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A new type of Bessel-like beam which can be generated by using Bessel gratings to modulate the amplitude and phase of a Bessel beam is proposed. In analogy to study a Bessel beam in free space, the
intensity evolution and self-healing property of the Bessel-like beam have been studied. Meanwhile,
based on the Fresnel diffraction integral, the propagation of the Bessel-like beam in free space has also
been investigated. Results show that the Bessel-like beam and the Bessel-Gaussian-like beams have some
special and interesting properties.
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1. Introduction
Unlike a typical laser beam, a nondiffracting wave does not
diffract and get larger as the beam gets farther from its point of
origin. It has attracted much attention due to their many interesting properties and potential applications [1–4]. A Bessel beam
which have a radially symmetric intensity distribution [5–7] and
carry orbital angular momentum (OAM) [8–10] is the important
one of the nondiffracting wave. Self-healing ability is the interesting properties which make it very useful in many areas. Much
works concerning the self-healing properties of Bessel beams have
been carried out [2,11–13].
Because the similar properties to the Bessel beam, Bessel-like
beams have also attracted much attention. For example, Belyi et al.
have studied the Bessel–like beams with z–dependent cone angles
[14], Chremmos et al. have generated a nonparaxial accelerating
Bessel-like beams which can travel along a arbitrary trajectory
[15,16]. Clerici et al. have studied the space-time focusing of Bessel-like pulses [17].
In recent years, many new types of Bessel-like beam have been
studied both in theory and in experiment. For example, because a
linear combination of Bessel modes with arbitrary coefﬁcients also
gives the solution of the Helmholtz equation, asymmetric BesselGauss beams have been proposed by Kotlyar et al. [18]. Based on
the study, a more generalized asymmetric Bessel mode in which
the parameter is a complex constant has been presented [19].

Generalized Bessel beams with two indices have been reported
and generated with the engineering of the angular spectrum of a
Bessel beam by Ornigotti et al. [20].
In present paper we propose a new type of Bessel–like beams
which can be generated by using Bessel gratings to modulate the
amplitude and phase of a Bessel beam. Meanwhile, the propagation and the self-healing ability of the Bessel-like beams has been
studied and discussed.

2. Propagation of a Bessel-Gaussian-like beam
We consider a propagation of light along the z axis in a vacuum.
The type of Bessel-Gaussian-like beam, namely a Bessel-Gaussian
beam [21] modulated by a Bessel gratings at the z¼0 plane is given as

⎛ r2 ⎞
u0 ( r0, θ ) = Jm ( ar0 ) Jn ( ar0 ) exp ⎜ − 02 ⎟ exp ⎡⎣ i ( m + n) θ ⎤⎦
⎝ w0 ⎠

where Jm is the mth-order Bessel function of the ﬁrst kind, r0 is the
transversal distance from the propagation axis z, θ is the azimuthal
angle, a is a factor which determines the scale of the beam and w0
is the width of Gaussian part. I beneﬁt from the formula 6.681 in
Ref. [22] in the following manner
π

Jm ( ar0 ) Jn ( ar0 ) =
n
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Fig. 1. Intensity distribution of the Bessel-like beam with a¼ 500/m at z¼ 0 plane where (a) m¼n ¼0; (b) m¼2, n ¼0 and (c) m¼ n¼ 2.

Fig. 2. Intensity evolution of the Bessel-like beams with a ¼500/m and λ ¼ 1.06 μm where (a) m¼n ¼0, (b) m¼ 2, n¼ 0 and (c) m¼ n¼2.

Fig. 3. Intensity distribution of the modulated Bessel-Gaussian beam with w0 ¼ 2 cm, a¼ 500/m where (a) m¼ 0, n ¼0, (b) m ¼2, n ¼ 0 and (b) m ¼2, n ¼2.

by using the Fresnel diffraction integral (in the paraxial region)
u ( r , φ, z ) =

k
exp ( ikz )
2πz

∞

∫0 ∫0

2π

⎛ ik → → 2 ⎞
u 0 ( r0, θ ) exp ⎜
r − r0 ⎟ r0 dr0 dθ
⎝ 2z
⎠

(3)

from Eqs. (1) and (2) and the formula 6.633.4 in Ref. [22], we can
obtain the result as
u ( r , φ, z ) =

