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Abstract. The bistability between a stable fixed point (SFP) state and a stable
limit cycle (SLC) state is observed at the saddle-node bifurcation of cycles
occurring in a weakly-coupled GaAs/AlAs superlattice. Controlled transitions
between SLC and SFP are induced by external voltage pulses. Intrinsic phase
dependence of the transition from SLC to SFP is clearly demonstrated. Using a
discrete drift model the experimental observations can be simulated.
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1. Introduction

Vertical transport of semiconductor superlattices (SLs) has been studied extensively in the past
few decades. Many interesting transport phenomena have been revealed both experimentally and
theoretically in SLs, such as saw-tooth-likeI –V characteristics [1]–[4], self-sustained current
oscillations (SSCOs) [5]–[8], chaos [9]–[11], U-sequence [12] and coherence resonance [13].
Bistability has also been shown inherent in the vertical transport properties of SLs [3, 4, 6, 14].
It can exist between some stable fixed points (SFPs) [3, 4], or between an SFP and a stable limit
cycle (SLC) [6, 14]. Here, the SFP and SLC correspond to static currents and SSCOs at a given
dc bias, respectively [15, 16]. The bistability between SFPs arises from the location of domain
boundary in different quantum wells at the same dc bias [3, 4]. On the other hand, Kastrup
et al[6] theoretically predicted the existence of bistability between SFP and SLC in SLs and then
Luo et al [14] observed this bistability experimentally in an undoped photoexcited GaAs/AlAs
SL within a certain range of laser intensities. In both cases SLs were in a parameter region
where SSCOs, i.e. SLCs, were observed throughout the first tunneling plateau and the bistable
region only appeared near the edge of the plateau. In the present work, bistability between SFP
and SLC is observed in a doped GaAs/AlAs SL without photoexcitation and the SL is tuned in
another parameter region where dynamic voltage bands (DVBs) and static voltage bands appear
alternatively on the first tunneling plateau [17]. A DVB corresponds to a voltage interval in
each saw-tooth-like current branch where SSCOs are observed. By sweeping theI –V curve on
the plateau both in sweep-up and sweep-down directions, a hysteresis is clearly observed at the
right boundary of each DVB, which corresponds to a bistability between SFP and SLC. The
bistable region is shown to end via a subcritical Hopf bifurcation at the left side and a saddle-
node bifurcation of cycles at the right side. We further investigate the transition between SFP
and SLC in this bistable region by using a rectangular voltage pulse as a short perturbation to
the SL. It reveals an intrinsic phase dependence in the bistable transition from SLC to SFP. A
numerical simulation based on a discrete drift model [18, 19] reproduces all the experimental
observations. Our work also indicates that the pulse-induced transition scheme can be a possible
way to explore the attracting basins of SLC and SFP in the phase space.

2. Experimental

The GaAs/AlAs SL sample used in this work was grown by molecular beam epitaxy. It consists
of 30 periods of 14 nm GaAs well and 4 nm AlAs barrier and is sandwiched between two
n+-GaAs layers. The central 10 nm of each GaAs well is doped with Si (n = 2× 1017 cm−3).
The sample is fabricated into 0.2× 0.2 mm2 mesas. The time-averagedI –V curve is measured
by an HP 4155A semiconductor analyzer. In order to investigate the phase dependence of
the transition from SLC to SFP an experimental set-up shown in figure1 is utilized. The HP
4155A semiconductor analyzer functions as a dc voltage source. The real time current signal
through the SL sample flows into a Stanford SR570 low noise current preamplifier whose input
is virtually grounded. The SR570 amplifies and converts the current signal into a voltage signal,
which is then simultaneously monitored by an Agilent Infiniium 54830B digital oscilloscope
and fed into a home-made comparator (ADC) with adjustable reference level. The output of
the comparator, which is a transistor–transistor logic (TTL) signal with the high level at 5 V
and low level at 0 V, is connected to the trigger input of an Agilent 33220A function generator.
At the rising edge of the TTL signal, the function generator is triggered to output a specific
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Figure 1. Experimental set-up for the investigation of the phase-dependent
transition from SLC to SFP.

rectangular voltage pulse to the SL sample. By tuning the reference level of the comparator
a voltage pulse can be generated at a well-defined phase position of the SSCO signal. In the
study of the transition from SFP to SLC, the function generator is triggered manually and the
comparator is disconnected from the circuit shown in figure1.

