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The fixed boundary toroidal plasma equilibria with toroidal flows are investigated by solving the
modified Grad-Shafranov equation numerically in the cylindrical coordinate system. For normal
equilibrium configurations with geometry and profiles similar to usual tokamaks with no flow, it is
found that the effect of flow is to lead to an outward shift of the magnetic flux surfaces, together
with the profiles of pressure, and mass and current densities. The shifts could become significant
when the toroidal flow Mach number exceeds 0.5. For non-conventional current profiles, even for
the usual tokamak geometry, novel current reversal equilibrium configurations may result, some-
times with changed topology in the poloidal flux function. This change in the topology of plasma
equilibrium can be attributed to the large toroidal flow. The computed results may correspond to
situations of intense tangential injection during the low toroidal current phase in expected experi-
mental situations. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4947028]

I. INTRODUCTION

Plasma flows (rotations) have been observed in many
tokamaks,'~’ particularly in neutral beam heating experi-
ments.”*® Studies of the equilibrium and stability properties
of rotating plasmas have recently attracted considerable in-
terest in fusion plasma research.'”’” The plasma rotation could
be spontaneous or driven by neutral beam injection or radio-
frequency wave heating. In certain phases of the discharge,
both the energy transport and the macroscopic stability are
significantly impacted by either the poloidal or toroidal
plasma rotations.

We note that there are already a rich history on the
investigations of the effect of plasma flow and flow shear on
the plasma equilibrium'*™'* in the literature. The general
equilibrium result is that a large plasma flow, with a signifi-
cant Mach number (defined as the velocity of flow relative to
the sound speed or the Alfven velocity) will lead to a signifi-
cant outward shift of the magnetic surfaces, accompanied by
the shifts in the profiles of the pressure and mass and current
densities. Together with these are the investigations on the
effect of flow on the macroscopic plasma stabilities such as
the internal and external kinks,ls_”’20 ballooning modes,l&19
and resistive wall Mode (RWM)ZO*22 etc. In recent years, it
has been observed in several tokamaks that the existence of
sheared toroidal flows in the equilibrium could have a benefi-
cial influence on the neoclassical tearing modes (NTMs).23
Impurity transport is also strongly correlated with toroidal
plasma rotation. The injection of fast, neutral particles which
parallel to the plasma current (coinjection) suppresses the
accumulation of impurities in the center of the plasma, and
while in the case of counterinjection, the impurity buildup is
enhanced.”* However, very large rotation is also found to be
unfavorable for plasma stability. It is found that the kink
mode may be destabilized by high rotation velocities, even
when the safety factor at the magnetic axis is above unity.*’
On the other hand, as far as the poloidal flow is concerned, a

1070-664X/2016/23(4)/042506/10/$30.00

23, 042506-1

large poloidal flow could cause the governing equation deter-
mining the plasma equilibrium configurations to become
hyperbolic, introducing internal discontinuities into the pres-
sure profiles in the plasma. This would require the existence
of shock waves on the plasma sources which might lead to
equilibrium degradation.?® On the one hand, the study of sta-
bility and transport requires first accurate knowledge about
the plasma equilibrium. On the other hand, we still find chal-
lenging and interesting issues on the accurate determination
of the complete knowledge on plasma equilibrium. This
work is thus motivated by having a better understanding of
the issue of toroidal plasma equilibrium with a toroidal flow.

The generalized Grad-Shafranov (GGS) equation of a
rotating plasma was first given concisely by Hameiri.'°
Maschke and Perrin showed that with some simplifying
assumptions,” the GGS equations can be solved analytically.
Recently, Guazzotto et al. have investigated numerically the
effects of toroidal and poloidal flows on the equilibrium of
tokamak plasmas by using the equilibrium code FLOW.'
Their results covered a wide range of tokamak equilibria, but
apparently with the plasma configuration mainly consisted of
nested flux surfaces.

