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Abstract: Based on the relative intensity distributions of Sodium Laser Beacon (SLB) and analysis of the on-axis 
imaging of incoherent light, considering the effects of atmospheric turbulence and the changes of telescope receiving 
diameter on the short-exposure SLB imgings on the focal plane, imagings of an extended source SLB are simulated
under the three atmospheric turbulence models. Results indicate that sharpness and peak strehl ratio of SLB imagings 
increase but sharpness radius decrease with the decrease of atmosphere turbulence strengths. Moreover, the changes of 
telescope diameter from 3.0m to 1.5m cause the decrease of sharpness and peak strehl ratio but the increase of sharpness
radius.  
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1 Introduction
  Sodium Laser Beacon（SLB）is a man-made light source which is applied in adaptive optics. It is produced by 
fluorescence resonance of laser interacting with sodium atoms in the mesosphere. The light from SLB belongs to 
incoherent light. Its imaging can not be achieved by the coherent superposition of complex amplitude but can be done by 
the incoherent weighted superposition of point spread function (PSF) [1] . The ideal SLB is a point source. But the
experimental researches show that SLBs always have a certain size due to effects of the turbulence, absorption and
scattering of atmosphere. Jelonek et al[2]. applied the macro-micropulse laser to excite SLB. The average FWHW of SLB
imagings is about 6.6 arcsec. Shi[3] achieved the FWHM of SLB 1.09 arcsec by using pulse laser in his experiments. Ge 
et al[4] got the samllest SLB whose FWHW is 0.8arcsec by using the continuous-wave(CW) laser with power 1W.
Fugate et al[5] reported the three sky tests on SLB excitation with CW 8.5-W and 5.5-W laser at the Starfire Optical
Range. Experiments indicate that the size of SLB excited by the circularly polarized laser is 1.15arcsec and by the 
linearly polarized laser is 2.16arcsec through the CCD camera images. Therefore, in fact, SLB can not be simply
regarded as a point source.

The intend of this paper is to simulate and analyze the imaging of SLB on the focal plane through the atmospheric 
turbulence. Thus, in section 2, the theoretical models of incoherent imaging are analyzed and the numerical simulation
methods are represented. In section 3, we focus on the short-exposure imgings of SLB under the three atmospheric
turbulence models. The optical quality of SLB imagings is calculated. In section 4, we research on the sharpness,
sharpness radius and peak strehl ratio of the short-exposure imgings of SLB on the focal plane when the telescope 
receiving diameters are 1.5m and 3.0m. Finally, in section 5, a few significative conclusions are made.
2 Theoretical models and numerical methods 
  The telescope can be regarded as an optical system with a single lens and aperture filter when it is used to observe the 
imgings of SLB. To facilitate the analysis, we assume that laser launch and telescope are on-axis. The telescope is a tye 
of Cassegrain. So, the intensity distribution of SLB on the focal plane is denoted as follows 

 o o o I o oI ( )=I ( ) h ( ; )i i i i ix , y x , y x , y x , y⊗ （1）

Where,  I ( )i i ix , y  is the intensity distribution of SLB imagings, o o oI ( )x , y  is the intensity distribution of SLB in 

the mesosphere, I o oh ( ; )i ix , y x , y  is the incoherent PSF, ⊗  denotes convolution. Applying relation between
convolution and Fourier transform, we obtain 
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        { } { } { } o o o I o oI ( ) I ( ) h ( ; )=i i i i ix , y x , y x , y x , yF F F                （2） 

Eq.(2) shows that the Fourier transform of  I ( )i i ix , y  depends on that of I o oh ( ; )i ix , y x , y  under the known 

o o oI ( )x , y , that is 

{ } ( )2
I o oh ( ; ) h( )i i i ix , y x , y x , y=F F  

                          ( ){ }2
P( )exp[- ( )]= Φx , y j x , yF F             （3） 

Where, P( )x, y  is the pupil function which is 1 in the pupil and 0 out of the pupil, ( )x, yΦ  is the phase 

fluctuation caused by the atmospheric turbulence. Eq.(3) shows that the Fourier transform of I o oh ( ; )i ix , y x , y  

depends on P( )x, y  and ( )x, yΦ .  

For the o o oI ( )x , y , considering the intensity distributions of the laser transmission to the mesosphere, the number 
of the radiative photons in backscatter ϕ  can be calculated. The express is given by 

                  NaC Ii i i
i
S′ϕ = β Δ ψ∑                                 （4） 

In Eq.(4), ′β  is the backscatter coefficient of return photons, taking 1 5.′β =  for laser with circular polarization. 

