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The formation of a plasma sheath in front of a negative wall emitting secondary elec-

tron is studied by a one-dimensional fluid model. The model takes into account the

effect of the ion temperature. With the secondary electron emission (SEE) coeffi-

cient obtained by integrating over the Maxwellian electron velocity distribution for

various materials such as Be, C, Mo, and W, it is found that the wall potential depends

strongly on the ion temperature and the wall material. Before the occurrence of the

space-charge-limited (SCL) emission, the wall potential decreases with increasing

ion temperature. The variation of the sheath potential caused by SEE affects the

sheath energy transmission and impurity sputtering yield. If SEE is below SCL emis-

sion, the energy transmission coefficient always varies with the wall materials as a

result of the effect of SEE, and it increases as the ion temperature is increased. By

comparison of with and without SEE, it is found that sputtering yields have pro-

nounced differences for low ion temperatures but are almost the same for high ion

temperatures.

KEYWORDS

energy transmission coefficient, plasma sheath, secondary emission electron, sput-

tering yield

1 INTRODUCTION

The characteristics of a plasma sheath located between a plasma and a material surface play an important role in the plasma heat

flow to the material surface during plasma–wall interaction. Several key factors influence the sheath structure, including electron

emission,[1–11] magnetic field,[11–15] ion temperature,[13–15] and collision.[15–17] The most important one is the electron emission

from plasma–wall interaction. It greatly reduces the sheath potential so that the thermal insulation may become substantially

low because the potential drop across the sheath is a potential barrier for the incoming plasma electrons. The emission electron

flux through the sheath may be regulated by the space-charge-limited (SCL) effect. The investigation of the plasma sheath in

the presence of secondary electron emission (SEE) has been carried out based on several models.[1–6] However, many models

consider cold ions, whereas the effect of ion temperature has not been studied systematically. For the edge plasma in fusion

devices, the ion temperature is comparable to or higher than the electron temperature.[18–21] In addition, it is shown from sheath

model results that the ion temperature influences the sheath properties.[13–15] Since the ion temperature in the tokamak edge

region is important for the estimation of heat flux flowing to material surface and modelling plasma–wall interaction processes

including impurity sputtering,[19] here we describe a plasma sheath with thermal ions in the presence of SEE.

When heat flows through the plasma sheath, the sheath energy transmission coefficient 𝛾 , defined as the energy flux normal-

ized by the particle exhaust flux times the electron temperature at the sheath entrance,[22] is used to estimate the energy flux

flowing to the target plate in fusion device experiments and to provide boundary conditions in fusion plasma edge fluid codes.

𝛾 increases when SEE is taken into account or as the ion temperature is increased for a given SEE coefficient.[23] Another

important physical process affected by the sheath structure is impurity production. Intrinsic impurities (e.g., Be, C, Mo, and

W) are produced through erosion during the energy load on the plasma-facing material. The impurity sputtering yield depends
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strongly on the ion temperature[24] and the sheath potential.[10] Therefore, it is of great interest to investigate the sheath energy

transmission and impurity sputtering yields during heat flow through a plasma sheath in the presence SEE for a wide range of

ion temperatures.

2 SHEATH MODEL

As seen in Figure 1 for a one-dimensional sheath model, an infinitely large planar wall located at x= 0 has its surface perpen-

dicular to the x-axis. The wall is not only the sink that all the particles impact upon but also the source of SEE. The potential

profile in the sheath is determined by the following Poisson equation:

d2𝜙

dx2
= − e0

𝜀0

(ni − ne1 − ne2), (1)

where 𝜙 is the potential, e0 is the elementary charge, 𝜀0 is the permittivity of free space, ni is the density of the singly charged

positive ions, ne1 is the primary electron density, and ne2 is the emitted electron density. We define the sheath edge at the

position x= d, which is the last point where the quasi-neutrality is still valid. At distance from x= d to the wall, the plasma

quasi-neutrality breaks down and the region is the sheath region. The region located between the bulk plasma region and the

potion x= d is the pre-sheath region in which the potential decreases slowly but the plasma is still considered quasi-neutral.