3. Experimental results and discussions

3.1. Bistability and saddle-node bifurcation of cycles

Figure2(a) shows the measured time-averagedI –V curve on the first tunneling plateau when
the sample temperature (T) is fixed at 100.2 K. TheI –V curve is measured both in sweep-up
(open square) and sweep-down (open triangle) directions. Hysteresis is clearly observed at the
right boundary of each temperature-induced DVB [17]. Figure 2(b) shows the enlargement
of the second hysteresis which is indicated by a vertical arrow in figure2(a). The hysteresis
behavior indicates the presence of bistability here. On the upper branch of theI –V curve shown
in figure2(b), the current is static, corresponding to an SFP solution in the phase space, while the
current on the lower branch is oscillatory, corresponding to an SLC solution. Figure2(c) shows
an SSCO obtained on the lower branch with the dc bias of 473.2 mV. The period of it (τ ) is
about 280µs. Thus weakly-coupled semiconductor SLs constitute a class of bistable nonlinear
systems between SFP and SLC in the DVB regime. Although the bistability between SFP and
SLC has been observed in an undoped photoexcited GaAs/AlAs SL, the bistability only appears
near the edge of the first plateau and the upper and lower photocurrent branches in the hysteresis
correspond to an SLC and an SFP solution, respectively [14]. But here the bistability is observed
in each DVB on the plateau and the upper and lower current branches correspond to an SFP and
an SLC solution, respectively.

The observed bistability between an SFP and an SLC at the right boundary of a DVB
can be reproduced using the discrete drift model, which has been widely adopted to study the
transport properties of weakly-coupled SLs [18, 19]. Since the bistability can also be observed
in DVBs on the second tunneling plateau (data not shown), the diffusion component of the
total current which is generally considered on the first tunneling plateau has been neglected
in the simulation for simplicity. For detailed information about the model and parameters we
used in the simulation, please refer to our recent work [20]. Based on the drift velocity curve
shown in figure3(a), a part of the current density (J) versus dc voltage (Vdc) curve on the first
tunneling plateau is calculated both in sweep-up (open square) and sweep-down (open triangle)
directions, as shown in figure3(b). Similar to figure2(b), hysteresis behavior is clearly observed
at the right boundary of a DVB, with the upper branch corresponding to an SFP solution and the
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Figure 2. (a) A part of theI –V curve on the first tunneling plateau measured in
both sweep-up (open square) and sweep-down (open triangle) directions showing
three DVBs; (b) the enlargement of the hysteresis region marked by the arrow in
(a) with SLC and SFP states indicated; (c) an SSCO obtained in the SLC state
with Vdc = 473.2 mV. Note that the real-time current trace has been converted
to a voltage signal by the Stanford SR570 current preamplifier before being
recorded by the Agilent Infiniium 54830B digital oscilloscope, so the vertical
axis is a voltage axis.

lower branch an SLC solution. Figure3(c) shows an SSCO obtained on the lower branch with
Vdc = 195.8 mV, the period of which is around 40µs.

In order to determine the nature of the bifurcation occurring at the right boundary of the
DVB, numerical simulations have been performed to show the dependences of the peak-to-peak
current density,Jp–p, and the frequency,f, of the calculated SSCO on the applied dc bias,Vdc,
while Vdc increases towards the bifurcation pointV0 (indicated by a vertical arrow in figure3(b)).
The obtained results are shown in figure4. As Vdc approachesV0, Jp–p decreases andf increases.
Both Jp–p and f obey the same scaling law:Jp–p ∼ O(1) and f ∼ O(1). This is a generic
scaling law for the saddle-node bifurcation of cycles [21], i.e. an unstable limit cycle and a
stable limit cycle collide at the bifurcation pointV0. Furthermore, it can also be expected that
the unstable limit cycle would shrink with decreasing dc bias and eventually engulf the SFP at
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Figure 3. Drift velocity curve used in the simulation (a), theJ–V curve
calculated in both sweep-up and sweep-down directions (b), and an SSCO
calculated in the hysteresis region withVdc = 195.8 mV (c).