Δ iS  is the very small area illuminated by laser. N aC is the column density of sodium layer, taking 4
NaC 4 0 10.= ×  

atoms/cm2, ψi  is the average return photon flux, Ii  is the intensity distribution of the incident laser in the mesosph 

-ere. When the CW laser interacts with sodium layer, the down-pumping, recoil and geomagnetic field often can affect 
the number of the radiative photons from SLB. In these aspects, Holzlöhner[6] and Rochester[7] detailedly study their 
change laws and gave LGSBloch package in Mathematica. One can set up a series of parameters including polarization, 

bandwidth, the angle between direction of laser beam and geomagnetic field etc to get (I)iψ . I is the independent 

variable which represents the intensity of incedent laser every point in the mesosphere.  
Here, we set up the laser polarization is circular, laser bandwidth is 1MHz, the angle is 30o. By running LGSBloch 

software and fittings data, the (I)iψ  is obtained as follows. 
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2I [0.01,1000] (W / m )∈   
   Assuming that laser launch and telescope receiving systems are on-axis and laser is launched vertically, according to 
Eqs.(4) and (5), the number of return photons on the telescope receiving plane per unit area and time is  

                       2
0=T φ/LΦ                                      （6） 

Where, 0T  is the atmospheric transmittance, taking 0T 0 84.= , L  is the altitude from the telescope plane to the 
sodium layer center, taking L 92km= . According to Eqs.（5）and (6), the intensity distribution of SLB in the 
mesosphere is denoted by 

               
2

0 NaI( )=T C (I)I hν Lim,n S /•′β Δ ψ                       （7） 

In Eq. (7), hν  is the energy of a photon from the backscatter radiation of SLB. When the I  is known, I( )m,n  

will be obtained. In Eq. (1), o o oI ( )x , y  is substituted by I( )m,n . Nevertheless, I( )m,n  denotes the relative 
intensity distribution of SLB in the case of the given conditions. First, the absorption and scattering of atmosphere only 
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cause the magnitude change of intensity instead of its distributions. Second, this intensity distribution is relative to the 
ground telescope with a given receiving diameter. This ground optical system can offer the adequate resolution. Third, 
assuming that the intensity distributions of SLB don’t suffer the effects of atmospheric turbulence along the direction of 
downward light and there is no aberration in the optical system. According to the above all analysis, simulations of SLB 
imagings are summarized as follows. 

1)The relative intensity distribution of SLB in the mesosphere, o o oI ( )x , y , is simulated according to Eqs. (4) ~ (7). 

Then, { }o o oI ( )x , yF  is calculated. 

2)The turbulence-indeced phase ( )x, yΦ , substituted by ( )m,nΦ , is generated by Kolmogorov Spectrum under 
three atmospheric turbulent models: HV5/7, Greenwood and ModHV models. Here, we will divide the atmospheric 
altitude into 20 segments. The different phase screens are generated at every segment. Then, they are added up as the 
phase fluctuation of the whole atmosphere. 

3)The Fourier transform of the incoherent PSF, { }I o oh ( ; )i ix ,y x ,yF , is achieved according to Eq. (3). 

4)By the inverse Fourier transform for { } I ( )i i ix , yF , the intensity distributions of SLB imagings on the focal 
plane are obtained according to Eq. (2). 
3 Results and analysis 

When laser launch and telescope are on-axis, SLB looks like an irregular disk from the backward observation. 
Besides the above simulated steps, the following problems also must be considered. 

1)The size of the multi-phase screens should be more than the diameter of the optical system. Here, we take 3.0 
meters as the diameter of telescope and set the number of phase screen grids 512×512 with grid interval 6mm. The Rytov 
index is same between two adjacent phase screens[8]. The simulation methods of phase screen proposed by Harding et al  

[9] are introduced.  
2)The CW laser is a Gaussian beam with power 20W. The diameter of laser launch is 40cm. The beam quality factor 

is 1.1 and laser is launched vertically and in collimation. Then, the relative intensity distributions of SLB are simulated . 
3)It is assumed that the tip-tilt of SLB would have been compensated, the dithering and wander of SLB imagings 

needn’t be taken into account. 
4)The area of circular telescope should remove the block area of laser launch. Thus, the pupil of telescope actually is 

annular.  
5)The same PSF is used in the same isoplanatic angle under the same atmospheric turbulence model. The table 1 

gives the different isoplanatic angles and radius covered by the same PSF under the HV5/7, Greenwood and ModHV 
models for atmospheric turbulence.   