In this work, we concentrate our attention on plasma
with a pure toroidal flow. We first formulate and define the
equilibrium problem under consideration. The GGS equation
with toroidal flow is solved in a fixed domain without first
assuming the equilibrium to consist of nested flux surfaces.
The solution method is to first divide the domain into trian-
gular sub-regions, and the solution in each sub-region is
assumed to be spanned by a finite element. The sub-regions
can be refined to consist of finer sub-regions. The nonlinear
GGS equation is then cast into a matrix equation for the
poloidal flux function with given sources. The matrix equa-
tion is solved iteratively with the source functions deter-
mined by the previous iteration. The convergence is tested
self-consistently by demanding that the solution converge to

Published by AIP Publishing.
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a specific accuracy. We first calibrate our numerical results
against the analytic solution. We then investigated the effect
of a toroidal flow on a normal equilibrium configuration
(NEC), choosing for the plasma boundary similar to that of
Experimental Advanced Superconducting Tokamak (EAST).
We fixed the toroidal current in the equilibrium solution and
showed that as previous authors found, the effect of toroidal
flow is mainly to impart an outward shift to the plasma flux
surfaces, together with the pressure, and mass and current
density profiles. The shifts are especially prominent when
the Mach number is larger than 0.5. It also has effects on the
total f3,, normalized f3y, and volume average pressure p,.

We next study the current reversal equilibrium configu-
rations (CRECs), and these are equilibria with unconven-
tional plasma current profiles. CRECs have been
demonstrated to exist experimentally as well as theoreti-
cally”’* in plasmas without flow or with small flow.
Experiments on JET and JT-60 have demonstrated improved
confinement regimes with reversed shear and nearly zero to-
roidal current density in the central region. On the other
hand, alternating-current operation has been demonstrated
experimentally on several tokamaks such as Stor-1M, CT-
6B, and HT-7. By fixing other constants in the plasma equi-
librium profile and increasing only the Mach number, we
showed that for very low current equilibria, the configuration
can change from NEC to CREC. Thus toroidal plasma flow
is the direct cause of these CRECs. This could correspond to
intense tangential neutral beam injection during the initial
low current phase of the tokamak discharge. We next show
that change in discharge topology due to plasma rotation can
be further demonstrated starting with a CREC and changed
into another type of CREC.

The paper is organized as follows: In Sec. II, the formu-
lation of the problem of plasma equilibrium with a toroidal
flow in a fixed domain is presented. We also give a brief dis-
cussion of the method of solution. Details of the results of
numerical solution are given in Sec. III. We first discuss the
validation of our results and the results of solutions for the
NECs in Sec. I A. The discussion on the possibility of
changes in plasma topology is presented in Sec. III B. A brief
discussion and summary is given in Sec. IV.

Il. FORMULATION OF THE FIXED BOUNDARY
EQUILIBRIA FOR PLASMA WITH TOROIDAL FLOW
AND METHOD OF SOLUTION

We start with the ideal magnetohydrodynamics (MHD)
equations for a toroidally rotating plasma and use the standard
cylindrical coordinates (r, ¢, z). Where r is the major radius of
the torus, ¢ the toroidal angle, and z the height above the mid-
plane. For the toroidally symmetric plasma equilibrium, % =0.
The basic MHD equations include the equations for (1) mass
and (2) momentum conservation, as well as the Maxwell’s
equations (3)—(5) written in the following standard form: 10

V- (pv) =0, (1)
pv-Vv=-Vp+JxB, (2)
V-B =0, 3)
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tod =V x B, 4)
V x (v x B) =0, &)
v-VS=0, (6)
p=5Sp’, (7

where p,v,p,J,B, and 7y are the plasma density, velocity,
pressure, current density, magnetic field, and the adiabatic
constant. Eq. (6) is the equation for the specific entropy S,
and Eq. (7) is the equation of state for plasma pressure p.

