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Abstract

To predict the dynamic response of shock absorbers based on magnetorheological elastomers and investigate the
contributions of various possible energy dissipation mechanisms, a modified four-parameter model of magnetorheolo-
gical elastomers was proposed, which includes the viscoelastic characteristics of rubber matrix, the variable stiffness and
damping property, and the interfacial bond conditions of magnetorheological elastomers under the applied magnetic field.
The constitutive equations of magnetorheological elastomers were derived and all parameters were identified based on a
published literature. It is theoretically demonstrated that the maximum response force under an impulse input could be
attenuated approximately 30% when the magnetic field with 0.57 T is applied. Using the proposed theoretical model, it is
shown that the energy dissipation mechanisms mainly come from the interfacial friction between particles and matrix,
and the increment on stiffness and dynamic viscosity of the rubber matrix provides reverse contributions to the shock
mitigation, while the interfacial bond stiffness has little influence on the response force amplitude. Hence, when magne-
torheological elastomers are utilized in shock absorbers, it is suggested to take advantage of the interfacial friction

energy.
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Introduction

At various shock or impact situations such as ecarth-
quakes, bomb explosions, and automobile collisions, an
effective way for structure protection is to apply shock
absorbers. Most conventional shock absorbers are pas-
sive and effective only on special conditions, which are
unsatisfied for all payloads with various impacting mass,
velocities, amplitudes, and directions. Therefore, adap-
tive shock-mitigation devices are especially necessary to
active or semiactive controls. Magnetorheological (MR)
materials are known to have variable stiffness and damp-
ing properties under changeable applied magnetic field
and hence are promotional candidates for shockproof.'
Several years ago, magnetorheological fluid (MRF) dam-
pers have been experimentally demonstrated effectively in
attenuating impact peak and lowering vibration level.> *
However, the settlement and instability of pending parti-
cles and leakage of fluid in MRF limit its application at
diverse directions.

As the solid counterpart of MRFs, magnetorheolo-
gical elastomers (MREs)’ fabricated typically by dis-
persing iron particles into elastomer under magnetic
fields, have neither deposition, sealing problems nor
environmental contamination, and are easy to be man-
ufactured. MREs have been verified to be effective in
controllable-stiffness components,® and most related
researches mainly focus on the material preparation,
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mechanical tests, physical modeling, and vibration
application.” !> Recently, the possibility of applying
their field-response damping properties in shock mitiga-
tion”!® has also been investigated. Fu et al.'"* studied
experimentally a MRE buffer under impact loading and
found that the peak acceleration response can be
reduced largely due to the magnetic field effect.
Additionally, our previous work'> has also investigated
numerically the failure modes of macroparticle-rein-
forced MREs under impact loading, which showed
that the failure degree is largely related to the magnetic
flux density. However, the influence of various factors
(such as stiffness, damping, or field-induced stress) in
MREs on its dynamic response (such as peak force and
energy dissipation) is seldom studied and some energy
dissipation mechanisms are still unknown, which are
important to the design of MREs-based shock
absorber.

In this paper, we will investigate the impact response
of MRE shock absorber theoretically. The viscoelastic
model of MREs without magnetic field will be intro-
duced, and then, the multiparameter viscoelastic—
plastic models with magnetic field will be provided to
describe the rheological characteristics of MREs in off/
on-states, and the constitutive equation of MREs will
be derived. Using them, the theoretical model of
MREs-based shock absorber under impulse loading
will be established and solved numerically.
Additionally, all parameters will be normalized and
identified based on a published literature, which will
be used in the subsequent numerical investigation.
Finally, the dynamic impact responses of MRE-based
shock absorber will be analyzed, and the effect of mag-
netic field and the contribution of individual para-
meters on the energy dissipation will be investigated
at time domain.

Methodologies

Typically, the models of MREs can be divided into two
types: micromodel and macromodel.'®

Using the micromodel, the effects of particle shape,
particle-chain orientation, and stress distributions in
MREs are studied by continuum mechanics,'”'® and
the MR effect and shear modulus are investigated by
the interaction theory of dipole magnetic particles.”
In the micromodel, the local stress and magnetization
field can be clearly analyzed. However, this method has
to adopt some simplified assumptions on the local
coupled mechanical and magnetic distribution.?

