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Abstract. This paper proposes a new controller based on the torque compensation method for the control of a 7-DOF dual-
arm of a humanoid robot with input saturation residual vibration of the end-effector. Through theoretical and experimental
analysis, an adaptive fuzzy backstepping control strategy was designed for the 7-DOF dual-arm control system. This strategy
can be used to suppress the time-varying nonlinear residual vibration of the end-effector caused by inertia variations in the
serial robot. Firstly, a boundary feedback controller was designed to asymptotically stabilize the closed-loop system based
on the C0-semigroup theory, which also proves the efficacy of the closed-loop system solution. Lyapunov stability analysis
proved that the closed-loop demonstrated globally asymptotic stability. Secondly, an adaptive fuzzy backstepping method was
designed for the dynamic compensator with a tracking filter for the control system of the 7-DOF dual-arm of the humanoid
robot. The primary difference between this new method and conventional methods is that the new method does not require
complex computation. In addition, this method improves the limit of computing power and memory space for the controllers.
Finally, the effectiveness of the torque compensation strategy and the new method’s ability to suppress the residual vibration
are demonstrated via simulation and experiments.
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1. Introduction

With the development of robot technology, increas-
ingly more hybrid robots are used in product lines
to enhance productive efficiency. Examples include
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assembly robots [4], as well as robotic end-effectors,
and transducers [1]; these robots are especially com-
mon in industries with heavy-load work, and in
surgery. Faster robots with more precise motions are
more productive. However, robot motions are often
restricted by residual vibrations in the end-effector,
which tend to be time varying and nonlinear due
to configuration dependent friction, inertia variation,
and nonlinear joint stiffness [9]. Researchers have
proposed various methods to suppress residual vibra-
tion. Currently, there are two distinct modifications:
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mechanical structure modifications and control algo-
rithm or strategy modifications.

For the first scheme, mechanical modification
can improve vibration suppression; the mechanical
design corresponds to the specific application, which
may limit the flexibility of the robot. The latter
scheme is primarily based on the closed-loop back-
ward control system. Apart from the control methods,
the semi-group theory proposes stability analysis and
uniqueness. Lou et al. [6], a hybrid proportional-
differential (PD) and effective multi-mode positive
position feedback control controller were proposed
to suppress vibrations by effective multi-mode pos-
itive position feedback and the use of a derivative
controller to realize motion control. Although distur-
bance is considered, two control schemes, the active
disturbance rejection control (ADRC) and sliding
mode control (SMC) approaches were adopted for the
use of a single-dimensional Euler-Bernoulli equation,
in which the closed-loop system is asymptotically sta-
ble [2]. Lou et al. [6] and Guo et al. [2] proposed that
it is possible to design a controller based on the semi-
group theory for the single-link flexible manipulator
system, which demonstrates the effectiveness of the
semi-group theory.

The problem of vibration suppression and input
saturation in the dual-arm cooperation of a humanoid
robot system were investigated by Ge et al. [12]
and He et al. [13] considered the flexible string
lateral vibration of the system, so a secondary sys-
tem was introduced to deal with the problem of
input saturation. However, since the dual-arm coop-
eration of humanoid robots cannot be accurately
modeled, precise control and vibration reduction are
lacking. An alternative to the backstepping holo-
nomic tracking method was presented by Huang
et al. [5]. The algorithm employed hybrid intelli-
gent fuzzy system Taguchi ant colony optimization
(FS-TACO) with dynamic tracking control of three-
wheeled holonomic mobile robots. Tong et al. [10,
11] and Karagiannis [3] focused on the adaptive fuzzy
backstepping control of nonlinear systems. An alter-
native to the adaptive backstepping method (AAB)
was presented by Karagiannis [3]. Xiao, et al. [14]
proposed that an adaptive sliding mode controller was
investigated by using the online updating law for a
flexible spacecraft with partial loss of the actuator
effectiveness fault.

However, implementing this algorithm requires
complex computation for torque estimation due to
the nonlinearity of the serial robot control system.
In this paper, a tracking filter is considered for the

control system of a 7-DOF dual-arm of a humanoid
robot with input saturation, and a boundary feedback
controller is proposed to stabilize the system. Switch-
ing laws are also designed to track angular velocity
depending on angular velocity tracking errors; the
joint torque is computed based on the dynamic model
of the robot.

