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Spectral Broadening of Ion Bernstein Wave Due
to Parametric Decay Instabilities *
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The parametric decay instabilities (PDIs) of ion Bernstein wave with different input power levels are investigated
via particle-in-cell simulation. It is found that the number of decay channels increases with the input power.
Resonant mode–mode couplings dominate for a low input power. With increasing the input power, the nonreso-
nant PDIs appear to dissipate the energy of the injected wave and give rise to edge ion heating. The generated
child waves couple with each other as well as the injected wave and/or act as a pump wave to excite new decay
channels. As a result, the frequency spectrum is broadened with the increase of the input power.

PACS: 52.35.Mw, 52.65.Rr, 52.35.Fp, 52.35.−g DOI: 10.1088/0256-307X/33/8/085203

The parametric decay instabilities (PDIs) have
been detected in many tokamaks during the heating
scenarios of an rf wave in the ion cyclotron range of
frequency (ICRF).[1−8] In some of these experiments,
the occurrences of nonresonant parametric decay pro-
cesses are invoked to interpret the ion heating and/or
ion tail formation in the edge region.[2,4−8] Theoreti-
cally, the nonresonant parametric decay processes are
predicted to occur according to the calculation of their
growth rates and thresholds, and the child waves pro-
duced in these nonresonant PDIs may lead to ion
heating.[9,10] Numerically, the particle-in-cell (PIC),
fluid and hybrid models have been successfully used
to investigate the parametric decay processes in a
wide range of frequencies.[11−18] In Refs. [14,15] the
evidence that the ion cyclotron quasimode (ICQM)
produced by the nonresonant decay process leads to
the increase of kinetic energy of ions is shown. In
addition to the ICQMs, the propagating child waves
produced by the resonant or nonresonant PDI pro-
cesses also dissipate the energy of the injected wave.
However, the behavior of PDIs of the ICRF wave with
different input powers receives slight concern. How the
PDI processes develop and dissipate the energy of the
injected high power ICRF wave is not well understood.

To explore this energy dissipation process, the PIC
method implemented in VSim (VORPAL) software[19]

has been used to study the dependence of PDI pro-
cesses of ICRF on input power. To reveal these ef-
fects in relevant experiments, we choose the plasma
parameters close to those of the ion Bernstein wave
(IBW) heating experiments on HT-7 tokamak.[1,14] It
is demonstrated that more decay channels appear and
the frequency spectra broaden as the input power is
increased. The characteristics of the spectral broad-
ening and how this broadening comes out will be pre-
sented.

For simplicity, a plasma with a single ion species,
hydrogen, is taken into account. The ion and

electron temperatures are 30 eV and 50 eV, respec-
tively. We take the computational domain as fol-
lows. The simulation size 𝑙𝑥 = 0.06m. The plasma
density profile is 𝑛(𝑥) = 𝑛0(0.43 arctan(5𝑥/𝑙𝑥 −
2) + 0.47) with 𝑛0 = 2 × 1017m−3. The in-
jected wave with the frequency 𝜔0 is launched by
a perturbation current with the form 𝐽(𝑥, 𝑡) =

𝐽0(1− 𝑒−𝛾𝑡)2𝑒−(𝑥−0.006)2/0.0062 sin(𝜔0𝑡), where 𝛾 =
0.02𝜔0. The perturbation current amplitude 𝐽0 de-
notes the level of input power. Typically, 𝐽0 = 6 ×
102Am−2 corresponds to the input power of roughly
one hundred kilowatts. The external magnetic field
is constant in the 𝑦-direction (toroidal direction in a
tokamak geometry) and the cyclotron frequency of hy-
drogen satisfies ΩH ≃ 0.57𝜔0 in the simulation region.

In Fig. 1, the spectral energy density |𝐸𝑥|2 for four
typical perturbation amplitudes 𝐽0 = (6, 9, 12, 24) ×
102Am−2 are plotted versus the normalized frequency
at 𝑥 = 0.023m and 𝑡 = 406/𝜔0. As the input power
increases, the broadening of the frequency spectra is
clearly demonstrated. In Fig. 1(a), the second and
third harmonic modes of the driving frequency are de-
tected in the 𝐽0 = 6×102Am−2 case. It has been indi-
cated in Ref. [14] that the second and third harmonic
modes of the driving frequency are generated by the
resonant parametric decay channels 𝜔0 + 𝜔0 → 2𝜔0

and 𝜔0+2𝜔0 → 3𝜔0, respectively. Meanwhile, a strong
zero-frequency component is also present in the spec-
trum, which may be produced by the self-interaction
of the injected wave.[13,14,20] For a low input power in
this level, the resonant mode–mode couplings domi-
nate.

