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In recent lower-hybrid current drive experiments on the experimental advanced superconducting

tokamak, two lower-hybrid waves are launched simultaneously from different locations with differ-

ent phase velocities to drive the plasma current. To understand the synergy effects of the two LH

waves, the analytical expression for the electron velocity distribution is obtained based on Fuchs’

model [Fuchs et al., Phys. Fluids 28(12), 3619–3628 (1985)], which is in good agreement with that

obtained by solving the quasi-linear equation numerically via the CQL3D code [R. W. Harvey and

M. G. McCoy, in Proceedings of IAEA Technical Committee Meeting on Advances in Simulation
and Modeling of Thermonuclear Plasmas, Montreal, Canada (1992)]. The synergy factor is also

obtained analytically. It is found that the existence of two resonant regions may bring more reso-

nant electrons interacting with each wave and the perpendicular dynamics can further enhance the

synergy effect by increasing the effective electron temperature, which in turn increases the number

of electrons in the resonance with each wave. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4977524]

I. INTRODUCTION

The steady state operation of tokamaks needs a non-

inductive current drive to sustain and control the plasma

current.1 Lower-hybrid current drive (LHCD)2–4 is the most

effective radio-frequency (rf) current drive scheme at pre-

sent, which has been applied in a wide range of present toka-

maks,5–7 and is planned to be used on ITER8,9 and other

future tokamak reactors such as CFETR.10

LHCD relies on the resonant interaction between plas-

mas and LH waves which causes the wave to transfer its

momentum to the electrons, resulting in the formation of

velocity-space plateau on the electron distribution function

and the generation of current in the parallel direction. The

steady-state electron distribution function comes from the

balance of two effects in velocity-space. One is caused by

the collisions, which tends to relax the electrons to a sym-

metric and isotropic Maxwellian distribution. The other is

the quasilinear diffusion caused by the injected LH waves,

which tends to drive the asymmetry of the distribution func-

tion that is necessary for the current drive.

In practical tokamak experiments, rf waves with differ-

ent frequencies are often applied simultaneously for plasma

heating and current drive. Experimental observations and

kinetic calculations show that there are synergy effects

among them.11,12 The current driven by simultaneous usage

of the waves might be significantly larger than the sum of

the currents driven by the waves individually in the same

plasma conditions. The high efficiency of LHCD and the

high controllability of electron-cyclotron current drive

(ECCD)13,14 enable them to be a promising combination for

maintaining and controlling of the plasma current. The

synergy effects between LHCD and ECCD have been stud-

ied intensively.15–18 It is found that the synergy effects come

from the interaction of the velocity-space diffusions induced

by the two waves: the EC wave pulling low-energy electrons

out of the Maxwellian bulk and the LH wave driving them to

high parallel velocities.

In recent LHCD experiments on the Experimental

Advanced Superconducting Tokamak (EAST), two LH waves

with the frequencies 2.45GHz and 4.6 GHz, respectively,

are launched from each waveguide grill located at different

windows.19 The wave-induced diffusion in velocity space by

one LH wave could affect the diffusion induced by the other

one, and the interplay may yield strong synergy effects.

Experimental investigations found that when two LH waves

with different phase velocities are injected simultaneously

into the plasma, the absorption of the LH wave with higher

phase velocity can be enhanced.20,21 Vlasov simulations sug-

gest that the synergy effects between the fast and the slow

spectrum of the LH waves could lead to a rapid spreading of

the spectrum and a rapid formation of an elongated plateau of

the distribution function.22 While the interplay of the wave-

induced diffusions in velocity-space still requires systematic

investigations by simulation and analysis. Meanwhile, an

accurate and efficient model is needed for quantitative studies

of the steady-state distribution function and the synergy

factor.

In this paper, synergy effects between two LH waves

with different phase velocities are investigated by solving

the Fokker-Planck equation with the diffusions induced by

the two LH waves analytically and numerically. An analyti-

cal solution of the equation is derived based on Fuchs’

model. The expressions for the steady-state electron distribu-

tion function and the synergy factor are obtained. The analyt-

ical model captures the key factors of the synergy effects and
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provides an efficient way to calculate the driven currents and

the synergy factors. The numerical methods provide accurate

solutions of the Fokker-Planck equations and methods to

check the analytical model.