It is well known that the magnetic field can be written as

B =Vy xVo+Bge,, ®)

where /(r,z) is the poloidal flux function. From Eq. (5), we
obtain

vxB=V0. 9)

Because VO is perpendicular to B, VO = Q(y)Vy,
where Q() is an arbitrary function of the poloidal flux .
Ignoring the poloidal flow, we obtain

v = v, = rQ. (10)

Therefore, Q is the toroidal rotation angular frequency of
the flux surface. From Egs. (6) and (10), we could find that S
can be an arbitrary axially symmetric function of r and z. For
simplicity, we assume

S = S(). (10

Note this choice is not arbitrary. Rather, it corresponds
to the general behavior of the entropy function S in a plasma
with a general flow, including the aligned flow. In our pres-
ent case, the aligned flow has been damped to a negligible
value. From the ¢ component of the momentum equation
(2), we get B - V(rB,) = 0, which implies

5, =), (12)
here F(i) is an arbitrary function of the poloidal flux. We
note this relation is the same as the case of plasma equilib-
rium without flow. From the well known thermodynamic
relations

1

dw = —dp +TdS, (13)
P

where w and T are the specific enthalpy and plasma tempera-

ture. Because the differential operator d in (13) stands for

change in the plasma frame, we can use Equations (6) and

(11) to obtain

1 v
SVp = Vw,w = ——§p 1, (14)
p y—1

Multiplying the moment equation (2) by %E and using
(14), we can get another equation of the form B - Vf =0,
yielding
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Laory

v—1
> 7}_715/?/ =H(}), (15)

where H(Y) is a arbitrary function. This is the analog of
Bernoulli’s law in fluid dynamics. In the same way, the Vi
component of the momentum equation yields®'?

proyg + —

( /’) lﬁ l//

1
A p’ dS] e

+p@_ﬁ/—ldlﬂ o (16)

In summary, collecting Egs. (12), (15), and (16), we
have obtained the following set of equations:

{ dQ B, dF

B, =) an
o s = HW), (18)
(1) wmfn

These constitute the generalized Grad-Shafranov (GGS)
equations of a plasma with toroidal rotation. Here, we
assumed that the entropy is constant on the magnetic surface.
The solution depends on the four arbitrary functions of
VY :Q F H,S. It is a nonlinear elliptic partial differential
equation defined over a closed domain.

We further adopt the following dimensionless parame-
ters to cast the GGS equations into a nondimensional form.

S H
xX=-, ZZE, S——, H——,
a a So Hy
Q_>£, F_)Ea p_)ﬁa p_>£7
Q Fy Po Po
l//H l// B(p ﬁ 1 U([J’
lﬁo By Vo
. By
lpOZBOa7 .](p_>‘].ia Jo=—),
Jo a
B B? B?
F():Q, So = Oy’ Hy = 0 :U/Zw)
Ko HoPo HoPo
B
Po=Sopy =— = Ro&,
Ho

where By, py, Qo are the value of magnetic field, plasma den-
sity, and toroidal rotation frequency at » = Ry, which is cho-
sen to be at the center of the computational domain. Ry, a are
the major radius and the minor radius.

Using the above dimensionless parameters, we rewrite
Egs. (17), (18), and (19) as

F
B, = Pl (20)
v

IMAPQR 4+ ——Sp"! = H, (1)

-1
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dQ B, dF dH
V- [ Vl//:|—‘r8M XPUy— + —L—— + p—
O ay o x oy U dy 22)
p’ dS

p—1dy

Here, ¢ = lo Xo = R(’ M = o 20 s the reference Alfven Mach
number. From Eq. (21) the dens1ty can be solved analyti-
cally. Then, we obtain

1
-1 =1
p:D{ 5 2M,20(9x—1)M2} ,
Q P
M= C= 5 23)
N
where
=
y—1 202) |
5 H+2MQ , (24)

which can be viewed as a “quasi-density”. The free functions
Q,F,H,S are then the same as those in Ref. 1

F() = xoBi(¥), (25)
o) = /2 26)
HW) = % (V i [ %sthzOMé), (27)
S(¥) [1: (%) , (28)

where B,, M, P, D can be viewed as “quasi-toroidal magnetic
field,” “quasi-toroidal Mach number,” “quasi-pressure,” and
“quasi-density,” respectively. Defining these free functions
facilitates the assignment of the input parameters for the nu-
merical solution of the GGS equation(s).