Using the macromodel, the relationship between
force—displacement and stress—strain for different
loading modes of MREs can be studied by applying
the combination of viscoelastic and nonlinear ele-
ments.> > The field-dependent modulus could be

obtained by simulation using variable-stiffness spring.
However, there is a weakness on describing the inter-
facial interaction between the particles and matrix.
To overcome this issue, Chen and Jerrams>* proposed
a model including the field-induced stress, in which a
variable-stiffness spring was used to simulate the field-
dependent properties, and the damping viscosity was
set to a constant. Nevertheless, some studies stated
that the damping properties of MREs also changed
with the variable magnetic field.” In our following mod-
eling, all the viscoelasticity, field-induced modulus and
damping viscosity, and interfacial bond stress of MREs
will be considered.

Theoretical modeling of MREs

Viscoelastic properties of off-state MREs. The matrix of
MREs is rubber, which is a typical viscoelastic material.
Therefore, when no magnetic field is applied, the
mechanical properties of elastomer composites could
be simulated approximately by a standard linear solid
model.>* As shown in Figure 1, G, and G, represent the
shear stiffness of rubber matrix and the interface phase,
respectively, and n expresses the dynamic viscosity of
the dashpot element.

Therefore
oy [T, (1)
n= Ga o n
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Figure |. Three-parameter model for off-state MREs.
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where t and y are the total shear stress and shear strain,
respectively. And y, and t, (n=1 and 2) are the corre-
sponding stress and strain of each branch, respectively.
The constitutive equation can be expressed as

T+ -T=Gp- - (y+K-y) (%)

where «, and «,; are viscoelastic parameters, which can
be calculated by

Ky = ”/Ga (6)
_n- (G4 + Gp)
Ky = W (7

Magnetic field-induced mechanical properties of MREs. In on-
state, the embedded ferromagnetic particles are magne-
tized. The magnetic forces among internal particles
affect the field-induced modulus and damping proper-
ties, which are simulated by the variable stiffness and
damping, as shown in the left branch in Figure 2. In
addition, the interfacial bond condition between
embedded particles and matrix leads to the field-depen-
dent stress, which is simulated by a friction component
and a spring element, as shown in the right branch in
Figure 2.

In the left branch, the resultant deformation of
spring and dashpot elements is constantly proportional
to the external loading. In the right branch, the
mechanical behaviors are divided into two stages. At
the first stage, the load is so small that the friction slider
is nearly fixed, and the length of the springs is only
determined by the loading amplitude. Hence, MRE
behaves as a linear viscoelastic material. With increas-
ing loads, the interfacial stress may achieve the critical
value, 0,(B), the interfacial bond strength of MREs.

Tt

G4(B) Gy(B)

Y1 Y2
T T2
n (B) a,(B)

‘o

Figure 2. Four-parameter model for on-state MRE.

Then, the second stage begins: the friction slider
starts to slip and the spring with stiffness G, retains a
constant length. The piecewise constitutive model is
established as follows, and the reverse loading is
similar.

In the first stage, the stress and strain relationship
can be expressed as

T+ k:(B) - T = Gyp(B)- (v + k(B) - ¥) ®)
where

n(B) - (Gu(B) + Gi(B))
Gu(B) - Gp(B)

K(B) = (10)

In the second stage, the relationships between stress
and strain can be expressed as

" =GT(‘B)+/ %dz (11
T = 0y,(B) - sgn{))(t)} (12)

Therefore
T+ (B) - T =n(B) -y + 0,(B) - sgn{p(1)} (13)

In order to eliminate the numerical singularities,
S = tanh(Y), is introduced, which replaces the sgn
function in equation (13), thus
Ttk (H) - = n(H) -7+ o (H) - S{p())  (14)
where « is the control parameter for S, as 0.0001 mm/s.*>
The interfacial bond strength of MREs, 0,(8), can
be obtained as the maximum value of the field-induced
stress, oy(B), which is calculated by taking the deriva-
tive of the diploe energy density, U, with respect to the
strain, y

oU

a7 (B) = o (15)

Figure 3 shows the interface slider diagram of two
adjacent magnetic particles in a chain along with the
direction of applied magnetic field.