This paper is organized as follows. Section 2
presents preliminaries and problem formulation.
Section 3 presents control law design and stabil-
ity analysis and compensator with tracking filter.
Section 4 presents our simulation and an experi-
ment of the robot manipulator with input saturation.
Section 5 presents the conclusions.

2. Preliminaries and problem formulation

Consider a class of single input-single output non-
linear systems which can be turned into one-half of
a strict feedback form with known smooth and con-
tinuous functions and input saturations. The dynamic
equation of the system can be expressed as follows:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẋi = xi+1 + φTi (x1, x2, · · · , xi)
θi, i = 1, 2, · · · , n− 1,

xn = τ + φTn (x1, x2, · · · , xi)θn,
y = x1

(1)

where x = [x1, x2, · · · , xn]T denotes the system
state variable, and φi(xi) are known nonlinear smooth
functions; φi(0, 0, · · · , 0) = 0; θ = [θ1, · · · , θp]T ∈
Rp is an unknown constant vector; and τ and y are
the follower input and output, respectively.

The control objective is to design a boundary
control to suppress the transverse vibrations of the
end-effector system of the 7-DOF dual-arm of a
humanoid robot. Saturation nonlinearity in the max-
imum and minimum operational limits of the 7-DOF
dual-arm of a humanoid robot system are unavoid-
able.

The input saturation is expressed as follows [7]:

τ′(t) =
{

sgn(τ′0(t))τ′0;
∣∣τ′0(t)

∣∣ ≥ τ′max

τ′0(t);
∣∣τ′0(t)

∣∣ < τ′max
(2)

where τ′0(t) is the designed control input, τ′(t) is the
desired control input, and τ′max is the upper boundary
of the saturation input τ′(t).

Figure 1 shows the hyperbolic tangent function of
the saturation function approximation.
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Fig. 1. Symmetric saturation nonlinearity and the hyperbolic
tangent function.

The dynamic equation of the robot arm can be
expressed as follows:

Mi(qi, m0)q̈i + Ci(qi, q̇i, m0)q̇i

+F i(qi, ṁ0)q̇i + Gi(qi, m0) = τi

y = q (3)

where Mi(qi, m0) is the symmetric positive definite
and the bounded inertial matrix of the robotic arm.
Ci(qi, q̇i, m0) is the Coriolis and centrifugal matrix,
F i(qi, ṁ0) is the additional item in the load time-
varying parameters, Gi(qi, m0) is the gravitational
force vector, τi is the control vector, and y ∈ Rn is
the output vector.

The simplification can be expressed as follows:

M(q,m0)q̈ + C(q, q̇,m0)q̇

+F (q, ṁ0)q̇ + G(q,m0) = τ

y = q (4)

This paper makes the following assumptions:

Assumption 1. There exists ki(x1, · · · , χ) > ki > 0,
such that ∂βi

∂xj
= δij(x1, · · · , xi)φi(x1, · · · , xi), j =

1, · · · , i− 1 where δij(x1, · · · , xi) is a bounded
function,

∣∣δij(x1, · · · , xi)
∣∣ ≤ mij,mij > 0.

3. Control law design and stability analysis
and compensator with tracking filter

3.1. Adaptive fuzzy backstepping control law
design

Let x1 = q, x2 = q̇. The vibration suppression for
the robot is derived by using adaptive fuzzy backstep-
ping methods and a system described as follows:

ẋ1 = x2

ẋ2 = x3 + φ2(x1, x2)T θ2 + f 2(x2) (5)

ẋ3 = 1

T
τ − 1

T
x3

where x1, x2, x3 denote the angle of the mechanical
arm, angular velocity, and deflection angle at the end-
effector, respectively; T denotes the time constant of
the end-effector; τ denotes the control input of the
system; θ2 ∈ R5 denotes the unknown parameter vec-
tor; and φ2(x1, x2)T = [1, x1, x2, |x1|x2, |x2|x2] is a
known smooth and continuous function.

The definition of the dynamic surface error e1 =
x1 − α0, α0 = yd can be obtained as follows:

ė1 = ẋ1 − ẏd (6)

Virtual control items are introduced to the con-
troller

α1 = −λ1e1 (7)

where λ1 > 0.
Let α1 be the input control and z2 represent the

error state variables; a first-order filter can be obtained
as follows:

α1 = kż2 + z2 (8)

where k has been designed for the constant.

Step 2. The second subsystem of system (5) is ẋ2 =
x3 + φ2(x1, x2)T θ2 + f 2(x2). The definition of the
second dynamic surface error is e2 = x2 − z2.

