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Analysis of synchrotron radiation spectra of runaway electrons in Tokamak
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The full expression of runaway electron radiation in a tokamak is calculated accurately without any
additional simplifications in this letter. By comparing the synchrotron radiation spectra of runaway
electrons based on the full expression, their asymptotic expressions, and pure circular orbit
expressions, it is analyzed how radiation spectra and total radiation power of runaway electrons in
Tokamak can be analyzed correctly and efficiently. Published by AIP Publishing.

https://doi.org/10.1063/1.5009772

Detection of the synchrotron radiation emitted by run-
away electrons in a tokamak has been claimed as an effective
and powerful measurement to diagnose high energy runaway
electrons directly in the core of plasma.'™ It is the most
essential way to analyse the synchrotron spectra from run-
away electrons correctly. The aim of this work is to study if
the synchrotron spectra of runaway electrons can be ana-
lyzed correctly and efficiently at the same time, when run-
away electrons in the Tokamak can be treated by a pure
circular orbit.

The spectral density of the power emitted by an electron
moving along a circular orbit with Lorentz factor y > 1 at
wavelength 4 is well known as”
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where w = 47IR(.,,,.L,/3/IV3, R . 1s the instantaneous radius of
curvature of the electron orbit with 1/Rem = |F X F/|F[*],
and r is the position vector of the electron. The motion of
electrons in tokamak plasma is a superposition of their guid-
ing center motion that follows the helicity of the magnetic
field lines, cyclotron gyration motion around the guiding
center with frequency w,.. = eB/m,7, and vertical centrifugal
drift motion with velocity v, = (v} + v1 /2)/ R ~ v}/
(weeRo) due to the curvature and gradient magnetic field
drifts. So, actually the radiation from high energy runaway
electrons is the synchro-curvature radiation.’ In this case, the
instantaneous curvature radius of the electron orbit depends
on the phase of cyclotron gyration and it will oscillate
strongly®
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where 1 = v} /v4, = eBRo0,/m,cy, with 0, = arctan(v_ /v))
being the pitch angle. When the value of the pitch angle is
small, the approximation 0, = arctan(vy /v|) ~ vy /v)
stands. 0 is the poloidal angle corresponding to the position
of the electron guiding center and « is the cyclotron gyration
phase with & ~ —m.. The overhead bar stands for the
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averaging over the period of cyclotron gyration. It is possible
to introduce an averaged spectral density of the emitted
power®
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where & = 4nRy/32y*\/1 + 52, and the integration path is
an arbitrary contour running from an infinitely remote point
in the sector —n/2 < argu < —=n/6 to an infinitely remote
point in the complex conjugate sector.

The integrands in Eq. (3) are highly oscillatory and the
calculation of synchrotron spectra can become computation-
ally heavy. The asymptotic approximation of Eq. (3) can sim-
plify the spectra analysis by the saddle point method when
&> 1. Two limit cases are possible.® In the first case, when
&n/(1 + n?)=1, the asymptotic expression of Eq. (3) will be
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In the second case, when 4mRoi/3/y3(1+ 1)’ > 1, the
asymptotic expression of Eq. (3) will be
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Conditions that are required to ensure the validity of P,
and P, should be analyzed before these two asymptotic
expressions are used.” Meanwhile, without any additional
simplifications, Pg, can be calculated accurately by
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FIG. 1. Comparison of synchrotron radiation spectra of runaway electrons
based on the full expression Eq. (3), and its asymptotic expressions Eqs. (4)
and (5), with typical EAST parameters. The errors of Egs. (4) and (5) to Eq.
(3) are also given. The ranges of visible (0.38-0.75um) and infrared
(2-5.5 pum) light are labeled by the green and pink dashed lines, respectively.

integrating Eq. (3) in the complex plane, although the com-
putation is much heavier than P, and P,y,.

The comparison of synchrotron radiation spectra of run-
away electrons based on Eq. (3), and their asymptotic
expressions Egs. (4) and (5), with typical EAST parameters
is given in Fig. 1. The error of asymptotic expressions is
given by |Ps — Pl /Ppu- The ranges of visible and infrared
light are selected according to the typical sensitive wave-
length of the visible and infrared cameras used. It indicates
that P, is a good asymptotic expression in EAST, with
|Pas2 — Pt /Pput < 10% in  both wavelength ranges;
However, the error of P,y increases greatly as the wave-
length increases, which will cause a large error when the
total radiation power of runaway electrons is calculated.