This article is organized as follows: The steady-state

electron distribution function solutions for the collisional

quasi-linear equation with diffusions induced by the two LH

waves are presented in Sec. II, in which the synergy factor

and the mechanism of the synergy effects are discussed.

Conclusions and further discussions are given in Sec. III.

II. THEORETICAL MODEL FOR LHCD WITH TWO
LOWER HYBRID WAVES

The evolution of the electron distribution function in the

presence of collision and LH waves driving can be described

by the quasi-linear equation with linearized collision opera-

tor at high-velocity limit2
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where f is the electron distribution function, l � vk=v; C
� nq4lnK=2pe2

0m2, and vT ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Te=me

p
is the electron thermal

velocity, DLH is the quasilinear diffusion coefficient of LH

waves. The first term on the right hand side of Eq. (1)

describes the effects induced by collisions, which include the

energy diffusion, the frictional deceleration, and the “pitch-

angle” scattering.

When two LH waves with different phase velocities are

launched into a plasma simultaneously, two velocity-space

diffusions might be induced and interact with each other. To

account for the interactions between electrons and the two LH

waves, the quasilinear diffusion coefficient in Eq. (1) now

contains the contributions of the two waves which is denoted

as D wð Þ ¼ D1 wð Þ þ D2 wð Þ, where D wð Þ ¼ DLH=�v2
T is the

normalized diffusion coefficient and w ¼ vk=vT is the normal-

ized parallel velocity. Here, D1(w) and D2(w) represent the

quasi-linear diffusion coefficients induced by the LH waves at

2.45 GHz and 4.6 GHz, respectively. Note that the non-linear

interactions of the electrons with the two LH waves23 are not

considered.

Different numerical codes have been developed to solve

Eq. (1), such as LUKE24 and CQL3D.25 Although the numeri-

cal codes are very successful in calculating the electron distri-

bution function, they are computationally expensive and lack

the understanding of the physics. Here, we develop an analyti-

cal model to depict the synergetic features during LHCD with

two LH waves.

To obtain an analytical solution of Eq. (1) with two

velocity-space diffusions, we assume that both w3D1(w)� 1

and w3D2(w)� 1 in the resonance regions, as the rf diffu-

sions dominate the collisional diffusion even with small rf

power.26 Therefore, the quasi-linear diffusions for the syn-

ergy case with two LH waves can be modeled as

D wð Þ ¼ D0; w 2 w1;w2½ � [ w3;w4½ �
0; otherwise:

	
(2)

Here, w1, w2, w3, and w4 are boundaries of the resonance

regions and D0!1. In general, the lower-hybrid waves

are only resonant with fast electrons, i.e., w1� 1. So far, we

take w1�w2�w3�w4, which means that the resonance

regions do not overlap. Since D(w)!1 in the resonance

regions, the overlapped case with w1�w3�w2�w4 is iden-

tical to the case with resonance regions w1�w�w2 and

w2�w�w4.

Following Fisch’s assumption that the distribution func-

tion f in Eq. (1) is a Maxwellian in the perpendicular direc-

tion with a fixed temperature,2 the steady-state parallel

distribution function for the synergy case with two LH waves

can be written as

F wð Þ ¼

C12 exp �w2

2
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4 � w2

3

2

� �
exp �w2

2

� �
; w > w4;

;

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

(3)

where C12 is a constant that could be determined by the nor-

malization condition. The distribution function is local pla-

teaus in the resonance regions and is local Maxwellian

distributions outside. Then the current driven by the two

waves simultaneously can be obtained by integrating Eq. (3)

and can be written as
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J12 ¼ C12 exp �w2
1
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The currents driven by the two waves individually are

J1 ¼ C1 exp �w2
1

2

� �
w2

2 � w2
1

� �
2

; (5)

J2 ¼ C2 exp �w2
3

2

� �
w2

4 � w2
3

� �
2

; (6)

respectively. Note that the currents are normalized by

qenevT, where qe is the elemental charge of the electron and

ne is the electron density. The normalization constants C1,

C2, and C12 are mainly determined by the bulk electrons; the

fast electrons caused by the rf diffusions have little effect on

them. Thus, the constants could be taken to be equal for

those three cases.