Figure 4. The calculatedVdc dependence ofJp–p andf in the vicinity of V0.

the left boundary of the hysteresis, giving rise to a subcritical Hopf bifurcation. Therefore, the
bistability disappears via a subcritical Hopf bifurcation and a saddle-node bifurcation of cycles
at the left and right boundaries, respectively. This bifurcation scenario is the same as that in [14],
but different from that in [6], where supercritical Hopf bifurcation and homoclinic bifurcation
were predicted theoretically.

3.2. Pulse-induced transition from SLC to SFP

The transition from SLC to SFP is studied utilizing the phase-dependent pulse generation
scheme as shown in figure1. The SL system withVdc = 473.2 mV is initially at the SLC state
as marked by a red dot on the lower current branch in figure2(b), and then a rectangular voltage
pulse is applied as a perturbation to the SL system, with the pulse width and height denoted
by 1 andh, respectively. The results for two different phase positions A and B, marked by the
red dots in figure2(c), are shown here. Figures5(a) and (b) show the transition efficiency (η)
obtained under different pulse conditions for phases A and B, respectively.η is defined as the
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(b) Phase B
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(a) Phase A

Figure 5. η obtained under different pulse conditions for phase A (a) and phase
B (b) in the transition from SLC to SFP.

probability of obtaining a successful transition from SLC to SFP per pulse generation. The blue,
yellow and green colored squares (or black, white and gray in gray scale) in figures5(a) and (b)
correspond toη = 1, η = 0 and 0< η < 1, respectively. The different distributions of various
colored squares between figures5(a) and (b) for various values of1 andh clearly reveal the
phase-dependent character of the transition from SLC to SFP. The blue squares appearing in
both figures5(a) and (b), especially for larger values of1 andh, demonstrate the successful
transitions from SLC to SFP induced by the applied voltage pulse. For phase A, the transition
from SLC to SFP can be achieved with the minimum1 of 100µs, only about one third of
SSCO period,τ , while for phase B, the minimum1 required is 200µs. In addition, for phase
A stochastic transitions are observed (see green colored squares in figure5(a)). We have also
investigated the transition from SLC to SFP with the same pulses of opposite polarity, i.e.h < 0,
but no successful transitions are observed (data not shown).

SFP and SLC correspond to zero-dimensional and one-dimensional (1D) attractors,
respectively, in the phase space. There are attracting basins for SFP and SLC in the phase space.
Any phase flow falling into an attractor’s basin will be attracted and finally settle down on that
attractor. Generally speaking, in steady state of a bistable system the system settles down on
one of the two attractors depending on the initial conditions. A dynamic perturbation can drive
the system away from the initial attractor to a transient intermediate state. After the pertur-
bation the system will return to a steady state. But depending on the basin of attraction where
the transient intermediate state is located, the system can settle down on either its initial attractor
or the other attractor. In the latter case, the transition between the bistable states of the system is
achieved. Indeed for the bistable SL system studied here, the voltage pulse-induced transitions
from SLC to SFP (as shown in figure5) and the transitions from SFP to SLC (discussed
in the next section) are clearly observed. Most interestingly, we note that the SLC is a 1D
attractor in the phase space and it consists of an infinite number of phase points. Starting from
different phase points the system will evolve to different intermediate states even when the same
perturbation is applied. As a result, the transition from SLC to SFP through a transient process
is phase-dependent. The difference between figures5(a) and (b) as discussed above clearly
demonstrates this inherent phase dependence. Furthermore, it is possible that the perturbation-
induced transient intermediate state is located in the vicinity of the phase boundary of the two
attracting basins of SLC and SFP. Under this condition, whether the system will finally evolve
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Figure 6. η obtained under different pulse conditions for phase C (a) and phase
D (b).

to the new target state is mainly determined by random noises presented in the experiments.
This leads to stochastic transitions (0< η < 1) as observed in figure5(a). As for the pulse
polarity-dependent features mentioned above, it is believed that they are closely associated with
the detailed phase structures of the SL system in the multidimensional phase space. Different
relative distribution of SLC and SFP and anisotropic attracting basins of SLC and SFP are
possible reasons for this polarity dependence.