In Figure 3, ry is the distance between two adjacent
particles, related to the volume fraction of magnetic
particles, ¢. |M]| is the dipole moment

M| =J,-Vi (16)
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ro

-

Figure 3. The slider diagram of magnetic particles at
microscale.?”

where J, is the diploe moment magnitude per unit par-
ticle volume, and ¥ is the unit particle volume

Jp =to- M, (17)

where M, is the magnetization, which can be expressed as

— (/’Lp_l)MvB
Py Myt Gty — 1) B

(18)

where p, is the relative permeability of magnetic parti-
cles, and M; is the saturated magnetization of ferro-
magnetic materials.
The strain y can be calculated as
X

V=
ro

(19)
The magnetic energy density can be expressed as>®

e 30 (=2 MP
2oy o drd (14 77)

> Q0

where ] is the relative permeability of elastomers. g is
the vacuum permeability, 47 x 1077 N/A?. And d is the
particle diameter.

Combining equations (15) to (19), the interfacial
bond strength can be expressed as

9 o (=17 M;-B*-y-(4—7)

Uf(B)Z -2.7/2
w8y b (1+77)

21

It is assumed that the particles were distributed
evenly in one chain. / is the measure of gap between
particles in a chain, which is expressed by the ratio of
distance between particles and the diameter of particles

h= (22)

T
d

[t =]

For a certain type of MREs, the volume fraction
of particles (¢p) and the properties of particle and
elastomer (pp0, My, jt10) are known. Under a speci-
fied magnetic field intensity, By, the interfacial bond
stress of particle chain occurs at the strain for which
stress reaches its maximum. Therefore

0,(B) = max{o/(@o, o, 10, M)} |B=B(J (23)

With the above microscale modeling, the interface
bond strength in the slider process is relevant to the
volume fraction and magnetization of magnetic parti-
cle, and the relative effective permeability of elastomer
to the particles.

Overall, the piece-wise constitutive equations of on-
state MRE are derived as follows

T4 (H) - £ = Gy(H) - (y + k(H) - 7). |7l < 0,(B)
T i (H) - 1 = n(H) - 7+ o, (H) - S{H0)},  |t] = 0,(B)
(24)

Theoretical modeling of MRE shock absorbers

According to the MRE model above, a single degree-
of-freedom system of MRE shock absorber is estab-
lished, as shown in Figure 4.

An impact force, F(f), acts on the object with mass,
m, which is assumed to be protected. The dynamics
equation of this shock absorber system is

m-¥=—1-A+F{) 25)

where 7 is the stress of MRE system, and A is the cross
section area. In this analysis, the mass of MRE is
neglected.

By applying the normal distribution function, Dirac
Delta function is used to depict the impact force

A max
JT

where A,,,, 1s related to the amplitude of impact force,
with unit of N, and b is related to the impulse time, with
unit of second.

Thus, equation (25) can be rewritten as

Fl) = 2max & (26)

. Amu\‘ _2
m-x=-t1-A+——=-¢ ¥
T

@27



Leng et al. 725
(a) (b)
F(t) Impact Force F{t)
m (Mass of Object) m
T -
| I
+ G Gb 4
| !
i (Off-state MRE) |
§ . y
I ! x
I IS !
r &£ 668 re Z 7 7 2P EALSLEE
Figure 4. Modeling of MRE shock absorber system. (a) off-state, and (b) on-state.
Substituting the constitutive equations of off-state P t (32)
MRE into the dynamic model, one can obtain 1
[2 ) T
. [ - = (33)
T4k -T=Gp - (Y+ki-y) (28)
% where x, fy, o, are the length, time, and stress con-
V= I stants, respectively. The normalized equation (28) is
with the initial conditions y=x
. T N, B () (34)
X0)=0, x{0)=0, =(0)= (29) =TT Qe
T+n-7T=G-x+K-y
where L is the original size of the system. It is assumed
that the object is balanced at the initial position under with the initial conditions
static loads.
For the on-state MRE, the dynamic equations can X(0) =0, }2(0) =0, 7(0)=0 (35)
be expressed as follows
Similarly, equation (30) can be written as
Ama» —ﬁ
m-x=—-1-A+——+-e 1
Jr y=x
T4 i(B)- 1= Gy(B) - (y +kB)-7) || <o, 5740 -
T+K(B) - 1=n(B) - y+o0,(B)- tanh() 7] > o, T+7-1=G-x+K-5, |1<l1
t+i7-t=E-j+tanh(), |7>1