As the amplitude of the perturbation current is
increased to 𝐽0 = 9 × 102Am−2, new peaks with
frequencies 0.57𝜔0, 1.43𝜔0 and 1.86𝜔0 appear in the
spectrum as shown in Fig. 1(b). When the pertur-
bation current amplitude rises to a higher level at
𝐽0 = 12 × 102Am−2, the waves observed in the
𝐽0 = 9 × 102Am−2 case are also present, together
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with a new sideband occurring at frequency 2.43𝜔0

(Fig. 1(c)). Except for the frequencies mentioned
above, the peaks of 1.6𝜔0 and 4𝜔0 add to the spec-
trum of the 𝐽0 = 24 × 102Am−2 case, as shown in
Fig. 1(d). However, how these sidebands are generated
is unclear. The temporal evolution of the frequency
spectrum and the distribution of particles in phase
space are helpful to identify the generation mecha-
nism of these frequency peaks. To explain the decay
pattern of these observed frequency peaks, we take the
𝐽0 = 12× 102Am−2 case for instance.

Figure 2 shows the history of the contours of the
amplitude of electric field |𝐸| in the 𝑥–𝜔 plane and the
normalized kinetic energy of ions in the perpendicu-
lar direction for the 𝐽0 = 12 × 102Am−2 case. At an
early stage in Fig. 2(a), only the injected wave is gen-
erated in the simulation. As the injected wave passes
through the coupling point where the match condition
of wavenumber 𝑘2𝜔0

= 2𝑘𝜔0
is satisfied, the second

harmonic wave is generated nearby (Fig. 2(b)). There-
after, the amplitude of the second harmonic wave
grows and other sidebands with frequencies 0.86𝜔0,
1.14𝜔0, 1.43𝜔0, 1.86𝜔0 and 3.0𝜔0 appear in the spec-
trum, as shown in Fig. 2(c). Simultaneously, the ions
are heated in the vertical direction as displayed in

Fig. 2(g). No heating is observed in the parallel di-
rection for ions and in all the directions for electrons.
Since there is no ion cyclotron resonance layer located
in our simulation region, we conjecture that the ion
heating is caused by the nonresonant parametric de-
cay process as presented in Refs. [14,15].
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Fig. 1. The frequency spectrum at 𝑥 = 0.023m and
𝑡 = 406/𝜔0 in the simulations with different amplitudes
of perturbation current: (a) 𝐽0 = 6 × 102 Am−2, (b)
𝐽0 = 9 × 102 Am−2, (c) 𝐽0 = 12 × 102 Am−2 and (d)
𝐽0 = 24× 102 Am−2.
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Fig. 2. Contours of the amplitude of |𝐸| in the 𝑥–𝜔 plane for the 𝐽0 = 12 × 102 Am−2 case at (a) 𝑡 = 65/𝜔0,
(b) 𝑡 = 122/𝜔0, (c) 𝑡 = 203/𝜔0 and (d) 𝑡 = 406/𝜔0. The vertical dashed-dotted line labels the position where
the match condition 𝑘2𝜔0 = 2𝑘𝜔0 is satisfied. The spatial distributions of normalized kinetic energy of ions for the
𝐽0 = 12× 102 Am−2 case at (e) 𝑡 = 65/𝜔0, (f) 𝑡 = 122/𝜔0, (g) 𝑡 = 203/𝜔0 and (h) 𝑡 = 406/𝜔0.