The synergy effect between the two LH waves on

current driving could be quantified by the synergy factor

defined as12

g ¼ J12

J1 þ J2

: (7)

Thus, the synergy factor estimate based on Fisch’s

model could be obtained as

g ’ 1þ exp
w2

2 � w2
1

2

� �
J2

J1

; (8)

¼ 1þ exp �w2
3 � w2

2

2

� �
w2

4 � w2
3

� �
w2

2 � w2
1

� � : (9)

Apparently, the synergy effect stems from the enhancement

of the current driven by the wave with higher parallel phase

velocity, and the existence of the slower LH wave brings

more electrons to be resonant with the faster one. The

enhancement factor exp w2
2 � w2

1

� �
=2


 �
is determined by the

first resonance region only, while J2 itself depends on the

second resonance region. Both the enhancement factor and

J2 drop rapidly as the distance between the two resonance

regions gets larger, so does the synergy effect.

Applying Fisch’s 1D model to the synergy case with

two LH waves is straightforward. The model keeps the

key aspect of the synergy effect caused by the LH wave with

a lower parallel phase velocity. However, the aspect of the

synergy effect caused by the LH wave with a higher parallel

phase velocity cannot be addressed in this model. It is also

found that, in a single wave case, the height of the plateau in

this model is a little lower than the 2D numerical results and

the distribution function drops much faster at the higher

velocity side of the resonance region.27 The disagreement is

caused by the neglect of perpendicular dynamics. As the rf

waves lead to an increase in the perpendicular temperature,

the assumption that the distribution is a Maxwellian with

the bulk temperature in the perpendicular direction is no

longer valid.

The neglect of perpendicular dynamics leads to the

underestimate of the plateau height and the effective temper-

ature in the high-velocity region. To include the perpendicu-

lar dynamics, Fisch and Karney obtained the asymptotic

solution of Eq. (1) through matching the distribution function

and its derivatives at the boundaries of the resonance region

with the assumption D0� 1.28 Fuchs presented a one-

dimensional model with a proper account of the essential

perpendicular dynamics by representing the distribution

function as f ¼ fM þ ~f , where fM is the central thermal

Maxwellian and ~f is a perpendicularly broadened distribu-

tion of fast electrons.29 In this work, we extend Fuchs’ model

to the two LH waves case, in which the parallel distribution

function could be obtained as

Fs ¼

Fs
p1 exp �as

p

w2

2

� �
þ FM wð Þ w < w1

Fs
p1 w1 � w � w2

~C1 exp �as
p

w2

2

� �
þ FM wð Þ w2 � w � w3

Fs
p2 w3 � w � w4

~C2 exp �as
p

w2

2

� �
þ FM wð Þ w > w4;

8>>>>>>>>>>>>><
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~C2 ¼ ~C1 exp as
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; (14)

as
p ¼

2þ Zi

1þ Zið ÞTs
p þ 1

: (15)

Here, Ts
p is the effective perpendicular temperature in the

synergy case and could be determined by

2Ts
p �

ðw2

w1

v2
?Fs

p1dw0 þ
ðw4

w3

v2
?Fs

p2dw0ðw2

w1

Fs
p1dw0 þ

ðw4

w3

Fs
p2dw0

: (16)

The results in Eq. (10) show that the parallel distribution

function is constant in the resonance regions and is the linear

combination of two Maxwellian distributions with different

temperatures outside the resonance regions.
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In order to validate the analytical model, we solve

Eq. (1) using the analytical models and the CQL3D code

with D0¼ 1, for typical parameters with w1¼ 3, w2¼ 5, w3

¼ 6, and w4¼ 8. The normalized quasi-linear diffusion coef-

ficient is presumably assumed to be infinite in the resonance

regions. In fact, as will be shown later, the analytical solution

is a good approximated solution as long as Dw3� 1. Fig. 1

shows the resulting parallel distribution function from the

2D numerical code, the one based on Fish’s 1D theory in

Eq. (3), the one from the extended Fuchs’ model in Eq. (10),

and the initial Maxwellian distribution. It is shown that the

height of the first plateau predicted based on Fisch’s model

is a little lower than the numerical one. Meanwhile, the

distribution function drops too fast at the higher velocity side

of the first resonance region, which leads to the considerable

underestimation of the plateau height at the second reso-

nance region, while the height of the first plateau predicted

by extended Fuchs’ model agrees well with the numerical

one. Moreover, the slope of the distribution functions at

the higher side of the first resonance region is predicted

accurately, too. Thus, the height of the second plateau could

be predicted accurately. Those results indicate that the per-

pendicular dynamics is important and should be considered

in the quantitative study of synergy effects.