Z
(30)

The initial conditions are the same as shown in equa-
tion (29). In order to analyze the motion of impact
system, normalized parameters are introduced as follows

X

; (1)

X0

with the same initial conditions, as in equation (35),
where

7oA (37)
m- %
A/ﬂll,\'

0 =T, (38)
[2
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_ [%

_ 7
= 40
= (40)
G=-"2 (41)

O

o n(Ga+Gb)
K="—"2""= 42
o5-Gy- 1o (42)
E=—1 (43)
s+ 1o

Parameters in the theoretical modeling

Parameters identification of MREs

The experimental data in Behrooz et al.?’ are utilized to

identify the parameters, G,, G, 1, 0y, in off-state and
on-state MREs. The matrix of MRE is the mixture of
GE Silicones RTV 615 A and RTV 615 B. The weight
fraction of iron particles is 70%. Under a harmonic
force input, the synthesized samples are sheared dyna-
mically in zero-magnetic field (off-state) and 0.57T
magnetic field (on-state), respectively.

For the on-state MREs, the interfacial bond strength
is calculated first by equations (21) to (23) as 46 kPa.
Then, G(B), G,(B), and n(B) are estimated by minimiz-
ing the error of stress between the model, 7,,, and the
experimental data, 7,. The sum of squared absolute
errors, W, is selected as the objective function, which
is expressed as

W= Zl (T — Tl (44)

where s is the number of the fitting points. The optimi-
zation is conducted by using the sequential quadratic
algorithm in MATLAB. For the off-state MRE, the
parameter G,, G, ,and 5 are estimated by equation
(44). The identified parameters are listed in Table 1.
Table 1 shows that both the stiffness and damping at
on-state are greater than that at off-state. Hence, the
result demonstrates that MRE exhibits variable stiff-
ness capabilities. For example, the stiffness parameter

Table |. Parameters in theoretical model.

Flux density G, Gp n oy
) (MPa) (MPa) (MPas) (k Pa)
0 1.01 0.88 0.53 -
0.57 1.68 1.07 0.99 46

G, increases more than 60% from about 1.0 MPa at
off-state to 1.68 MPa at on-state when the magnetic
field is 0.57 T. The dynamic damping increases approxi-
mately twice from 0.53 MPa s at off-state to 0.99 MPa s
at on-state.

The stress—strain relationships of on-state and
off-state MREs are shown in Figure 5. The curves cor-
responding to E1 and M1 are experimental and model
results of on-state MRE, respectively. And, E2 and M2
denote the results of off-state MRE. It presents an
obvious phase angle between stress and strain. At off-
state, the stress—strain curve exhibits fusiform loops. At
on-state, there is a relative expansion on the ends of the
loops, which is due to the magnetic field-induced inter-
face bond strength, o,(B). When the excited stress is
greater than o,(B), the particles slide along the interface
between them and matrix. As mentioned in equation
(21), the bond strength is determined by the volume
fraction of particles, ¢, and saturated magnetization
of magnetic particle, Ms. As ¢ and Ms increase, the
bond strength enhances. The area enclosed by the
stress—strain curve represents the energy dissipations
within one impact cycle, which expands at on-state
than off-state due to the effect of external magnetic
field. The slope angle of the loop means the stiffness
of MREs, which increases in the magnetic field.
The comparisons between the experimental results
and the theoretical predictions demonstrate that the
modified multiparameter models can predict MRE’s
performances.

Liu et al.?® shows, when the strain rate is less than
0.09 s~!, the loading has little effect on the mechanical
behaviors of rubber material. Hence, the strain rate of
MRE:s is neglected in the present work.