Usually, the sheath thickness d is much larger than the Debye length 𝜆D =
√

(𝜀0kBTe)∕(ne10e2
0
), where ne10 is the primary

electron density at the sheath edge, while the length scale of the pre-sheath, L, is much larger than d. In the limit 𝜆D/L→ 0, the

electric field at the sheath edge is zero, that is,
d𝜙
dx

|x=d = 0. (2)

Inside the sheath, any collisions are negligible based on the assumption that the sheath is thin enough. Therefore, the ion flux

and energy are conserved:

ni(x)vi(x) = ni0vi0, (3)

1

2
miv2

i (x) + e0𝜙(x) =
1

2
miv2

i0, (4)

where ni0 and vi0 are the ion density and the velocity at the sheath edge, respectively, and x refers to a position in the sheath

x< d. From Equations 3 and 4, we can obtain:

ni(x) = ni0

(
0.5miv2

i0

0.5miv2
i0 − e0𝜙(x)

)1∕2

. (5)

The primary electron density satisfies the Boltzmann relation in our model, that is,

ne1(x) = ne10 exp

(
e0𝜙(x)
kBTe

)
(6)

and the flux of the primary electron at the wall can be written as,

Γe1 = 1

4
ne10 exp

(
e0𝜙S

kBTe

)√
8kBTe

𝜋me
, (7)

FIGURE 1 Schematic of the sheath model. The pre-sheath length L is much larger

than the sheath thickness d, which is much larger than the Debye length 𝜆D. The

potential decreases monotonically towards the wall, and the potential drop across the

sheath is 𝜙S.When the emission is SCL, the electric field at the wall surface is zero.
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where 𝜙S is the potential drop across the sheath.

It is assumed that the flux of the emitted electrons, Γe2, is one dimensional and perpendicular to the wall surface:

Γe2 = ne2(x)ve2(x) (8)

and that all the emitted electrons leave the wall with the negligible initial velocity, though their initial velocity may influence

the sheath.[4,9] Then the energy of the emitted electrons in the sheath can be written as,

1

2
mev2

e2
(x) − e0𝜙(x) = −e0𝜙S. (9)

Making use of Equations 8 and 9, we can obtain the profile of emitted electron density in the sheath as,

ne2(x) =
Γe2√

−2e0[𝜙S−𝜙(x)]
me

. (10)

At the sheath edge, quasi-neutrality is valid, so the ion density at the sheath edge can be expressed as,

ni0 = ne10 + Γe2∕
√

−2e0𝜙S

me
(11)

If a stable sheath where the potential is a monotonically decreasing function is formed in front of a negative wall, the ion

velocity entering the sheath is equal to or larger than the ions’ sound velocity Cs, that is, vi0 ≥Cs . This is the well-known

Bohm criterion.[25] For a plasma containing more than one population of negatively charged particles, the Bohm criterion can

be written as,[26]

vi0 ≥
√

kB(𝛾pTi + Tscr
e )

mi
. (12)

Here, 𝛾p is the polytropic coefficient, and Tscr
e is the electron screening temperature, defined as Tscr

e = e0ne(𝜙)
kBdne∕d𝜙

|𝜙=0, where

ne can be obtained from the Equations 6 and 10. Clearly, vi0 will depend on 𝜙s if SEE is taken into account. In our case,

the Bohm criterion is fulfilled in a marginal form, that is, with the equality sign, and 𝛾p = 1 for isothermal approximation is

considered.

At the wall, we have the following relation due to the current balance in a floating sheath:

Γi = Γe1 − Γe2 or Γi = (1 − 𝛿eff)Γe1, (13)

where 𝛿eff is the effective electron emission coefficient. Here, the electron emission mechanism is specified as SEE. Usually,

the ion-induced SEE is not important unless the ion impact energy is greater than 1 keV, while the electron-induced SEE is

significant even at rather modest energies, that is, >30 eV.[27] In this paper, we only take into account the SEE due to the impact

of electrons against the wall.

For simplicity, we introduce the following variables:

𝜑 = e0𝜙

kBTe
, Fe2 = Γe2

ne10

√
kBTe∕me

, 𝜇 = me

mi
, ui =

vi√
kBTe∕mi

, Teff =
Ti + Tscr

e

Te
, z = x

𝜆D
, 𝛼 = Ti

Te
. (14)

The normalized Poisson’s equation, expressed purely in terms of the potential, is obtained by combining Equations 5, 6, and

10 with Equation 11:

d2𝜑

dz2
= exp(𝜑) + Fe2∕

√
−2(𝜑S − 𝜑) −

√
Teff

Teff − 2𝜑
[1 + Fe2∕

√
−2𝜑S]. (15)

By multiplying d𝜑/dz on both sides of Equation 15 and then integrating from the sheath edge to z, we get the following

equation:

1

2

(
d𝜑
dz

)2

= exp(𝜑) − 1 + Fe2[
√
−2(𝜑S − 𝜑) −

√
−2𝜑S]

+ [
√

Teff(Teff − 2𝜑) − Teff][1 + Fe2∕
√
−2𝜑S], (16)

where d𝜑/dz is the dimensionless electric field. When SEE is present, for the case in which the sheath potential is monotonic,

the electron field at the wall satisfies:

exp(𝜑S) − 1 − Fe2

√
−2𝜑S + Teff(

√
1 − 2𝜑S∕Teff − 1)(1 + Fe2∕

√
−2𝜑S) ≥ 0. (17)

Inequality (17) is valid when the electron emission is below the SCL region. If the electron field at the wall is zero, the electron

emission is SCL.



OU AND ZHAO 53

0 100 200 400300
0.0

0.5

1.0

1.5
W

Mo

C

δ e

Be

Te(eV) Te(eV)

(a)

0 100 200 300
0.0

0.5

400

1.0

1.5

W

Mo

C

δ ef
f

Be

(b)

FIGURE 2 (a) SEE coefficient obtained

from the Sternglass formula, and (b) effective

SEE coefficient obtained from Equation 19

for the Maxwellian distribution electrons.

On the other hand, the normalized Equation 13 can be expressed as,

1√
2𝜋

exp(𝜑S) − Fe2 =
√
𝜇Teff (1 + Fes∕

√
−2𝜑S) = (1 − 𝛿eff)

1√
2𝜋

exp(𝜑S). (18)

If the electrons obey a non-Maxwellian electron energy distribution, 𝛿eff depends on both the sheath potential and their energy

when they impinge the material surface.[7]. However, for a Maxwellian distribution of the electrons, it does not depend on sheath

potential, but is usually a function of the electron temperature.[2,7,28] By using the Sternglass formula 𝛿e(𝜀) = 𝛿m
𝜀

𝜀m
exp(2 −

2
√
𝜀∕𝜀m),[29] where 𝛿m is the maximum of 𝛿e, and 𝜀m is the characteristic energy corresponding to 𝜎m, 𝛿eff can be expressed

as,[28]

𝛿eff (Te) = (2.72)2 𝛿m

kBTe ∫
∞

0

Ep

Epm
exp

[
−

Ep

kBTe
− 2

( Ep

Epm

)1∕2
]

dEp. (19)

As seen in Equation 19, if the temperature of the Maxwellian-distributed electrons impinging the wall is known, 𝜑w and vi0
can be obtained by solving Equations 12 and 18 for a given value of 𝛼. During this calculation, the inequality in (17) is checked.

If the solutions of 𝜑w and vi0 correspond to a stable sheath whose SEE is below SCL, the inequality in (17) will be satisfied. If

the solution is marginal, the equality in (17) is met, indicating that SEE is SCL. It must be pointed out that our analysis finds

a stable sheath solution corresponding to SCL for which the electric field at the wall vanishes. Using the current method, we

cannot address whether there exists a stable sheath with non-vanishing electric field at the wall.

Because the large SEE may cause a very large influx of the emission electrons, SCL may be broken and then a virtual

cathode can be formed in front of the wall.[1,11,30] To ensure that (17) is valid, we discuss 𝛿e and 𝛿eff for materials that are

used widely in tokamak, such as beryllium (Be, 𝛿m = 0.5, Epm = 200 eV), carbon (C, 𝛿m = 1.0, Epm = 300 eV), molybdenum

(Mo, 𝛿m = 1.25, Epm = 375 eV), and tungsten (W, 𝛿m = 1.4, Epm = 650 eV). Figure 2 shows the SEE coefficients obtained from

Sternglass formula and the effective SEE obtained by integrating over the Maxwellian electron velocity distribution for the

four materials. For low temperatures (Te < 50 eV), 𝛿eff is larger than 𝛿e, and the secondary electron coefficient is significantly

smaller than unity. For high temperatures (100 eV<Te < 400 eV), 𝛿eff is smaller than 𝛿e, and secondary electron coefficients

for Mo and W are larger than unity. According to the results obtained by Hobbs and Wesson,[1] 𝛿eff ∼ 0.82 for a stable cold

ion sheath when the electron emission is SCL. As seen in Figure 2b, the sheath may be in the SCL state for C, Mo, or W as

wall materials. In the following discussion, we will focus on the effects of SEE on the plasma sheath when SEE is below the

SCL state.