To confirm the phase-dependent transition from SLC to SFP, we also performed a
numerical simulation using the discrete drift model. The transitions from SLC to SFP at
Vdc = 195.8 mV for two phase positions C and D, as indicated by red dots in figure3(c), are
investigated with a voltage Gaussian pulse defined by:a∗ exp(−t2/b2), wherea is the pulse
height andb specifies the pulse width. Note that using a Gaussian pulse instead of a rectangular
pulse in the simulation does not change the essence of the problem.

Figures6(a) and (b) show theη obtained under different pulse conditions for phase points
C and D, respectively. One can see that these numerical results are qualitatively the same as
the experimental ones shown in figures5(a) and (b). Successful transitions from SLC to SFP
for phases C and D by applying the Gaussian pulse to the SL system are achieved and the
difference between figures6(a) and (b) confirms the inherent phase dependence of the transition
from SLC to SFP. Since noise is negligible in the numerical simulation, stochastic transitions
are not observed in figures6(a) and (b).

3.3. Pulse-induced transition from SFP to SLC

The transition from SFP to SLC is also investigated, but this time the pulse generation is
triggered manually instead of phase-dependently. Figure7 shows theη obtained experimentally
under different pulse conditions. Note that the pulse polarity is opposite to that used in SLC to
SFP transitions (see figure5). Blue colored squares in figure7clearly demonstrate the successful
transitions from SFP to SLC. Since an SFP corresponds to a single phase point in the phase
space, no phase dependence exists in the transition from SFP to SLC. This is a striking difference
compared to the transition from SLC to SFP. It is also noted that no successful transitions from
SFP to SLC are observed when the pulse polarity is changed (data not shown). Besides these, the
same minimum absolute value ofh in figures5 and7 suggests comparable size of the attracting
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Figure 7. η obtained experimentally under different pulse conditions in the
transition from SFP to SLC.

basins of SLC and SFP atVdc = 473.2 mV. This is consistent with the fact that the applied dc
bias is right in the middle of the hysteresis region, as shown in figure2(b), since one could
expect that the closer to the left (or right) boundary of the bistable region the applied dc bias is,
the larger the attracting basin of SLC (or SFP) is.

In the above, we have investigated the bistable transitions between SFP and SLC induced
by a voltage pulse. The pulse widths used are of the order of the intrinsic SSCO period. So
the perturbation is a fast transient process and the response of the system is dynamic. This is
completely different from achieving the transitions between SFP and SLC by controlling the
dc voltage sweep (see figures2(a) and (b)) as in the dc voltage sweep the system reaches a
steady state at each applied dc voltage and the response of the system is static.

4. Conclusion

A bistability is observed in each DVB of a weakly-coupled GaAs/AlAs SL, which indicates the
coexistence of SLC and SFP states at a given dc bias in the phase space. At the left boundary of
the hysteresis, the SFP branch disappears via a subcritical Hopf bifurcation, while at the right
boundary, the SLC branch vanishes through a saddle-node bifurcation of cycles. Controllable
transitions between these two states through a transient process can be achieved successfully
by applying an external voltage pulse as a dynamic perturbation. More importantly, it reveals
the phase-dependent feature in the pulse-induced transition from SLC to SFP, which is in
agreement with a numerical simulation based on the discrete drift model. In conclusion, the
pulse-induced transition scheme as shown in sections3.2and3.3can be generally applied to any
bistable system with bistability between two SFPs, or between SFP and SLC. In order to obtain
controllable transitions between bistable states, the minimum requirement of the perturbation
is to drive the system to a transient intermediate state located within the attracting basin of the
target state. Once this requirement is satisfied, the system will evolve towards the target state
after a transient process. But different from the bistable transition from SFP to SFP, or from
SFP to SLC, the pulse-induced transition from SLC to SFP exhibits a unique phase-dependent
character. This phase dependence is an inherent property in transitions from SLC to SFP through
a transient process regardless of the detailed dynamics of the bistable system. As a result, the
phase position of the SLC, where a perturbation is applied, is an additional control parameter
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for successful transitions from SLC to SFP. Besides these, the pulse polarity dependence and
the minimum requirement of the pulse revealed in the pulse-induced transitions between SFP
and SLC also provide some information about the attracting basins of SFP and SLC in the phase
space.
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