According to the observed frequency peaks and
their occurrance times, the most probable nonreso-
nant decay channels are 2𝜔0 → ΩH+(2𝜔0 − ΩH) (i.e.,
2𝜔0 → 0.57𝜔0+1.43𝜔0) and 2𝜔0 → 2ΩH+(2𝜔0 − 2ΩH)
(i.e., 2𝜔0 → 1.14𝜔0 + 0.86𝜔0). The produced ICQMs
with frequencies ΩH ≃ 0.57𝜔0 and 2ΩH ≃ 1.14𝜔0 may
be heavily damped on ions, and thus their amplitudes
are much smaller than that of the IBWs with frequen-
cies 1.43𝜔0 and 0.86𝜔0. The region of ion heating is
consistent with the one where these two nonresonant
decay pairs occur. However, no ion heating is ob-
served in the earlier time in the 𝐽0 = 12 × 102Am−2

case (Figs. 2(e) and 2(f)) when these nonresonant de-
cay pairs are absent in their corresponding spectra
(Figs. 2(a) and 2(b)). Furthermore, the ions are not

heated in the 𝐽0 = 6 × 102Am−2 case, while they
are heated in the 𝐽0 = 9 × 102Am−2 and 𝐽0 =
24× 102Am−2 cases in the region where the nonreso-
nant decay channels appear. Therefore, it is confirmed
that these nonresonant parametric decay processes are
excited and give rise to the ion heating observed in the
simulation.

On the other hand, the IBW with frequency 1.86𝜔0

may be excited via the resonant mode–mode coupling
by the decay channel 𝜔0 + 0.86𝜔0 → 1.86𝜔0. The
dispersion curves, i.e., the perpendicular wavenum-
bers versus the radial position, for the wave with fre-
quencies 0.86𝜔0 and 1.86𝜔0 are plotted in Fig. 3. One
can see that the selection condition of the wavenum-
ber 𝑘1.86𝜔0 = 𝑘𝜔0 + 𝑘0.86𝜔0 can be satisfied around
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𝑥 ≃ 0.016m, indicating that the wave with frequency
1.86𝜔0 can be produced by the resonant decay process
if the amplitudes of the pump waves are large enough.

At a later time as illuminated in Fig. 2(d), the am-
plitudes of the decay waves described above increase
and a new sideband with frequency 2.43𝜔0 appears.
Similarly, the dispersion curves for the sidebands with
frequencies 1.43𝜔0 and 2.43𝜔0 shown in Fig. 3 indicate
that the selection condition 𝑘2.43𝜔0 = 𝑘𝜔0 + 𝑘1.43𝜔0

can be satisfied around 𝑥 ≃ 0.021m. Thus the
IBW with frequency 2.43𝜔0 is triggered by the res-
onant decay channel 𝜔0 + 1.43𝜔0 → 2.43𝜔0. In ad-
dition, we have checked the dispersion curve for the
fourth harmonic wave and have found that the se-
lection condition 𝑘4𝜔0

= 2𝑘2𝜔0
is satisfied around

𝑥 ≃ 0.02m. The fourth harmonic mode detected in
the 𝐽0 = 24× 102Am−2 case is generated by the self-
interaction of the second harmonic wave.

According to the time evolution of the frequency
spectrum as well as the kinetic energy distribution of
the particles, the development of the PDI spectrum in
a high input power is clearly demonstrated. In this
𝐽0 = 12 × 102Am−2 case, the self-interaction of the
injected wave excites the second harmonic mode ini-
tially. Then this generated child wave couples with
the injected wave and acts as a pump wave, leading

to the generation of the other sidebands. These new
sidebands couple with each other as well as the pump
waves and/or act as a pump wave and thus excite more
sidebands. It is found that the waves observed in the
simulation are generated via the three-wave coupling
process rather than the four-wave or higher order in-
teraction.
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Fig. 3. Dispersion curves 𝑘⊥ versus 𝑥 for the IBWs with
frequencies 𝜔0 (blue solid line), 0.86𝜔0 = 2𝜔0−2ΩH (cyan
triangles), 1.43𝜔0 = 2𝜔0 − ΩH (green crosses), 1.86𝜔0

(blue-circle solid line) and 2.43𝜔0 (magenta-square solid
line). The black dashed and red dashed-dotted lines de-
note 𝑘𝜔0 + 𝑘0.86𝜔0 and 𝑘𝜔0 + 𝑘1.43𝜔0 , respectively.

Table 1. The possible decay channels in three hierarchical levels. Here 𝑚 is an integer.