The driven currents can be obtained by integrating the

parallel distribution function in Eq. (10). In general cases

with w2�w1� 1 and w4�w3� 1, the height of the second

plateau in Eq. (13) is approximately

Fs
p2 ’ exp �as

p

w2
3 � w2

2

2

� �
Fs

p1: (17)

The driven currents based on Fuchs’ model can be approxi-

mately written as

J1 ’ Fp1

w2
2 � w2

1

2
; (18)

J2 ’ Fp2

w2
4 � w2

3

2
; (19)

J12 ’ Fs
p1

w2
2 � w2

1

2
þ Fs

p2

w2
4 � w2

3

2
; (20)

where

Fp1 ¼
FM w1ð Þ

1� exp �ap1

w2
1

2

� � ; with ap1 ¼
2þ Zi

1þ Zið ÞTp1 þ 1
;

(21)

Fp2 ¼
FM w3ð Þ

1� exp �ap2

w2
3

2

� � ; with ap2 ¼
2þ Zi

1þ Zið ÞTp2 þ 1
;

(22)

with Tp1 and Tp2 estimated by

Tp1 ¼
1þ Zi

2þ Zi

w1 w2 � w1ð Þ; (23)

Tp2 ¼
1þ Zi

2þ Zi

w3 w4 � w3ð Þ: (24)

Then the synergy factor based on extended Fuchs’ model

could be obtained as

g ’ gs 1þ exp �as
p

w2
3 � w2

2

2

� �
w2

4 � w2
3

� �
w2

2 � w2
1

� �
" #

; (25)

where

gs ¼
1� exp �ap1w2

1=2
� �

1� exp �as
pw2

1=2
�  : (26)

The expression of the synergy factor in Eq. (25) reveals

two aspects of the synergy effects. The first one can be seen

in the expression of gs. The factor gs ¼ Fs
p1=Fp1 is the ratio

of the first plateau height with and without the LH wave with

higher phase velocity, which represents the synergy effect

caused by the faster LH wave. The injection of the LH wave

with higher phase velocity further enhances the perpendicu-

lar temperature, i.e., Ts
p > Tp1, which leads to as

p < ap1 then

causes the plateau gets higher, i.e., Fs
p1 > Fp1 according to

Eqs. (11) and (21). This means more electrons are resonant

with the LH wave with lower phase velocity, thus, driving

more current. The other aspect of the synergy effects comes

from the effect caused by the LH wave with lower phase

velocity. This effect is also considered partially in Eq. (9),

the difference is as
p < 1 here, which stems from Ts

p > 1, i.e.,

the enhancement of the current driven by the faster LH wave

is further enhanced due to the perpendicular effects. Note

that if the perpendicular temperature is taken as the initial

one, i.e., Ts
p ¼ Tp1 ¼ 1, then Eqs. (25) and (9) are identical,

which means that the synergy factor predicted based on

Fisch’s model is a special case of that predicted based on

extended Fuchs’ model.

To illustrate the interplay of the velocity-space diffu-

sions induced by the two LH waves and the interaction

between the electrons and the waves, the streamlines of the

velocity-space flux and the non-Maxwellian part of the

FIG. 1. Parallel distribution functions for a typical synergy case with w1¼ 3,

w2¼ 5, w3¼ 6, w4¼ 8, and D0¼ 1. The solid line represents the numerical

one from CQL3D, the dashed line represents the one form Fuchs’ 1D model

with perpendicular dynamics in Eq. (10), the dashed-dotted line represents

the one from Fisch’s 1D model in Eq. (3), and the dotted line represents the

initial Maxwellian distribution.
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electron distribution function for the typical case are shown