2kw02
2πiz + kπw02
π

×
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⎡
⎤
kr 2
⎥
exp ⎢ i ( m + n) φ −
⎢⎣
2iz + kw02 ⎥⎦

2
2
exp ⎡⎣ i ( m + n) φ⎤⎦
cos ⎡⎣ ( m − n) β⎤⎦ exp
0
π
⎡
2ia2z cos2 ( β ) ⎤
⎢ ikz −
⎥ Jm + n ⎡⎣ 2ar cos ( β ) ⎤⎦ dβ
⎢⎣
⎥⎦
k

∫
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3. Numerical calculation for the propagation of the BesselGaussian-like beam

⎛
2a 2w02 z cos2 β ⎞
⎟⎟
cos ⎡⎣ ( m − n) β ⎤⎦ exp ⎜⎜ ikz −
2z − ikw02 ⎠
⎝

⎛ 2akrw 2 cos β ⎞
0
⎟⎟ dβ
Jm + n ⎜⎜
⎝ 2iz + kw02 ⎠

π

u′ ( r , φ, z ) =

(4)

Here k = 2π /λ and λ is the wavelength, (r, φ) is a pair of polar
coordinates at the receiver. It should be pointed out that the result
in Eq. (4) is easy to obtain numerically because the integrand is a
bounded and slowly varying function. Letting w0-1 in Eq. (4),
the optical ﬁeld of a Bessel beam modulated by Bessel gratings can
be expressed as

From Eq. (1) it can be seen that both the amplitude and phase
of the Bessel-Gaussian beam is modulated by Bessel gratings. The
intensity distribution and propagation is different with different m
and n. For example, the intensity distributions of the Bessel-like
beam (without the Gaussian aperture) with m ¼n ¼0, m ¼ 0, n ¼2
and m ¼n ¼2 at z ¼0 plane are shown in Fig. 1.
As comparing with Bessel beam, we can see that the modulated
Bessel beams have Bessel-like intensity distribution. We now
chose the initial optical ﬁeld as shown in Fig. 1 to see the evolution
of the intensity during propagation where the wavelength is
1.06 μm. From the numerical calculation of Eq. (5) the intensity
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Fig. 4. Intensity evolution of the Bessel-Gaussian-like beam with a¼ 500/m, λ¼ 1.06 μm and m¼ 0, n¼ 0 where (a) w0 ¼ 1 cm, (b) w0 ¼ 2 cm, (c) w0 ¼3 cm and (d) w0 ¼ 4 cm.

Fig. 5. Intensity evolution of the modulated Bessel-Gaussian beam with a¼ 500/m, λ ¼1.06 μm and m¼2, n¼ 0 where (a) w0 ¼ 1 cm, (b) w0 ¼ 2 cm, (c) w0 ¼ 3 cm, (d) w0
¼ 4 cm.

evolution of the Bessel-like beam are shown as
We know that a Bessel beam is a non-diffracting beam which
keeps its intensity distribution unchanged during propagation.
However, the Bessel-like beams have periodically oscillating
shapes. Because of the modulation both in the amplitude and
phase, the modulated Bessel beams have some novel properties.
For example, the distance between two peaks almost remains
constant during propagation. The intensity for the case of m ¼n ¼ 0
oscillates in the whole area including on the axis (see Fig. 2a).
However, the intensity oscillates only outside the beam tube for
the case of m ¼0, n ¼2 and m ¼n ¼2. The beam for the case of
m ¼n ¼2 is spreading faster than that for the case of m ¼0 and
n ¼2.
Similar to the Bessel beam, the modulated Bessel beam also has

an inﬁnite energy which cannot be obtained in practice. We now
turn our attention to the evolution for the modulated BesselGaussian beam. The intensity distribution of the modulated Bessel-Gaussian beam with the same parameters as in Fig. 1 is shown
in Fig. 3 where the waist width of the Gaussian part is 2 cm.
It can be seen from Figs. 1a and 3a that the intensity distribution almost keeps unchanged when w0 ¼ 2 cm. However, comparing with Fig. 1b, the high-order bright ring of the beam in Fig. 3b
and c almost disappears.
The evolution of the modulated Bessel-Gaussian beam with
m ¼n ¼0 is shown in Fig. 4. Although w0 is much larger than the
size of the central spot, there are still many differences with different w0. For example, when w0 ¼1 cm, the periodically spatial
oscillating shapes of the intensity during propagation almost
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Fig. 6. Intensity evolution of the modulated Bessel-Gaussian beam with a¼ 500/m, λ ¼ 1.06 μm and m¼ 2, n ¼2 where (a) w0 ¼ 1 cm, (b) w0 ¼ 2 cm, (c) w0 ¼ 3 cm and (d) w0
¼ 4 cm.