ė2 = ẋ2 − ż2 = x3 + φ2(x1, x2)T θ2 + f 2(x2) − ż2
(9)

The virtual control items are introduced to the con-
troller

α2 = uF2 + α̇1 (10)

where uF2 = −λ2e2 − e1 − f̂ α2(x2) + φ2(x1, x2)T

(θ̂2 + β2) f̂ α2(x2) = �̂
T

2 P(x2) is the fuzzy system
close to fα2(x2) = f2(x2) − α̇1.

The parameter adaptive law for

θ̇2 = −∂β2

∂x1
x2 − ∂β2

∂x2
[x3 + φ2(x1, x2)T (θ̂2 + β2)]

(11)

˙̂
�2 = k2e2P2(x2)

where
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β2 =
∫ x2

0
κφ2(x1, χ)dχ

= κ

[
x2, x1x2,

1

2
x2

2,
1

2
|x1|x2

2,
1

3
|x2|x2

2

]T
.

The system actual control law for

τ = uF3 + T

(
−k3e3 − e2 + 1

T
x3 + ẋ3f

)
(12)

where, uF3 = −λ3e3 − e2 − f̂ α3(x3) f̂ α3(x3) =
�̂
T

3 P(x3) is the fuzzy system fα3(x3) = f3(x3) − α̇2.

3.2. Stability analysis

In this paper, the model for the 7-DOF dual-arm
of the humanoid robot system with input satura-
tion was built as an Euler-Bernoulli beam model
with five ordinary differential equations (ODEs) and
one partial differential equation (PDE) obtained by
Hamilton’s principle, considering the disturbance of
the tip payload. As shown in Fig. 2,w(x, t) is the elas-
tic deflection at position x for time t in the X1OY1
coordinate system; μ is the sum of the angular dis-
placement; y(x, t) is the displacement at position x
for time t in the XOY coordinate system; d(t) is the
unknown disturbance on the end-effector load; and
τ′(t) is the boundary feedback control on the left
boundary. Considering the small vibrations of the
flexible arm system, the angular rotation and the elas-
tic deflection are so small that the following equation
can be approximately obtained:

y(x, t) = xμ(t) + w(x, t) (13)

The kinetic energy of the robotic single-arm system
Ek(t) can be described as follows:

Ek(t) = 1

2
Ihθ

2
t (t) + 1

2
ρ

∫ L

0
[yt(x, t)]

2dx

+1

2
m[yt(L, t)]

2 (14)

Fig. 2. Terminology of the mechanical arm.

where L is the length of the single-arm humanoid
robot, m is mass of the robotic arm payload, Ih is
the inertia of the hub, ρ is the uniform mass per-unit
length of the humanoid robot mechanical arm, and
θ(t) is angular position of the hub.1

The potential energy Ep can be obtained as fol-
lows:

Ep(t) = 1

2
EI

∫ L

0
[wxx(x, t)]

2dx

+1

2
T

∫ L

0
[wx(x, t)]

2dx (15)

where EI is the bending stiffness of the single-arm
humanoid robot.

The virtual work of the disturbance is given by
Formula (16), as follows:

δWf = d(t)δθ(t) (16)

The virtual work done by the boundary control τ(t)
is written as follows:

δWm = τ′(t)δθ(t) (17)

Then, the total virtual work done on the system is
expressed as follows:

δW = δWf + δWm (18)

By using Hamilton’s principle such that∫ t2

t1

δ[Ek(t) − Ep(t) +W(t)]dt =0 (19)

the governing equation of the single-arm humanoid
robot system is obtained as follows:

ρytt(x, t) = −EIyxxxx(x, t) + Tyxx(x, t)

∀(x, t) ∈ (0, L) × [0,∞), t ∈ [0,∞) (20)

The system boundary conditions can be described
as follows:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

w(0, t) = 0,

wx(0, t) = 0,

wxx(L, t) = 0,

mytt(L, t) = EIyxxx(L, t) − Twx(L, t)

(21)

An observer d̂(t) is designed as the estimated value
of the disturbance d(t) in the dual-arm of a humanoid
robot system, converging exponentially as follows:{

ζt(t) = −k1τ
′
1 − k1d̂ − kk1ηt(t)

d̂ = ζ(t) + k1ηt(t)
(22)
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where k is a positive constant and τ′1(t) is one part
of the saturation input τ′(t) designed according to the
following text.

