the eﬀect of the
focus lens, the shifting of focus position due to Kerr nonlinear focusing can be expressed
as Δzf Shif t = znf f − zlf ,


here znf f = 0.367zR/( [pin /pcr (p) − 0.852]2 − 0.0219 +
0.367zR /f ) denotes the collapse distance of a focused
Gaussian beam. In the considered pressure range (p <
1 atm), the nonlinear focus positions and their shifting
are displayed in Figure 1. The nonlinear focus positions
become closer to the laser source and the focus shift becomes smaller, with the reducing of focal lengths and pressures. At the ﬁrst formation stage of focus position with

A single ﬁlament is formed for the input peak power
slightly higher than the critical power of self-focusing. For
the ﬁxed incident peak power, stabilization propagation
with intensity clamping [30,31] can be observed for three
types of focal lengths at diﬀerent pressures. The clamping intensities [32] for various pressures are comparable,
but slight diﬀerences are obtained depending on the external focus cases. When the focus becomes tighter, it results in higher peak intensity as well as plasma density
as shown in the buttom row of Figure 2. Those observations are consistent with the actual demonstrations that
a little change in intensity would lead to a huge change in
the plasma density (i.e., by two or three orders of magnitude) with geometrical focusing [24]. With the reducing of the pressure, the longer the ﬁlament length and
the broader the ﬁlament diameter associated with the full
width at half maximum (FWHM) of the spatial distri +∞
bution of the ﬂuence F (r, z) = −∞ I (r, z, τ ) dτ . Those
conﬁgurations have been observed in the previous studies [6]. The diﬀerence is that we don’t think the longer ﬁlament length and broader diameter is due to the variation
of local plasma density. In our cases, under a given focus
condition, the plasma densities are comparable for various pressures. The identical plasma peak density is due to
nearly the same peak intensity, which is independent of the
pressure and remains constant in the ﬁlament. It can be
simply explained that at lower pressure the energy losses
due to MPI (βK ∼ p) and plasma absorption (σ ∼ p)
are decreased as can be seen from formula (4). It indicates that at lower pressure the beam can preserve more
energy (power) subsistence to sustain the longer propagation. For the same focus length, higher pressure leads
to the energy losses due to MPI and plasma absorption
are increased, those energy losses will inevitably prolong
the nonlinear focus point along the propagation axis. It
has been theoretical predicted that in the transverse cross
section (r⊥ ) of a single ﬁlament attaining the saturation
2
level 2pf il /πr⊥
→ Imax , the conveying power of the ﬁlament in air can be estimated by pf il ∼
= π 2 pcr /4 < 7pcr [33],
which is slightly higher than the value estimated by using
pf il ∼
= π 2 pcr /2 < 12.5pcr [34]. Then, the ﬁlament diameter variation as a function of pressure can be expressed as
2
Imax πr⊥
∼ pcr (p) ∼ 1/p [35]. This is in agreement with
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Fig. 2. The on-axis peak intensity and plasma density as a function of propagation distance. (a) and (b): f = 0.5 m; (c) and
(d): f = 1.0 m; (e) and (f): f = 1.5 m. The blue solid line represents p = 0.3 atm and the cyan dash line is p = 0.6 atm.

the previous study [6,21]. The on-axis intensity maximum
remains constant independent of the pressure, the inverse
proportion relationships between the width of the ﬁlament
channel and atmospheric pressure indicates that the ﬁlament becomes broader with reducing of the pressure. At
the same time, all the results from reducing pressure will
be enhanced with decreasing of the focal length. The numerical results are stable with respect to the chosen initial
condition in the sense that if the total pulse power is kept
constant, then changing the external focus geometry not
only changes the onset of the ﬁlament but also its important characteristics, such as ﬁlament length, peak intensity
and the generated plasma density, as seen in Figure 2.
At low pressures, self-focusing is not so signiﬁcantly
important as it becomes in high pressures for the temporal evolution of the propagating laser pulse. In contrast,
plasma-induced self-phase modulation (PI-SPM) and defocusing eﬀects associated with the factor σωτc become
substantial contributors and dominate The PI-SPM involves the electron collision rate τc which increases with
decreasing pressure in a longer plasma channel with a
wider diameter and only plays an important role at the
trailing part of the pulse. Then its contributing to the reshaping of the pulse trail becomes weak and slows down.
As a result, the temporal proﬁles are more homogeneous
and symmetrical at 0.3 atm (the left column in Fig. 3)
than that at 0.6 atm (the right column in Fig. 3). At
tight focus geometry (i.e., f = 0.5 m), the self-steepen
and spatial-temporal focusings are reinforced, resulting in
dramatic temporal compressing and reshaping of the pulse
seen in Figures 3a and 3b. As the pulse propagates, a second self-focusing cycle develops and reforms, at a further
propagation distance, on the trailing edge of the pulse due
to dynamic spatial replenishment [36]. In contrast, at intermediate focus geometry, the plasma defocusing at the
trail of the pulse has been weakened compared with the