Table 1 Three atmosphere turbulence models , isoplanatic angles and radius covered by the same 
Point Spread Function (PSF) 

Atmospheric turbulence 
models 

Isoplanatic angles 
(rad) 

Radius covered by 
 the same PSF(m) 

HV5/7 8.40×10-6 0.773 
Greenwood 1.67×10-5 1.54 

ModHV 2.14×10-5 1.97 
It can be seen from table 1 that the same PSF sufficiently covers the whole phase screen under the Greenwood and 

ModHV models for atmospheric turbulence, but it doesn’t do under the HV5/7 model due to the samller isoplanatic angle. 
Therefore, it is necessary to introduce several PSFs for simulations of the SLB imgings. Here, the intensity distribution 
of every SLB is segmented into 4 parts and every part corresponds to the different PSF. Each time, the four imagings are 
added up to achieve the whole imaging after simulations for every part.  

Based on the above considerations, figures 1 ~ 3 simulate the SLB imagings on the focal plane by the intensity 
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distributions. Every figure is one of random samlpes in all 25 times. The color bars in the right sides denote the
magnitude of intensity in W/m2.

Fig. 1. (a-1)The relative intensity distribution of Sodium Laser Beacon in the mesosphere and (a-2)the imaging on the focal plane 

under the HV5/7 model for atmospheric turbulence.

Fig. 2. (b-1)The relative intensity distribution of Sodium Laser Beacon in the mesosphere and (b-2)the imaging on the focal plane 

under the Greenwood model for atmospheric turbulence.

Fig. 3. (c-1)The relative intensity distribution of Sodium Laser Beacon in the mesosphere and (c-2)the imaging on the focal plane 

a-1 a-2

b-1 b-2

c-1 c-2

under the ModHV model for atmospheric turbulence.
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From the above figures, one can see that the SLB imgings are obviously affected by atmospheric turbulence. The 
characters of imagings are very similar to the imagings of planets observed by Gaspard Duchên[10] and Gavel et al[11].
Although the relative intensity distribution of SLB itself is cracked in figure a-1, the imaging on the focal plane is 
combined into a body in figure a-2. Figures b-1 and c-1 are respectively the relative intensity distribution of SLB under 
the Greenwood and ModHV model for atmospheric turbulence. Comparing figures b-2 and c-2 with figure a-2, because
the strength of atmospheric turbulence is stronger under the HV5/7 model, SLB imgings distinctly become blurred.
Because the turbulent strength under the Greenwood model is relatively stronger than that under the ModHV model, the 
imaging in figure b-2 has more changes than that in figure c-2. Besides, the radius of SLB imagings under the HV5/7
model is bigger than that of the other two cases. 

To quantitatively study the optical quality of SLB imagings and the energy focusability, sharpness（SP） is cited as a 
standard used in measurement[12]. The express is given by 

2 2
oS P I ( , ) I ( , )i x y dxdy x y dxdy= ∫∫ ∫∫    (8) 

Where， I ( )i x, y  is the intensity distribution of SLB imagings through atmospheric turbulence. oI ( , )x y  is the
intensity distributions of SLB imagings without atmospheric turbulence. The sharpness is expressed in a discrete form as 
follows.

 2 2
oSP I ( , ) I ( , )i

m n m n
m n m n= ∑ ∑ ∑ ∑  （9） 

Besides sharpness, the sharpness radius, 2
shR , and the peak strehl ratio, R 0S , also can denote the optical quality, 

their expresses are respectively given below. 
  2 2 2 2R 4 I ( , ) I ( , )sh i i i

m n m n
r m n m n= ∑∑ ∑∑  （10）

R 0 m ax o m axS I Ii=    （11） 

In Eq. (10) and (11), ir  is the distance from the point I ( , )i m n  to the centroid of SLB spot. Therefore, before 

calculating the sharpness, the centroid place should first be known. maxIi  denotes the peak intensity of SLB imagings

through atmospheric turbulence. omaxI  denotes the peak intensity of SLB imagings without atmospheric turbulence,

oI ( , )x y .  
We apply Eqs. (9) ~ (11) to calculate sharpness, sharpness radius and peak strehl ratio of SLB imagings under the 

three atmospheric turbulence models 25 times. The average values of 25 times are listed in table 2 where 0r  the Fried’s
parameters in the vertical direction corresponding to the wavelength 589 nm.

Table.2 Average values of sharpness, sharpness radius and peak strehl ratio on the focal plane under the three
atmospheric turbulence models. 

Atmospheric turbulence 
models 

HV5/7 model 

0r =6cm 
Greenwood model 

0r =15.5cm 
ModHV model 

0r =21.8cm 
Sharpness

(SP) 0.5997 0.7374 0.7932

Sharpness radius 
（

2
shR /m2） 0.7736 0.1883 0.1189

Peak strehl ratio
( R 0S )  0.4631 0.7094 0.8114
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From table 2, one can see that sharpness and peak strehl ratio of SLB imagings have an increase tendency with the 
increase of Fried’s parameters. The sharpness radius has a decrease tendency. These results are identical with pepole’s 
recognization about effects of atmospheric turbulence on imagings. 