Parameters for MRE shock absorbers

The parameters in impulse function are A=
25,000 N, and »=1/1000 s. Hence, the force amplitude
is 1.4 x 10N, and the lasting time of the impact

0.06]
0.04
0.02

0

Stress (MPa)

-0.02

-0.04

-0.06
-0.05

-0.025 0
Strain

0.025 0.05

Figure 5. The stress—strain relationship of MREs (E: experi-
mental results, M: model results, |: on-state, 2: off-state).
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Figure 6. The impulse force function.

function is 5 x 10~3s. The normalized impulse force
versus normalized time is shown in Figure 6.

The mass of the object, m, is 20 kg. The cross section
area is 10cm>. The original size, L, is 1 cm. Also, the
normalized length, time, and stress constants are
xo=0.1m, 1o = 1073, and o, = 46 kPa, respectively.

According to the parameters in MRE model and
impact system above, the dynamic equations of
MRE-based shock absorber, equations (34) and (36),
could be solved numerically. The dynamic responses of
MRE shock absorbers at off-state and on-state are dis-
cussed below.

Results and discussions
Velocity responses and residual kinematic energy

Most residual energy of the shock absorber system
could be expressed by the kinematic energy of the pro-
tected mass, which is proportional to the square of its
velocity if the mass is a constant. The less kinetic energy
of the object is, the more energy is dissipated by the
MRE shock absorbers. Figure 7 shows the normalized
velocity—time responses of the protected object, which
reaches the peak (0.013) immediately (at normalized
moment 4.46) after the impulse input. Then, it experi-
ences several oscillations until stable at balance. It is
also found that the velocity amplitude at on-state is
attenuated quicker than that at off-state. Therefore,
MRE under a given magnetic field can dissipate more
energy than the off-state one.

Force responses

The impact force peak on the protected object is an
important index to evaluate the energy dissipation cap-
ability of the energy absorbers. The comparison of the
normalized impact force on the protected object

Figure 7. Velocity responses of the protected object in MRE
system.

r— On-state MRE
— Off-state MRE

B

Normalized force of the object
(=]

4
0 2000 4000 6000 8000

Normalized time

10000 12000

Figure 8. Comparison of force responses of the protected
object in MRE system.

between off- and on-state MRE systems is shown in
Figure 8.

In Figure 8, the first peak force in the on-state MRE
system reduces approximately 30% in the positive
direction as compared with the off-state system, from
4.82 to 6.21. The second peak force in the on-state
MRE reduces more than 50% in the negative direction
as compared with the off-state one, from 3.98 to 1.83.
This demonstrates that the force acting on the object
can be greatly reduced by the MREs under an applied
magnetic field, compared with the off-state one. This
prediction result is in agreement with the experimental
results.'* This phenomenon is attributed to the field-
induced stress of on-state MREs. Without the applied
magnetic field, the stress of MRE keeps increasing until
it reaches the maximum deformation. However, under
an applied magnetic field, the friction element plays a
major role in dissipating energy. This element functions
similar to a ““valve.” When the stress exceeds the field-
induced strength, the friction element begins to slip,
and the overall stress of MRE instantly reduces.
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S5t o Off-state MRE

---------- On-statc MRE
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(%]

0 2000 4000 6000 8000 10000 12000
Normalized time

Figure 9. Normalized displacement responses of the protected
object.

Therefore, MREs at on-state can attenuate peak force
on the protected object more than MREs at off-state.

Displacement responses

Dynamic displacement of protected object is the calcu-
lation base of transient velocity and acceleration, which
determines the installation space of absorbers.
Comparisons between off- and on-state MREs for the
normalized displacement history of the protected object
are shown in Figure 9.

In Figure 9, it can be seen that the maximum dis-
placement of the object in the on-state MRE shock
absorber is greater than that in the off-state one.
Also, the displacement in on-state MRE system is
always positive. This is due to the “locking”™ effect of
the nonlinear friction element in the modeling of on-
state MRE which moves only when the overall stress of
MRE is greater than the field-induced strength. When
the stress is less than the strength, the friction element
locks and the displacement is only recorded. However,
the displacement of the object in off-state MRE system
is either positive or negative. It is because that the
deformation of dashpot and springs in the modeling
of off-state MRE is reversible.