To continue the specification of the fixed boundary equi-
librium problem, we adopt the Dirichlet boundary condition
of =0 on the boundary. Once the profile parameters are
supplied, the GGS equation is solved iteratively over the
computational domain. We note that usually, the GGS equa-
tion could be close to linear, then an integral constraint, such
as the total plasma current needs to be supplied to ensure we
do not obtain a null solution. On the other hand, after enough
equilibrium profile data is supplied, the solution is deter-
mined self-consistently. Some of the global quantities, such
as total poloidal flux, toroidal flux, and even the number of
closed flux regions in the computational domain are then
self-consistently determined by the solution. Because the
profiles are inherently nonlinear, uniqueness of the solution
is not guaranteed. Herein lies the possibilities of multiple
solutions which could possibly be obtained by specifying the
same profile parameters differently or adopt a different pro-
cess for the solution of the problem.

We use the finite element method to solve the coupled
equation set Egs. (20), (21), and (22). The computation do-
main is covered by a triangular mesh with the basic region a
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small triangle. The finite element base functions are defined
on each of the triangular regions. The GGS equation is then
recast into a matrix equation for the base (poloidal flux)
functions on triangles. The highest order derivative term in
the partial differential GGS equation is iteratively solved
using the results from the previous equation to specify the
source current terms. Iteration continues until the solution
converges to a predetermined accuracy. After a converged
solution is obtained, analysis is performed on it to obtain the
desired information on the equilibrium.

After an initial checking against the analytic solutions
given by Maschke and Perrin, we concentrate our numerical
study on the normal equilibrium configurations (NECs), and
then the current reversal equilibrium configurations for the
Experimental Advanced Superconducting Tokamak (EAST)-
like plasmas.

lll. NUMERICAL RESULTS

In this section, we solve Egs. (20), (21), and (22) by tak-
ing the EAST-like parameters as follows: (except in check-
ing the analytic solution, we adopt a boundary consistent
with that specified by the analytic solution)

Ry=185m, a=045m, elong=1.8, 06=0.6,
By=2T, y=5/3, P,=0, Py=0.02,

=2, D,=0, Dg=1,

up =02, B,=1, p=1,

M, =0, u,=02 My=1.

In the following figures, all the abscissas are the dimen-
sionless quantity x, and if no special claim, the ordinate are
the dimensionless quantity z.

We consider two kinds of equilibria: the normal equilib-
rium configurations (NECs) and the current reversal equilib-
rium configurations (CRECs).

A. Normal equilibrium configurations

For the normal flow equilibrium, we set B,,M,P,D as
the following analytic expression as in Ref. 1

B. =B+ (B — Bu) (f) B (29)
0
M=M,+ (Mo - Me) (%) ‘uM, 30)
0
l// Hp
D=De+(Do—De)(¢—) , a1
0
'10 Hp
P =P+ (Po—P.) (¢—> - (32)
0

The subscripts e and 0 denote the values at the plasma
boundary and x = x, respectively.

The roots of the Bernoulli equation (21) yield the
plasma density p which should meet the condition p > 0, so
from Eq. (23), we get the sufficient condition for the real
root of p.
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V2

M<M, = :
Mo/ (y — 1)e(2 —¢)

Using the above parameters for EAST, we obtain M,
= 10.1, and the corresponding actual Mach number M, = 2.46.

1. Validation against analytic solution

First of all, in order to verify the validity of our numeri-
cal method, we made a benchmark comparison between the
results from our numerical method and that from the analyti-
cal method. An exact solution of Eq. (22) was obtained by
making the following assumptions:’

QZ 2

T (33)

po= ) (34)
F2=F3+22(w—w1), (35)

where w? = %ﬁ/lz,px(xp) = (%')'751"”’, n=35, ro is a suit-

ably chosen scale length, Py, /,, Fo and F are the constants,
and M, is the Mach number at r = ry.