Fig. 7. Self-healing ability of the Bessel-like beam with a ¼500/m, λ ¼ 1.06 μm and m¼ n¼0 where (a) R0 ¼ 0.3 cm, (b) R0 ¼ 0.6 cm, (c) R0 ¼ 1 cm and (d) R0 ¼1.5 cm.

disappears. With the increase of w0, the periodically spatial oscillating shapes become more and more. When w0 ¼4 cm and
comparing with Fig. 2a, it can be seen that the periodically spatial
oscillating shapes have not completely recovered.
The evolution of the modulated Bessel-Gaussian beam for m ¼ 0
and n ¼2 is given in Fig. 5
It can be seen from Fig. 5 that the intensity evolution has the
same property as that in Fig. 4. The periodically spatial oscillating
shapes in the far distance are determined by the higher-order
bright ring of the initial beam. Now, we set m ¼n ¼2 and give the
intensity evolution in Fig. 6. It shows that the intensity evolution
for the case of m ¼ n ¼2 has some similar properties to that in
Fig. 5. However, the beam in Fig. 6 spreads faster than that in
Fig. 5.

4. Self-healing ability of the Bessel- like beam
Self-healing ability is one important property of a Bessel beam.
To study the self-healing properties of the Bessel-like beam, we
assume that an obstacle with Gaussian absorption function is located at the center of the beam. Therefore, the optical ﬁeld of the
Bessel-like beam obstructed by the obstacle can be expressed as

⎡
⎛ r2 ⎞⎤
u0 ( r0, θ ) = Jm ( ar0 ) Jn ( ar0 ) exp ⎡⎣ i ( m + n) θ ⎤⎦ ⎢ 1 − exp ⎜ − 02 ⎟ ⎥
⎢⎣
⎝ R 0 ⎠ ⎥⎦
where R0 can be regarded as
(4) and (5) we can see that
beam obstructed by an
u′(r , φ , z )−u (r , φ , z )where the

(6)

the size of the obstacle. From Eqs.
the optical ﬁeld of the Bessel-like
obstacle can be expressed as
w0 is substituted by R0. To see the
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Fig. 8. Self-healing ability of the Bessel-like beam with a¼ 500/m, λ¼ 1.06 μm, m¼ 2 and n¼ 0 where (a) R0 ¼ 0.3 cm, (b) R0 ¼0.6 cm, (c) R0 ¼1 cm and (d) R0 ¼ 1.5 cm.

self-healing property, the evolution of the intensity with different
R0 is shown in Fig. 7 where m ¼2 and n ¼0. It should be noted that
the normalized intensity is deﬁned by the intensity divided by the
corresponding maximum intensity.
Fig. 7 shows that the spatial oscillating shapes can be reconstructed when the central part of the Bessel-like beam is obstructed. Comparing with Fig. 2a it can be seen from Fig. 7a that
the intensity distribution has been reconstructed in a short distance. When the obstacle size is larger, a more distance is needed
to reconstruct the intensity, see Fig. 7b.
Because the Bessel-like beam is a hollow beam if one of m and
n is nonzero, from Fig. 8 we can see that the intensity evolution
almost keep unchanged when the obstacle size is 0.3 cm and
0.6 cm. If we increase the obstacle size the self-healing property of
the beam can be seen from Fig. 8c and d, namely, the intensity
behind the obstacle can be reconstructed.

5. Conclusion
In conclusion, we propose a new type of Bessel-like beam
which can be generated by using Bessel gratings to modulate the
amplitude and phase of a Bessel beam. The intensity evolution and
self-healing property of the Bessel-like beams and Bessel-Gaussian-like beams have been studied. Results show that the Bessellike and Bessel-Gaussian-like beam has some interesting properties, such as the periodically spatial oscillating shapes of the intensity during propagation and stronger self-healing ability. Although large part of the central spot of the beam is obstructed, the
oscillating intensity on axis can be reconstructed.
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