in Fig. 2. The LH wave with lower parallel phase velocity

accelerates the electrons in the parallel direction and

draws them out of the Maxwellian region in the velocity

space. This will create local depressions, which tend to be

smoothed by collisions. The electrons drawn into the reso-

nant region are then further accelerated in the parallel direc-

tion by the quasi-linear rf diffusion and in the perpendicular

direction by the pitch-angle scattering. A non-Maxwellian

distribution function is created and spreads out of the reso-

nant region by pitch-angle scattering, to the regions w<w1

and w>w2. The LH wave with higher parallel phase velocity

acts like the slower wave when injected individually. When

the two waves are injected simultaneously, the slower wave

brings much more electrons, relative to the Maxwellian dis-

tribution, to the region w2<w<w3. Thus, the faster wave

could accelerate more electrons and drive more current.

More electrons with relatively high energy will be produced,

and the perpendicular temperature is increased further, which

will also enhance the current drive of the slower wave. The

current drive of the two waves is enhanced by each other,

which results in the synergy effects.

The effect of gs> 1 is relative to the height and width of

the second plateau. Higher and wider plateau means more

electrons with relative higher energy, which means higher

perpendicular temperature. According to Eq. (17), the height

of the second plateau strongly depends on the relative dis-

tance between the two resonance regions. As the distance

between two resonance regions gets larger, the height of the

second plateau drops sharply, and at the same time, the

enhancement of the synergy effect gets smaller. This effect

could be more clear by taking the width of the resonance

regions to be identical, i.e., w2�w1¼w4�w3¼W, then

using the integration in Eq. (16) and the definition of Tp for

one LH wave case, the relations of the effective temperature

can be represented as

Ts
p ¼ Tp1 þ 1� aTð Þ Tp2 � Tp1ð Þ; (27)

with

aT ¼
1

1þ exp �as
p

w2
3 � w2

2

2

� � : (28)

As the value of exp ½�as
pðw2

3 � w2
2Þ=2� varies in (0, 1], the

value of aT varies in [0.5, 1); thus, 0 < 1� aTð Þ � 0:5. The

maximum value of (1� aT) is 0.5 when w3�w2¼ 0, i.e., the

two resonance regions are conjoint. As the electrons in the

second resonance region have relatively higher energy, we

have Tp2>Tp1 in general cases. Thus, Ts
p has its maximum

value of (Tp1þTp2)/2 when w3�w2¼ 0 and drops fast to Tp1

as the distance between the two resonance regions w3�w2

gets bigger.

According to Eqs. (18)–(20), the enhancement to the

current driven by the LH wave with higher phase velocity

strongly depends on the height and width of the first

plateau, while the current driven by the second LH wave

itself depends on the height and width of its own plateau.

According to Eq. (17), this effect also drops sharply as the

two resonance regions get farther away from each other.

By Eq. (25), the synergy effect is sensitive to the dis-

tance between the resonance regions and becomes weak rap-

idly as the distance increases. The synergy factors with

w1¼ 3, w3�w2�D varies from 0 to 2, and w2�w1¼w4

�w3�W varies from 0.5 to 4 are calculated using the

numerical code CQL3D and the analytical model. The

results are summarized in Fig. 3. It is shown that the synergy

factors predicted by the analytical model agree well with the

numerical ones. The synergy factor gets larger as the reso-

nance region gets wider, while the synergy factor is more

sensitive to the distance between the two resonance regions

and decreases rapidly as the distance increases.

The synergy factors reach their maximum value when

D¼ 0, when the two resonance regions get closer and over-

lapped, i.e., w3<w2, the resonance regions can be repre-

sented as w1�w�w2 and w2�w�w4, which means that

the effective width of the second resonance region decreases

by w2�w3, and thus, the synergy factor will get smaller.

Note that this is based on the assumption that D(w)w3¼D0

� 1 in the resonance regions, i.e., D0 is large enough that its

value has less effects on the results. To illustrate this effect,

a series of cases with w1¼ 3, w2¼ 5, w4�w3¼ 2, and the

FIG. 3. Color and contour plot of the synergy factors with w1¼ 3, w3�w2

�D varies from 0 to 2, and w2�w1¼w4�w3�W varies from 0.5 to 4 cal-

culated by (a) the numerical code CQL3D and (b) the analytical model in

Eq. (25).