In the case of F = 0, {1 and F, need not to be specified.
Eq. (22) becomes a linear partial differential equation for the
function s and has the exact solution as the following form:’

Crt e,—1r2 (22 2
_— = P —_— —_— —_—— —
v = 0{ rg + 4 r(z) (1(2) 4r§

n 1 L4 (1+2) w?r?
(1 + 1)(n +2)w? 2rg
_Gt? <'_> }’ (36)
ro
72 _ 1 .
where G(5) =1+ ”;.’2‘2, C= (g, — l)ﬁ — 2}14-6;;;92’ g, 1s a

constant, and r, is the magnetic axis.

Shown in Fig. 1 is the overlay of results from the two
methods. Here, the solid and dash lines are the analytical and
numerical solutions, respectively. In this figure, the outer-
most flux contours was taken as the outer-boundary of the
computational domain with the flux function value of y = 0.
The other two inner contours are for y = 0.02 and y = 0.07.
Aside from the above mentioned parameters of &, = 0,
n=25/2, we have also taken ro=r, My=1 and y,
= —0.01. It is readily seen that out numerical results of are in
good agreement with the exact analytical calculations.

2. NECs in EAST-like configuration

To obtain the value of By, we resort to the relationship
of normalized total toroidal current / = j Jodxdz, which is
used as a constraint during the solution of the equilibrium
equation. Here, we take /=1, adjust the value of M, and
then obtain the value of B,y and M, (the value of the actual
Mach number at x = xg). The values are shown in Table 1.
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1.5 T T T T
———— numerical
— — — — analytical
1 i
0.5F i
() i
-0.5F =
1} i
15 1 L 1 | I 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4

FIG. 1. Comparison of the flux function obtained from our numerical com-
putation with that of the analytic solution given by Eq. (36).

In Fig. 2, the actual Mach number is defined as

v " .
M, == v, =rQ,c; = /2, where ¢, is the sound speed.
e P ’ p §

The actual Mach number can be obtained from the
relationship

2

£°X
M, =My—=M, (37)
tO @
where D =1 + M(a%z —1)M2.

2
As shown in Fig. 2, the Mach number profile is elevated

by increasing the value of parameter M, from O to 0.7. And,
Fig. 3 shows an increasing outward shift of the poloidal flux
function and the magnetic axis with the increase in the Mach
number profile. The shifts could be not obvious when the
Mach number is much less than 0.5, while the shifts become
quite prominent when the Mach number becomes larger than
0.5. In the experiments, the (real) Mach numbers of toka-
maks has been observed to be about 0.1-0.5.> The
achieved Mach number in the EAST is about 0.2. Therefore,
the observed shifts of the magnetic axis due to the effects of
rotation have not been prominent.

Figs. 4-7 show the change of the normalized density,
pressure, f3, toroidal current density across the midplane for
varying toroidal flows in an EAST-like plasma. It is seen

TABLE 1. M, and By for different M,,.

M, 0 0.2 0.5 0.7
M, 0 0.823 2.058 2.881
By 1.0035 1.0029 0.9986 0.9929

Phys. Plasmas 23, 042506 (2016)

0.8

o7f T

0 —_ . —

3 3.5 4 45 5 5.5

FIG. 2. Profiles of the actual toroidal Mach number M, across the midplane
for different M,,.

that the most prominent consequence of the increasing rota-
tion Mach number is the increasing outward shifts of the pro-
files of the density, the pressure, the local f3, and the toroidal
current density of the plasma column. Comparing the differ-
ent profiles on their trend of change with respect to the
change in the rotation Mach numbers, it is also found that
the rate of change of the profiles with the change in Mach
number started slow. The rate of change increases with the
increase in rotation Mach numbers. Finally at large Mach
numbers, we find the plasma is squeezed against the out-
board side of the boundary by the centrifugal force. Since
the boundary itself is fixed, this will result in higher peaks
and steeper gradients of the profiles in the outboard region of
the plasma. This holds true for the mass density, the pres-
sure, the local f as well as the current density. These sharp
gradients have been known to be the source of MHD
instabilities.