Levels Decay type Possible decay channels
Observed in simulation

J6 J9 J12 J24 J48

First

Resonant decay
𝜔0 + 𝜔0 → 2𝜔0 Y Y Y Y Y
𝜔0 → 𝜔2 − 𝜔1

𝜔1 = (0.3 ∼ 2.6)𝜔0 (𝜔1 ̸= 𝑚ΩH),
𝜔2 = (1.3 ∼ 3.6)𝜔0 (𝜔2 ̸= 𝑚ΩH + 𝜔0)

N N N N N

Nonresonant decay
𝜔0 → ΩH + (𝜔0 − ΩH)

0.57 0.43
N N N N N

𝜔0 → 𝜔′
2 − 𝜔′

1
(𝜔′

1 = 𝑚ΩH, 𝜔′
2 = 𝑚ΩH + 1)

N N N N N

Second

Resonant decay

𝜔0 + 2𝜔0 → 3𝜔0 Y Y Y Y Y
2𝜔0 + 2𝜔0 → 4𝜔0 N N N Y Y

2𝜔0 → 0.4𝜔0 + 1.6𝜔0 N N N Y Y
2𝜔0 → 0.5𝜔0 + 1.5𝜔0 N N N N N
2𝜔0 → 0.9𝜔0 + 1.1𝜔0 N N N N N

Nonresonant decay

2𝜔0 → ΩH + (2𝜔0 − ΩH)
0.57 1.43

N Y Y Y Y

2𝜔0 → 2ΩH + (2𝜔0 − 2ΩH)
1.14 0.86

N Y Y Y Y

2𝜔0 → 3ΩH + (2𝜔0 − 3ΩH)
1.71 0.29

N N N N N

Third
Resonant decay

0.86𝜔0 + 𝜔0 → 1.86𝜔0 N Y Y Y Y
1.43𝜔0 + 𝜔0 → 2.43𝜔0 N N Y Y Y
0.86𝜔0 + 2𝜔0 → 2.86𝜔0 N N N Y Y
1.43𝜔0 + 2𝜔0 → 3.43𝜔0 N N N N Y

𝜔0 + 4𝜔0 → 5𝜔0 N N N N Y
2𝜔0 + 4𝜔0 → 6𝜔0 N N N N Y

1.43𝜔0 + 3𝜔0 → 4.43𝜔0 N N N N N
0.86𝜔0 + 3𝜔0 → 3.86𝜔0 N N N N N

Nonresonant decay
𝜔pump → 𝑚ΩH + (𝜔pump −𝑚ΩH)
(𝜔pump = 1.43𝜔0, 1.6𝜔0, 3𝜔0, 4𝜔0)

N N N N N

In accordance with the selection rules of the para-
metric decay process, we find out the possible reso-
nant and nonresonant decay channels and list them
in Table 1 as three hierarchical levels. Whether these
decay channels are observed in the simulation is also
marked in Table 1. The first hierarchical level in-
cludes all the decay channels in which only the in-

jected wave acts as the pump wave, i.e., 𝜔0 → 𝜔2±𝜔1

and 𝜔0 + 𝜔0 → 2𝜔0. In the simulation, only the de-
cay channel 𝜔0 + 𝜔0 → 2𝜔0 is detected in this level.
Then we take the injected wave and the generated sec-
ond harmonic wave as the pump waves and obtain all
the possible decay channels in the second hierarchical
level. In this level, the nonresonant PDIs are triggered
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in simulations with the high input power. The inter-
actions between these generated waves as well as the
pump waves provide the possible decay channels in the
third hierarchical level. More resonant decay channels
are excited as the input power increases. The mini-
mum frequency observed in this simulation is 0.4𝜔0,
which is determined by the selection rules of the PDI.
In the 𝐽0 = 48 × 102Am−2 case, the observed maxi-
mum frequency reaches the sixth harmonic of the driv-
ing frequency. The maximum value of frequency which
can be reached depends on the amplitude of the in-
jected wave.

In summary, we have illustrated that more decay
channels appear in the PIC simulation of ion Bern-
stein wave when the input power is increased. For a
low input power, the resonant mode–mode couplings
dominate. The nonresonant PDIs occur at a higher
input power level and lead to the ion heating. The
generated child waves couple with each other as well
as the injected wave and/or act as a pump wave to
excite new decay channels. As a result, the frequency
spectrum is broadened with the increase of the input
power. During the range of the input power in our
simulations, only three-wave coupling is observed, no
four-wave or higher order interaction is found.
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