3 NUMERICAL RESULTS

In this section, we show some results of the model described in the previous section for a hydrogen plasma with

2 eV<Te < 40 eV. Since 𝛼 in a tokamak depends strongly on macroscopic parameters such as the plasma density or heating

power, there is no “typical” value of 𝛼 in the edge region.[20] Here we choose 0≤ 𝛼 ≤ 5 to investigate the effect of the ion

temperature on the sheath properties based on the facts that the ion temperature is comparable to or higher than the electron

temperature in several tokamaks[18–21] and that the sheath with cold ions (Ti = 0) has been studied by several sheath models.[1,2]

After we discuss the sheath potential, we present the sheath energy transmission coefficient and impurity sputtering yields for

various materials such as Be, C, Mo, and W.

First, we analyse the dependence of the sheath potential on the wall material. Figure 3a shows the profiles of the normalized

sheath potential as a function of electron temperature for the four different materials in the case of 𝛼 = 1.0. We can see that the

normalized sheath potential decreases with increase in the electron temperature. This is due to the fact that 𝛿eff and the resulting
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FIGURE 3 Normalized sheath potential for Be,

C, Mo, and W walls as a function of (a) electron

temperature with 𝛼 = 1.0 and (b) 𝛼 with

Te = 30 eV.
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FIGURE 4 Normalized sheath potential

(absolute value) as a function of electron and

ion temperatures for (a) Be and (b) C walls.
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Γe2 increase with the increase in the electron temperature. According to Equation 13 or Equation 18, the increased Γe2 causes

𝜑s to drop because of the current balance at the wall. For the same electron temperature, the potential drop across the sheath

for the Mo wall is the largest among four materials because its 𝛿eff is the largest in the given ranges of the electron temperature

2 eV<Te < 40 eV, as shown in Figure 2b. The effect of the ion temperature on the sheath potential is shown in Figure 3b.

When the ion temperature is increased, the increase of the ion current causes an increase in the electron current to keep the

current balance at the wall. As a result, the potential drop across the sheath decreases with the increase in the ion temperature.

Figure 4 displays comprehensively the variation of the normalized sheath potential with electron and ion temperatures for Be

and C walls. In the given ranges of the electron temperature and 𝛼, the normalized sheath potential is a decreasing function

of the ion and electron temperatures. It must be pointed out that Figure 4 only shows the variation of the normalized sheath

potential as a function of ion and electron temperatures. Actually, the sheath potential always decreases with the increase in

the electron temperature for a given 𝛼 according to 𝜑 = e0𝜙

kBTe
. From Figures 3 and 4, it is seen that the sheath potential has

influence on the sheath energy transmission coefficient and impurity production when the electron and ion temperatures are

changed.

Next we discuss the sheath energy transmission coefficient of the plasma sheath in the presence of SEE for a wide range of

ion temperatures. The heat flow through the sheath arriving at the wall surface includes the contributions from the ion thermal

energy, the electron thermal energy, and the energy derived by the ions due to their acceleration in the sheath potential. 𝛾 can

be calculated as follows[23]:

𝛾 = 2𝛼 + 2

1 − 𝛿eff
− 𝜑s. (20)

Results of 𝛾 are given in Figures 5 and 6 for different wall materials. We can see that 𝛾 depends strongly on the electron

and ion temperatures. 𝛾 increases as the electron temperature increases. This is due to the fact that the number of electrons that

reach the surface increases rapidly as 𝛿eff increases, although the ions are accelerated to a lesser extent. For the same electron

temperature, 𝛾 is largest in the case of Mo wall because of the large 𝛿eff . The dependence of 𝛾 on the electron temperature

indicates that the contributions of the electron thermal energy to 𝛾 is more important than the contribution of the energy derived

by the ions due to acceleration in the sheath potential. For a certain value of electron temperature, 𝛾 increases as the ion

temperature is increased, indicating that the increase of the ion thermal energy is larger than the decrease of the energy derived

by ions due to acceleration in the sheath potential since the sheath potential decreases (as shown in Figure 3b). To explore the

effect of SEE on 𝛾 in more detail, we show the dependence of 𝛾 on both the electron and ion temperatures for Be and C walls in

Figure 6.
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FIGURE 6 Sheath heat transmission

coefficient as a function of electron and ion

temperatures in two cases of (a) Be and (b) C as

wall materials.