FIG. 2. Non-Maxwellian part of the distribution and streamlines of the

velocity-space flux from CQL3D results, with w1¼ 3, w2¼ 5, w3¼ 6,

w4¼ 8, and D0¼ 1.
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distance between the two resonance regions w3�w2�D
varies from �1.5 to 2 are calculated by the analytical model

and by the CQL3D code with D0¼ 1 and D0¼ 2. The result-

ing synergy factors as a function of the distance between the

two resonance regions are shown in Fig. 4, which shows

good agreement between the analytical results and the

numerical ones, as long as D0� 1. It is also shown that

the synergy factors calculated by CQL3D have negligible

change as the diffusion coefficient is doubled, which means

that D0¼ 1 is large enough for the solution to be insensitive

to its precise magnitude.27 For a typical plasma discharge

on EAST with ne¼ 1� 1019 m�3, Te¼ 1 keV and B/ ¼ 2T,

the LHW power needed to produce the normalized quasi-

linear diffusion coefficient D0¼ 1 with w1¼ 3, w2¼ 5 is less

than 100 kW, which is easy to reach during the LHCD

experiments.

III. CONCLUSION AND DISCUSSION

In this work, the synergy effects of the two lower-hybrid

waves are investigated by solving the Fokker-Planck equa-

tion analytically and numerically. The numerical results of

CQL3D provide accurate solutions of the Fokker-Planck

equation, but it is computationally expensive and lack the

understanding of the physics.

Fisch’s 1D theory is applied first to investigate the syn-

ergy effects. The results show that the synergy effects mainly

arise from the enhancement of the current drive of the wave

with the higher phase velocity. However, this model fails to

calculate the enhancement quantitatively when the resonance

regions of the two LH waves are separated. The distribution

function drops too fast at the high-velocity side of the reso-

nance region by the LH wave with the lower parallel phase

velocity, which causes considerable underestimation of the

current drive by the LH wave with the higher parallel phase

velocity. It is found that the underestimation is caused by the

invalid assumption that the perpendicular distribution func-

tion keeps a Maxwellian distribution with the bulk tempera-

ture. Meanwhile, the model cannot include the synergy

effects caused by the LH wave with the higher parallel phase

velocity.

The one-dimensional analytical model including the per-

pendicular dynamics of Fuchs’ for single LH wave is

extended to investigate the synergy effects during LHCD

with two LH waves. The distribution functions, the driven

currents, and the synergy factors predicted by this analytical

model agree well with the numerical results as long as the

input power is higher than 100 kW. The analytical model is

also used to investigate the parameter dependencies of the

synergy factors. It is found that the synergy factors are

mostly sensitive to the relative distance between the two res-

onance regions. The synergy factor decreases rapidly when

the distance increases, and reaches the maximum value when

the two resonance regions are conjoint. This model is accu-

rate and efficient for the investigation of synergy effects. It

may be coupled to other models such as the transport codes

and integrated modeling codes30 for fast and accurate calcu-

lations of LHCD in tokamak plasmas.

So far, the investigations are taken in the velocity space,

corresponding to a particular flux surface in a toroidal con-

figuration. In the ray-tracing framework, the waves may pass

through a certain flux surface several times. If the synergy

effects are added to the ray-tracing process, the absorption of

the waves will be affected, and then the synergy effects will

change. This process should be repeated until a steady state

is reached. Thus, an iterative progress must be applied to get

the steady-state self-consistent results.31 Note that there is a

schema widely used for fast calculation of LHCD, in which

the power absorption is calculated by solving the 1-D

Fokker-Planck equation without considering the perpendicu-

lar heating by collisional pitch-angle scattering. The driven

current is obtained by multiplying the power absorption with

a current drive efficiency which is obtained from the models

with only one resonance region in the velocity space. The

analytical model presented in this paper could be used when

the synergy effects affect the power absorption greatly.

The synergy effects enhance the absorption of the waves

with higher phase velocity, which may be useful for the

understanding of the spectra gap.20 This effect may also

cause the waves to be absorbed before propagating into the

plasma core, and thus, tend to drive more off-axis current.21
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