case at tight focusing. The back part of the pulse can
survive for a slightly long propagation distance, but it is
gradually diﬀracted into the background ﬁeld ultimately
(Figs. 3c and 3d). At this condition, the temporal proﬁle f (t) in the ﬁlamentation regime is most homogenous
due to the pulse splitting corresponding with GVD is not
signiﬁcant. With further weakening of the focus lens, i.e.,
f = 1.5 m, the ﬁlamentation length is the longest and the
ﬁlament diameter is the largest compared with the other
two cases (not shown here). It suggests that at this situation the nonlinear interactions (length and range) are the
strongest. As a result, the pulse proﬁle is tremendously
deteriorated along the ﬁlamentary pulse propagating direction (Figs. 3e and 3f). The longest ﬁlamentation conﬁguration formation is at the costs of symmetry deterioration
and loss of uniformity of the pulse.
The temporal asymmetries also associated with spectrum asymmetries as presented in Figure 3. The spectra are relatively homogeneous and symmetric at 0.3 atm
compared to those at 0.6 atm. In the process of ﬁlamentation and pulse self-compressing [37,38], Kerr selfphase modulation (K-SPM) produces a frequency chirp
across the pulse and then pushes apart the two oppositely frequency-shifted halves towards both-sides of the
pulse [39]. The considerable spectrum broadening on the
infrared pedestal side is mainly generated from K-SPM
producing a negative frequency chirp manifested by Δω =
−ω0 n2 z∂I/c∂t < 0 in the leading of the pulse [25] High
pressure (n2 ∼ p) and tight geometric focusing (reinforcing the slop of intensity) are positive contributions
to K-SPM, which eventually lead to negative red-shift
spectrum broadening. In contrast, it is well known that
in a ﬁlament, the plasma generation is signiﬁcant only
in the trail of the pulse. The noticeable ultraviolet (UV)
spectrum broadening corresponding to the frequency blue
shift Δω = +2πze2 ∂ρ/cme ω0 ∂t, is attributed to PI-SPM.
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Fig. 3. Spatial-temporal dynamics of femtosecond ﬁlamentation in air at diﬀerent pressures and diﬀerent focus geometries. (a)
and (b): f = 0.5 m; (c) and (d): f = 1.0 m; (e) and (f): f = 1.5 m.

Fig. 4. The corresponding normalized superbroadened spectral intensity distributions of the pulses at z = 2 m for two diﬀerent
pressures under three ﬁxed chosen geometries f = 0.5 m (blue solid line); f = 1.0 m (cyan dash line) and f = 1.5 m (red
dot line).

It diﬀers from the spectrum broadening conducted in argon in the pressure range above 1 atm in the earlier
study [29] In our case, the plasma is mainly generated
by MPI (the ﬁrst term in formula (2)) of air (and oxygen) molecules combining the action of self-steepening
as well as time-space focusing eﬀect, resulting in abnormal swelling near the second harmonic position in the
UV spectrum side, eventually leading to self-compressed
few-cycle shocked waves [40] especially for high pressure
and large geometrical focusing as shown in Figure 4. The
broadened spectrum in the blue side is formed due to the
additional phase modulation, in addition to plasma generation, during the falling edge of the ﬁlamenting pulse
with low pressure [22]. Further shortening of the geometrical focusing means reduced nonlinear interaction length
and narrowed spectral extension range.

4 Summary
In the actual applications of femtosecond laser ﬁlamentation in air [41], it is diﬃcult to deliver high energy laser
pulses at kilometric heights or depths along a vertical axis
without using a focus lens. We have physically and numerically demonstrated the inﬂuence of geometrical focusing
on the ﬁlamentation of femtosecond laser pulses in various
low pressures (<1 atm) in air. The important characteristics, such as onset position, ﬁlament length, peak intensity
and the generated plasma density, are more sensitive to
the focal length rather than the variation of atmospheric
pressure. Geometrical focusing is also a signiﬁcant role
in the temporal and spectral structure evolution. It indicates that the suitable design of the focal length will result
in further amplitude uniformity and the lack of temporal
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aberrations in the compressed pulse. This theoretical modelling of pulse shaping optimization is a step to realization
of the high-energy femtosecond pulse delivery from the
ground surface to several kilometer altitudes up in the atmosphere. This work may oﬀer signiﬁcant advantages in
numerous ﬁelds such as the controllable super-continuum
generation or remote sensing techniques.
The project was supported by the Open Research Fund of
State Key Laboratory of Pulsed Power Laser Technology,
Electronic Engineering Institute (Grant Nos. SKL2013KF01,
SKL2015KF03).
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(2005)
21. A. Couairon, M. Franco, G. Méchain, T. Olivier, B. Prade,
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