0 10 20 30 40
0

5

10

15

20

25

α=2.5

α=1.0

Y
/(

1.
0E

-3
)

(a)
Be

Te(eV) Te(eV)

α=0.0

0 10 20 30 40
0

2

4

6

8

α=2.5

Y
/(

1.
0E

-3
) α=1.0

(b)
C

α=0.0
FIGURE 7 Sputtering yields as a function of

electron temperature for Be and C walls in three
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Usually, the heat flow through the sheath has influence on the sputtering yields, including physical and chemical sputtering.

Here we discuss only physical sputtering. The Bohdansky formula, which is an empirical formula used widely to calculate the

sputtering yield, can be written at normal incidence[31] as,

Y(Ei) = QSn(Ei)
(

1 − Eth

Ei

)2
[

1 −
(

Eth

Ei

)2∕3
]

, (21)

where the parameter Q and the threshold energy Eth are used to fit the available data.[27] Sn for the Kr–C potential is given by,

SKrc
n (Ei) =

0.5 ln(1 + 1.2288Ei∕ETF)
Ei∕ETF + 0.1728

√
Ei∕ETF + 0.008(Ei∕ETF)0.1504

, (22)

with a fixed parameter for each ion–target atom combination ETF.[24] Ei is the energy of the ion arriving at the wall material,

and it can be calculated from the contributions of the ion’s thermal energy, kinetic energy before entering the sheath, and energy

due to acceleration in the sheath:

Ei = 2kBTi +
1

2
miv2

iS − 𝜑skBTe. (23)

Here, Y for Mo and W wall materials are not discussed because of their small Q and high Eth.[27] Y for Be and C walls are shown

in Figure 7 in two cases, namely with and without SEE. We can see that Y becomes small when SEE is taken into account. For

small 𝛼, sputtering yield has a pronounced difference in the two cases with and without SEE. Especially for C wall, when SEE
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FIGURE 8 Sputtering yield as a function of

electron and ion temperatures in two cases of

(a) Be and (b) C walls.

(a) (b)

is taken into account, sputtering yield is reduced obviously due to the effect of the large 𝛿eff on the contribution of the energy

derived by acceleration in the sheath, compared to the case without SEE. The difference of Y decreases as the ion temperature is

increased. The reason is that the ion’s thermal energy and kinetic energy before entering the sheath dominate gradually the total

energy arriving at the wall, while the energy derived by acceleration in the sheath becomes small. Since the material component

lifetime and plasma contamination by the eroded surface atoms are the key issues for material choice in tokamak devices, Y as

a function of the ion and electron temperatures are shown in Figure 8 for Be and C as wall materials when SEE is present.

4 SUMMARY

In this paper, we presented numerical calculations of the energy transmission coefficient and sputtering yields of impurities over

a wide range of ion temperatures when heat flows through the sheath in front of the negative walls emitting secondary electrons

in contact with hydrogen plasmas. Based on an empirical estimation of the SEE for various materials, such as Be, C, Mo, and

W, the effective SEE coefficient was calculated by integrating over the Maxwellian electron velocity distribution. Then the SEE

yields were used to calculate the sheath potential by using a one-dimensional fluid model. It was found that both the electron

and ion temperatures affect the sheath potential. Since the effective SEE coefficient is determined by the electron temperature,

the sheath potential depends strongly on the wall materials due to the differences of the effective SEE coefficient. With increase

in the ion temperature, the sheath potential decreases. The variation of sheath potential has influence on the sheath energy

transmission and impurity sputtering yields. The energy transmission coefficient always varies with the wall material due to the

effect of SEE, and it increases as the ion temperature increases. When comparing with and without SEE, in the former case the

sputtering yield shows a significant decrease for small ion temperatures due to the large difference of the contribution of the

energy derived by acceleration in the sheath and the energy of ions arriving at the surface. The difference decreases as the ion

temperature increases, indicating that the contribution of the energy derived by acceleration in the sheath decreases while both

the ions’ thermal energy and kinetic energy before entering the sheath increase.

Finally, it must be pointed out that the electron temperature is in the range 2eV<Te < 40 eV in our model. For some wall

materials such as Mo and W, if the electron temperature is high, the SCL state may be broken because of the occurrence of

the very large influx of emitted electrons in the sheath. Under this condition, the variation of the potential in the sheath is not

monotonic, and the effect of SEE on the sheath structure in this case will be studied in future.
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