In Fig. 7 and Table II, the B,f,, By, ps, and I, are
defined as follows:

p=2r

= =B =),

2 . . . .
3.5 4 45 5

FIG. 3. Increasing shift of the poloidal flux function (and the magnetic axis)
with increasing toroidal flow in an EAST-like plasma.
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1.2 "

09r

0.8r

0.7F

0.6r

0.5 . . . .
3 3.5 4 4.5 5 55

FIG. 4. Normalized density profile across the midplane for varying toroidal
flows in an EAST-like plasma.

0.03 T T T

0.025

0.02

Po.otsf

0.01

0.005

0
3 3.5 4 4.5 5 5.5

FIG. 5. Profiles of the normalized pressure across the midplane for different
amounts of plasma toroidal flow.

0.07 T T

0.06 -

0.051

0.04

0.03

0.02

5.5

FIG. 6. Profiles of f§ across the midplane for different amounts of toroidal
flow.
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0.9

0.8r

0.7

0.6

0.5F

0.4

0.3

0.2}

0.1

o

-0.1 . . ‘ ‘
3 35 4 45 5 55

FIG. 7. Profiles of the normalized toroidal current density across the mid-
plane for different amounts of toroidal flow.

By = 100 x M (%mT/MA),
p

B
I,=107° x Mlaj Jodxdz(MA),
0

where (---) = Jn—:vv,dv = 2nxdxdz, and o is the vacuum

magnetic permeability.

The volume averaged global parameters are observed
not to have changed much within this series of variation in
the rotation Mach numbers. It shows that the plasma equilib-
rium has compensating changes in the pressure value versus
the volume elements across the plasma.

B. Current reversal equilibrium configurations

1. Change in flux function topology (from NEC to
CREC) for an equilibrium with low plasma current

For studying the current reversal equilibrium, we first
focus our attention on a case when the normalized plasma
current is small, with |/| < 1. Because the total current is
very small, fixing the total current becomes a constraint diffi-
cult to impose. We first relax this constraint. We fix our
attention on the effect of rotation to the change in plasma
equilibrium. We take the profiles of the free functions as
follows:

dF?
—  —bh +b 38
dlﬁ 1+ 2‘#; ( )

TABLEIL f,,p., By, and I, for NECs with different M,,.

M, 0 0.2 0.5 0.7

by 0.0109 0.0109 0.0107 0.0109
Dy 0.0051 0.0050 0.0048 0.0048
Py 1.3778 1.3651 1.3398 1.3610
I 0.7162 0.7162 0.7162 0.7162

P
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4.5 5 5.5 B 3.5 4

4.5

5 5.5 E 3.5 4

FIG. 8. Magnetic flux surfaces change from NECs to CRECs with increasing Mach number.

w Hm
M =M, + (My—M,) vl (39)
Hp
D =D, +(Dy=De)| - (40)
P =P, + Pr], (41)

where . is the maximum of |Y|. P, and b, are free
parameters.

The input parameters for the free functions are taken as
D,=0,Dy=1,M,=0,P,=0,b;=-0.35,b, =5, P,=0.001,

19

y =2, and up=2. In this type of profile, both the density
and the rotation have gradients extending to the plasma edge.
It is found that the plasma equilibrium configuration may
change from a NEC into a CREC, which are showed in Fig. 8
by simply varying the value of M. In Fig. 8, it is seen that
with increasing flow Mach number, the current density on the
high field side (HFS) started to become negative. The trend
increases with the increase in the flow Mach number. This
can be explained by the fact that the effect of toroidal rotation
gradients act as an enhanced pressure gradient, with an even
higher dependence on the major radius. Large pressure