Force—displacement curve and energy dissipation

Figure 10 shows the force—displacement curves of the
protected object in the off- and on-state MRE system.

It is assumed that the total energy which is deter-
mined by the impulse force is conserved. The enclosed
area of the curve in Figure 10 denotes the energy loaded
on the object. Hence, the less the enclosed area is, the
more energy is dissipated by the MRE system. As
shown in Figure 10, we can calculate that the

— Off-state MRE
O | s On-state MRE

=

Normalized force

) -1 0 1 2 3 4 5
Normalized displacement

Figure 10. Force—displacement curves of the protected object
in the MRE system.

= Original

.........

Normalized force

ot

-1 0 1 g 3 4 5
Normalized displacement

Figure 11. The sensitivity of parameters on the force—displa-
cement curve.

normalized energy loaded on the protected object in
the off-state and on-state MRE system are 379.1 and
357.5, respectively. It demonstrates that the MRE-
based shock absorber in the on-state can dissipate
more energy. This conclusion agrees with that from
Figure 7.

Sensitivity of influence factors on energy dissipation

For the on-state MRE system, we investigate the sensi-
tivity of key parameters, such as G,, Gy, n, and o, on
the dynamic responses of the object. Let only one stu-
died variable increases by 10% while the others are
fixed. The comparisons of dynamic responses are
shown in Figures 11 to 13. The peak force with different
parameters is listed in Table 2.

As shown in Figures 11 to 13, the stiffness G,
changes the slope of the displacement—force curve.
The increment of G, increases the peak force, while
reduces the maximum displacement. However, the
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Figure 12. The sensitivity of parameters on the force—time
curve.
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Figure 13. The sensitivity of parameters on the displacement—
time curve.

Table 2. The sensitivity of parameters on the dynamic responses.

Gu Gb n Oy
Original  (10%1)  (10%1) (10%1)  (10%%)
The peak 4.88 5.08 4.88 5.06 4.44
force @1%) (0%  (36%1)  (9.1%))

spring with stiffness G, has little effect on the dynamic
responses of the object. It is because that, in the on-
state MRE, the spring with stiffness G, works with the
friction element. Once the friction element slips,
the length of this spring keeps unchangeable. Hence,
the friction component dominates the dynamic beha-
vior of MRE more remarkably, compared with the
spring with stiffness G,. Additionally, the damping
parameter, n, influences the vibration process of the
protected object. The increment of 5 slightly enhances
the peak force, while largely decreases the displacement
amplitude in the first valley. It is worth mentioning that
the increment of the field-induced stress reduces the
peak force loaded on the object, as shown in Table 2.
We also found in Figure 11 that the enclosed area of

displacement—force shrinks with o, increasing, which
demonstrates that the increment of field-induced
stress enhances the energy dissipation capacity of
MREs. From the above microscale model, it is found
that o, is proportional to the volume fraction of mag-
netic particles. Therefore, in the application of MREs
for shock resistance, the field-induced stress at a greater
value is expected, which can be achieved by the incre-
ment of volume fraction of particles and the decrement
of the relative permeability of elastomer matrix as
shown in equation (21). This guideline may direct the
design and manufacture of MRE specimen with high
energy dissipation capacity.

Conclusions

The modified multiparameter models are proposed to
depict the mechanical performances of MREs, and
their constitutive equations at off-state and on-state
are derived, respectively. All parameters in MRE
model are identified based on the published experimen-
tal data.

The theoretical models of MRE-based shock absor-
ber are established and the dynamic impact responses
are solved. A comparative study between off-state and
on-state MRE shock absorber shows that, on-state
MRE can dissipate more impact energy and attenuate
peak force on the protected object faster than the off-
state one.

It is also found that the energy dissipation mechan-
isms come mainly from the interfacial friction between
particles and matrix, and the increase on stiffness and
dynamic viscosity of the rubber matrix provide reverse
contribution on the shock mitigation, while the inter-
facial bond stiffness has little influence on the dynamic
responses.

To improve the energy dissipation capability, the
field-induced stress at a greater value is suggested for
the design of MRE-based shock absorber. This study
shows that MREs are potential candidates in the appli-
cation of adaptive shock mitigation.
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