Thus,

ζt(t) = −k1τ
′
1 − kk1ηt(t) − k1[ζ(t) + k1ηt(t)] (23)

d̃t(t) = −d̂(t) = −ζt(t) − k1ηtt(t)] (24)

where d̃(t) = d(t) − d̂(t).
The boundary control Lyapunov function is

designed as follows:

V (t) = V1(t) + V2(t) + V3(t) (25)

Taking

V1(t) = γk1

2
ρ

∫ L

0
y2
t (x, t)dx

+γk1

2
EI

∫ L

0
y2
xx(x, t)dx

+γk1

2
T

∫ L

0
w2
x(x, t)dx+ γk1

2
my2

t (L, t)

V2(t) = k1

2
ϕ2
t (t)

V3(t) = σ ln (cosh(k1ψ(t) + k2ψt(t)))

+ς ln (cosh(k2ψt(t)) + 1

2
d̃2(t) (26)

where ψt(t) = yxt(0, t) + k2w(L, t) − k1yxx(0, t).

Lemma 1.V (t) is a positive definite when a humanoid
robot-plus-manipulated object system is at equilib-
rium, V (t) = 0;

Proof. When a humanoid robot-plus-manipulated
object system is at an equilibrium, it can be
obtained that: w(x, t0) = 0; y(x, t0) = 0; ∀x ∈
[0, L]. Thus, V1(t) = V2(t) = V3(t) = 0, namely,
V (t) = 0. When t /= t0,V1(t) ≥ 0,V2(t) ≥ 0,V3(t) ≥
0. It is noted thatV1,V2 andV3 cannot simultaneously
equal zero. Therefore, V (t) > 0 for t /= t0.

Lemma 2. V̇ (t) is negative. Since the disturbance
observer converges exponentially, there exists a lim-
ited time tk1 with

∣∣d̃(t)
∣∣ ≤ k1, for ∀k1 > 0.

When t → ∞, d̃(t) → 0, the closed-loop bound-
ary is asymptotically stable in the input saturation
system.

The system’s Lyapunov function can be described
as follows:

V = Vn−1 + 1

2
e2
n + 1

2ηn
�̃
T
�̃ (27)

V̇ = V̇n−1 + e2
n − 1

ηn
�̃
T˙̂�

≤ −
n−1∑
j=1

(λj − 1

2
)e2
j + en−1en +

n−1∑
j=1

εj

+en(τ + fn(xn) − α̇n−1) − 1

ηn
�̃
T˙̂� (28)

Next, substitute the actual controller (12) and
parameter adaptive law (11) into Equation (28) to
obtain the following:

V̇ ≤ −
n∑
j=1

(λj − 1

2
)e2
j +

n−1∑
j=1

εj (29)

In which, the design of constant λj > 0.5, εj =
σ2
j + 0.2785ϕj , j = 1, 2, 3. Suppose ε0 = ∑3

j=1 εj;
considering the approximation error of the fuzzy
system a boundedness, ε0 > 0 and bounded. Sup-
pose λ0 = min {(λ1 − 0.5), (λ2 − 0.5), (λ3 − 0.5)},
therefore, Equation (29) is modified as follows:

V̇ ≤ −λ0

3∑
j=1

e2
j + ε0 (30)

Equation (30) is integrated into t ∈ [0, T ] to obtain
the following:

V (T ) − V (0) ≤ −λ0

∫ T

0

3∑
j=1

e2
i dt +

∫ T

0
ε0dt (31)

Considering V (T ) ≥ 0, Equation (31) is modified
as follows:∫ T

0

3∑
j=1

e2
i dt ≤ 1

λ0
V (0) + 1

λ0

∫ T

0
ε0dt (32)

To achieve control objectives, assume that the input
command yd and its two derivatives exist and are
bounded.

3.3. Torque compensation strategy of tracking
filter

To suppress nonlinear and time-varying residual
vibrations in the 7-DOF dual-arm of a humanoid
robot, torque compensation methods are proposed
to calculate the parameters of real-time torque using
data from the previous servo cycle. As a result, apply-
ing torque compensation becomes more convenient
because the torque parameters for this method can be
acquired. Figure 3 shows the schematic diagram of
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Fig. 3. The framework of the control system.

Fig. 4. The structure of the robot hardware control system.

the control system. Detailed compensation strategy
please reference [8].