Under the HV5/7 model for atmospheric turbulence, the numerical simulation results of figure 1 use 4 PSFs. If one 
PSF is used, the following figure 4 will be obtained. 

 
Fig. 4. Imaging on the imaging plane simulated by one Point Spread Function under the HV5/7  

model for atmospheric turbulence . 
Comparing figure 4 with figure a-2, there is a certain difference between the two from their appearances. The intensity 

distribution of figure 4 is slightly concentration. Calculation results show that the peak strehl ratio of SLB in figure a-2 is 

R0S 0.4631=  and that of SLB in figure 4 is R0S 0.4757= . However, under the HV5/7 model for atmospheric 
turbulence, using one PSF to simulate the SLB imagings does not accord with reality. 
4 Effects of the telescope diameter changes on imagings 

The telescope diameter is regarded as the size of pupil in the above research. In order to explore the influence of 
telescope diameter(TD) changes on the short-exposure SLB imgings, the telescope diameter becomes 1.5m in the case of 
the laser launch diameter unchanged. Thus, the loss of downward light from SLB roughly is 7% due to the block of laser 
launch. When the other parameters are fixed, figures 5 ~ 7 simulate the SLB imagings on the focal plane under the three 
atmospheric turbulence models. The color bars denote the magnitude of intensity in W/m2. 

   

Fig.5. (left)Imaging of Sodium Laser Beacon by 1.5m telescope diameter and (right) by 3.0m telescope diameter on the focal plane 

under the HV5/7 model for atmospheric turbulence. 

TD: 3.0m TD: 1.5m 
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Fig.6. (left)Imaging of Sodium Laser Beacon by 1.5m telescope diameter and (right) by 3.0m telescope diameter on the focal plane 

under the Greenwood model for atmospheric turbulence. 

   

Fig.7. (left)Imaging of Sodium Laser Beacon by 1.5m telescope diameter and (right) by 3.0m telescope diameter on the focal plane 

under the ModHV model for atmospheric turbulence. 

From figures 5 to 7, except for view field and magnitude of intensity, the changes of telescope diameter from 3.0m to 
1.5m don’t have a great effect on the SLB imagings. Comparatively, the SLB imagings have more distinct changes under 
the HV5/7 model for atmospheric turbulence than under the other two models from their appearances. For the 1.5m 
telescope diameter, sharpness, peak strehl ratio and sharpness radius of SLB imagings are calculated under the three 
atmospheric turbulence models. These average values of 25 times are listed in table 3. 

Table.3 The average values of sharpness, sharpness radius and peak strehl ratio on the focal plane under  
the three atmospheric turbulence models by 1.5m diamter 

Models for atmospheric  
turbulence 

HV5/7 model 

0r =6cm 
Greenwood model 

0r =15.5cm 
ModHV model 

0r =21.8cm 
Sharpness   

(SP) 0.5403 0.6592 0.6980 

Sharpness radius  
（

2
shR /m2） 0.7857 0.1890 0.1201 

Peak strehl ratio  
( R 0S )  0.4274 0.6613 0.7581 

TD: 1.5m TD: 3.0m 

TD: 1.5m TD: 3.0m 
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Comparing table 3 with table 2, the sharpness, peak strehl ratio and sharpness radius of SLB imagings in the case of 
telescope diameter being 1.5m and 3.0m have a similar change tendency with the decrease of atmosphere turbulence 
strengths. But the sharpness, peak strehl ratio of SLB imagings decrease and the sharpness radius slightly increase when 
the telescope diameters changes from 3.0m to 1.5m. 
5 Conclusions 

This article regards SLB as an incoherent and extended source. Based on the theory of on-axis imagings and the 
relative intensity distributions of SLB, effects of the telescope diameter and atmospheric turbulence on the 
short-exposure imgings of SLB are simulated and analyzed. The sharpness, peak strehl ratio and sharpness radius of SLB 
imagings are calculated under the three atmospheric turbulent models. We make some conclsions as follows.  

1)The isoplanatic angle should be considered when SLB imagings is simulated. If the size of SLB is beyond the scale 
covered by the one SPF, several different SPFs should be adopted. Thus, results accord with reality. 

2)Atmospheric turbulence and the changes of telescope diameter influence on the SLB imagings. When the strength 
of atmospheric turbulence is stronger, the sharpness and peak strehl ratio of SLB imagings decrease and the sharpness 
radius increases. When the telescope diameter reduces from 3.0m to 1.5m, a similar change will also happen. 

In conclusion, when SLB imagings being simulated , SLB should be regarded as an incoherent and extended source. 
The magnitude of isoplanatic angle and effects of atmospheric turbulence as well as the changes of telescope diameter 
should be considered.  
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