x10 x10 x10
3.5 T T T T 25 T T T T 4 T T T T
b c
3 35 r PR 1
/ \
2t T 1 / \
70N / \
2.5 VRN 3r / \ ]
/A \ / \
I/ | / ]
¢z 1.5} / o ] 25 ) \
o , W / - \\
/ g ) .
g 1.5 I \\ - Q.E 2 ! K \ 1
TE | L / v ~
- 1t / / \ ] / / ‘-\
1 ;! \ : 15t / / ) \ 4
I . T WY
! \ T WY
0.5 /‘l \ 1t ;o \ Vo
0.5f /1 \\ 1 I A ‘\
/
0 o \ 05,/ '
720 \ 1/ \
AR /
05 . . . . 0 ¥, . . ) = . . .
3.5 4 4.5 5 3.5 4 4.5 5 3.5 4 4.5 5

FIG. 9. Profiles of current density J,,, plasma particles density p,,, and normalized pressure p,, in the midplane change with varying toroidal flow Mach number
when all of parameters of the free functions are fixed except the Mach number (dash: M,y = 0, dash dot: M,y = 0.5, dot: M,y = 0.9, solid: M,y = 1.2).
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TABLE III. f3,,py, fy of CRECs change with different M,, when keep
I=—-0.4(I, = —0.2865MA).

M, 0 0.5 1.0 2.0

5.3554 x 107
4.2576 x 107
2.0248 x 101

2.5445 x 107
1.3415x 107
8.4507 x 107!

1.9103 x 10~
1.0070 x 107
6.2822 x 107!

B 1.7639x10°%
Py 93697 x 107%
By 5.8030x 107"

gradients near the edge have been known to lead to current re-
versal near the inside edge of the plasma. Therefore, a large
gradient in rotation can more easily lead to a current reversal.
Of course, this effect increases with the increase of the rota-
tion Mach number. When the total current is small, the poloi-
dal magnetic field is weak throughout. It is very easy for the
plasma to create local closed flux regions (islands). Figs. 9(a)
and 9(b) show that the current density and mass density across
the midplane change with the change in flow Mach number. It
is seen that the trend of these changes is similar to those in the
NECs. Fig. 9(c) shows the change in the pressure across the
midplane for different flow Mach numbers. It is seen that apart
from the outward shift of the pressure profile, a secondary
pressure peak appears together with the increase in the flow
Mach number.

Table IIT shows both f3, and p, decrease monotonically
with increasing Mach number. It is seen that all these global
parameters are relatively small, except the value of fy,
which is somewhat meaningless because it is normalized
with respect to the total current. We would like to comment
that the change in topology has not been expected at first. It
is, however, easily rationalized as explained above.
Furthermore this may correspond to situations in the early
low current phase of the tokamak discharge with an intense
tangential neutral beam injection. The change in plasma to-
pology can be traced completely to the increase in plasma
rotation.

Phys. Plasmas 23, 042506 (2016)

2. Change in flux function topology with fixed total
current

Next, we continue with the CREC with a large toroidal
current. For this series, we keep the total plasma current con-
stant. We start with a value of Pyand use the chosen imposed
normalized total toroidal current / to obtain the value of b,.
It is found that current reversal equilibrium with flow will
occur when we assign the input parameters for the free func-
tions as follows: D, =0,Dy=1,M,=0,P, =0, b =
—0.05, P;=0.005, py, = 0.2, and pp = 0.1. We obtained a
series of values of b, for different Mach numbers while
keeping the normalized plasma current at / = —0.4. The
results are shown in the following figures.

In Fig. 10, we see that the equilibrium magnetic flux
surfaces change from a configuration with three-magnetic-
islands into one with two-magnetic-islands when the toroidal
Mach number is increased. It is worth noticing that with the
increase in the toroidal Mach number, the magnetic island
on the inboard side undergoes quite a significant change in
shape of its magnetic surfaces, while the magnetic axis
undergoes only a minor outward shift. Whereas both of the
magnetic islands on the top and bottom gradually merge into
one centered on the outboard midplane.