4. Simulation and Experiment

To verify the proposed algorithm, an application in
the 7-DOF dual-arm of the humanoid robot control
system is presented to analyze the working process
of the algorithm.

4.1. Hardware control system and experiment

As shown in Fig. 4, the system was composed of
the visual HMI, Industrial PC, PCAN – mini PCIe
interface card, servo system, and the humanoid robot
noumenon. All functions, such as visual teaching and
site monitoring, can operate via this HMI. An indus-
trial PC can be used to implement the varied motion
computations, such as the kinematics and inverse
kinematics for the robot trajectory.

To demonstrate the validity of the proposed control
method, an experiment was conducted on a dual-arm

Fig. 5. The noumenon of the 7-DOF robot arm motion test process.

robot. As shown in Fig. 5. The dual-arm robot has 14
degrees of freedom, and every wrist joint has been
equipped with a 6D-force sensor. The manipulated
object is a plastic box, weighting 2000 g. Figure 5
depicts the experimental system process between the
fingers and objects at the contact spot; there is no
relative movement between the ends of the fingers
and the objects. The first image represents the ini-
tial state wherein the robot arms are only influenced
by their own weight. The two arms must lift the
object. Images 2–5 depict an example of a system
that is likely chattering under input saturation. To
prevent vibration, data was recorded with 6D-force
sensors.

4.2. Simulation and experiment result

The simulation system is described as follows:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ẋ1 = x2

ẋ2 = Kt

Mt

x3 − B

Mt

x2 + N

Mt

sin(x1) + d2(x, t)

ẋ3 = −R
L
x3 − Kb

L
x2 + 1

L
u− 1

L
d3(x, t)
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where x1, x2, x3 and u denote the mechanical
arm position, velocity, and electric current of the
motor and input of the system, respectively; y =
x1 is the system output; d2(x, t) denotes parameter

uncertainty; and d3(x, t) = 4 sin(t) denotes parame-
ter uncertainty and external disturbance.

Figure 6 shows the fuzzy system robust adaptive
back-stepping control system simulation. Figure 6(a)

Fig. 6. Based on the fuzzy system robust adaptive backstepping control system simulation.

Fig. 7. The x1-x2 phase plane of the system dynamic response.
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Fig. 8. The system output response.

Fig. 9. Estimates of the parameters of θ̂2.

Fig. 10. Estimates of the parameters of θ̂2 + β2.

shows the mechanical arm controller output.
Figure 6(b) shows the tracking of the mechani-
cal arm position. Figure 6(c) and (d) demonstrate
the system state x2 and x3, respectively, under
the interference output value. As shown in Fig. 6,

the output can track the given input under system
interference.

Figures 7–10 show the proposed method and tra-
ditional methods of dynamic performance, to allow
comparative advantages of each method.



K. Bai et al. / Active vibration adaptive fuzzy backstepping control of a 7-DOF dual-arm of humanoid robot 2957

Experimental results show that the torque com-
pensation method effectively reduces the nonlinear
and time-varying residual vibrations in the robot con-
trol system. The torque compensation strategy is a
promising technique to suppress the nonlinear and
time-varying residual vibrations in 7-DOF humanoid
robots because it does not require real-time estima-
tion of vibration frequencies.

5. Conclusion

Humanoid robot arms are a typical nonlinear sys-
tem; the dynamic performance of the system and the
system stability are affected by actuator saturation
and the actual control input of the bounded system.
A considerable number of studies on trajectory track-
ing controllers have failed to consider the constraint
conditions of the control input saturation. This paper
presents and investigates an adaptive fuzzy back-
stepping scheme that considers the input saturation
constraints.

To suppress nonlinear and time-varying residual
vibrations in a 7-DOF humanoid robot, a torque com-
pensation method is proposed that calculates torque
parameters in real-time by using data from the previ-
ous servo cycle.

Based on the Lyapunov method, this paper
proposes the adaptive fuzzy backstepping control
approach to theoretically suppress the residual vibra-
tion of the end-effector in the dual-arm of the
humanoid robot. The simulated and experimental
results indicate that the torque compensation method
effectively reduced the nonlinear and time-varying
residual vibrations in the robot control system, and
the proposed controller demonstrated asymptotic sta-
bility in the entire closed-loop system. As a result, this
method can control the dynamic performance of the
system and improve the limit of computing power
and memory space. In addition, the application of
torque compensation is more convenient because this
method only requires one step to obtain the torque
parameters. Its validity was verified by simulation.
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