In Figure 11 are shown the change in the normalized to-
roidal current density across the midplane for the various to-
roidal flows in the above sequence of CRECs. It is seen that
the toroidal current density changed remarkably with the
increasing Mach numbers. From Figs. 11(b) and 11(c), it is
seen that the plasma density and pressure undergo outward-
shifts in each magnetic island in this sequence of CRECs.
The peak density and pressure increase with increasing toroi-
dal flow, which is the same as the case for the rotating
NECs. Table IV shows p,, 5, By of this sequence of CRECs
all increases with the increase in the Mach number monot-
onically, which is different from the case of the series of
rotating NECs studied in the Subsection III B 1.

3 3.5 4 4.5 5 5.5 3 3.5

4.5 5 5.5 3 3.5 4 4.5 5 5.5

FIG. 10. Magnetic flux surfaces of CRECs change with varying toroidal flow Mach number.
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FIG. 11. Profiles across the midplane of CRECs of the current density J,,,, plasma particles density p,,, and normalized pressure p,, for different toroidal flow
Mach numbers when the plasma current is fixed at /, = —0.2865 MA (dash: M,o = 0, dash dot: M,y = 0.5, dot: M,y = 1.0, solid: M,o = 2.0).

TABLE IV. Change in 8, p,, fy and I, for different M.

M, 0 0.5 0.8 0.9 1.0 1.2
By 2.6567 x 1079 1.4496 x 10~% 9.3297 x 107 8.3817 x 10 7.8871 x 1079 7.5998 x 10
Py 13178 x 10°% 7.0407 x 1079 43399 x 107 3.8405 x 107 3.5777 x 10 3.4477 x 1079
By 5.8225x 107 8.4194 x 1072 2.3502 x 107! 1.4285 x 10%° 4.0920 x 107! 1.6266 x 107!
1,(MA) 42504 x 107 1.6038 x 10~ 41887 x 107" 5.4656 x 10~ —1.7954 x 107 —4.3521 x 107"

IV. SUMMARY AND DISCUSSION

Plasma rotation has been found to affect the stability
and transport behavior of the tokamak. However, the study
of plasma stability and transport has to start with a self-
consistent equilibrium. Therefore, we are motivated to study
the effect of toroidal flow on the toroidally symmetric
plasma.

We start with the formulation of the equilibrium prob-
lem in Sec. II. We derived the Generalized Grad Shafranov
equation and discussed our method of solution. The choice
of unstructured grid using triangular shaped finite elements
allows us to study change in plasma topology with different
input profile parameters.

The numerical results are given in Sec. III. First, we val-
idate our results against the known analytic results in the lit-
erature. Next, we study the effects of the toroidal flow on a
NECs and a CRECs prescribing a EAST-like plasma bound-
ary. For the NEC configuration, the generalized Grad-
Shafranov equation is solved with the constraint of fixed
total plasma current. It is found that an increase in toroidal
flow leads to an increase in the outward shift of the profiles
of the density, pressure, f8, and toroidal current density across
the midplane of the plasma. The shifts become non-
negligible when the Mach number is larger than 0.5. These
findings all agree with the general findings from previous nu-
merical studies.

Next, the effects of the plasma toroidal flow on the cur-
rent reversed equilibrium configurations are also investi-
gated. First, we studied a series when the total plasma
current is small. It is found that increased plasma rotation

can lead to a change of the plasma equilibrium from an NEC
to a CREC; in this case, the rotation profile has a finite gradi-
ent at the plasma edge. We can directly identify the increase
in the rotation value as the cause of the topological change.
This could correspond to the experimental situation during
the early phase of the plasma discharge when the total cur-
rent is small, while the plasma undergoes an intense tangen-
tial neutral beam injection. Next, we study the change of
plasma topology for a CREC plasma with the total discharge
current fixed. We found that similar to the low current case,
the topology of the flux function can still be modified by
changing the toroidal flow. In particular, the plasma topology
is shown to change from a configuration with 3 closed mag-
netic flux regions (islands) to one with just two magnetic
islands.
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