Now, we analyze the errors of asymptotic expressions
Egs. (4) and (5) to full expression Eq. (3) in a wider parame-
ter range based on the achievable experimental conditions in
EAST. In Fig. 2, four electron energies E (a) and four pitch
angles 0, (b) are analyzed. It is not a linear relationship
between errors and energies or pitch angles. When
E=40MeV and 0,=0.1, the error of P,y to Py is at its
minimum. Still, ‘Pusz — Pfu]]‘/Pfu]] < 20% in both wave-
length ranges can be guaranteed in all the parameter ranges.
Moreover, in the parameter ranges of magnetic field B
(1.8-2.4T) and major radius of the magnetic surface R,
(1.82—1.91 m), the errors of these two asymptotic expressions
do not change greatly.

ITER is a tokamak with a much larger size and higher
magnetic field than EAST. Situations in ITER will be partic-
ularly interesting. The comparison of synchrotron radiation
spectra of runaway electrons based on Eq. (3), and their
asymptotic expressions Eqs. (4) and (5) with typical ITER
parameters is given in Fig. 3. It indicates that P, has a
smaller error in the visible light range, however, the error
increases greatly from 0.38 um to 0.75 um, which makes it
hard to correct this error in the integral data of visible cam-
era. P, is better than P, in the infrared light range, but the
error is already very large now. So, neither P, nor P, is
good enough to approximate P, in this ITER condition, and
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FIG. 2. Errors of the asymptotic expressions Eqs. (4) and (5) to full expres-
sion Eq. (3), with typical EAST parameters. Four electron energies E (a),
four pitch angles 0, (b), and four magnetic fields (c) are analyzed.

it is better to use P,y all the time. Meanwhile, it shows that
abundant synchrotron radiation from runaway electrons will
fall into the visible light range in ITER. It is much easier to
obtain a fast response with a visible camera than an infrared
camera, which means it will be favorable to study the
dynamics of runaway electrons.
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FIG. 3. Comparison of synchrotron radiation spectra of runaway electrons
based on Eq. (3), and their asymptotic expressions Eqs. (4) and (5), with typ-
ical ITER parameters.

Finally, it is very important to estimate the total radia-
tion power of runaway electrons in the tokamak, since run-
away electrons can lose large amounts of energies through
their synchrotron radiation.

We consider that the parameter # indicates the extent of
changing the curvature radius along the particle trajectory,
which can determine the radiation mode of runaway elec-
trons.®® The full expression Eq. (3) should approach the pure
curvature radiation in the limit # — 0 and approach the pure
synchrotron radiation in the limit # — oo. So, the total radia-
tion power of runaway electrons P = [,(dP/d))d/. in several
tokamaks with the relationship of parameter # analyzed, as
shown in Fig. 4. Beside those 6 tokamaks, parameters
B=10T and Ry=1m are used to approach the curvature
radiation, and parameters B=1T and Ry = 10m are used to
approach the synchrotron radiation, to understand the nature
of this physical process.

Four expressions are estimated: pure circular orbit
expression Eq. (1) (labeled as P.;.; in Fig. 4), full expres-
sion Eq. (3), and asymptotic expressions Egs. (4) and (5). It
indicates that the total radiation power of runaway electrons
in the tokamak is located in the middle of pure curvature and
pure synchrotron radiation, and runaway electrons in most
tokamaks exhibit the feature closer to pure synchrotron radi-
ation. Alcator C-Mod is a tokamak with a very high mag-
netic field but a small major radius, so, runaway electrons in
this tokamak exhibit the feature closer to pure curvature radi-
ation instead.

The errors of total radiation power based on Egs. (1), (4),
and (5) to Eq. (3) are also given. It can be seen that the error
of P, decreases along with the increase of 1, which is due
to the fact that the full expression Eq. (3) approaches the pure
synchrotron radiation in the limit # — oo. So, P can be
used in ITER to estimate the total radiation power of runaway
electrons with error |Pup — Ppai|/Ppu < 10%. Whereas, it
will cause a very large error in the EAST case, if P 18
used. In the EAST case, P, is better than P, to estimate the
total radiation power, with error |P a5 — Ppa|/Ppar < 5%.
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FIG. 4. The total radiation power of runaway electrons (E=40MeV and
0,=0.1) in several tokamaks with the relationship of parameter 7, estimated
by four expressions: pure circular orbit expression Eq. (1), full expression
Eq. (3), and its asymptotic expressions Eqs. (4) and (5). The errors of Eqgs.
(1), (4), and (5) to Eq. (3) are also given.

In summary, the full expression of runaway electron
radiation Pp,;; can be calculated accurately without any addi-
tional simplifications but with a much heavier computation.

When the radiation spectra of runaway electrons are
analyzed, P,y is a good asymptotic expression in EAST,
with |Pu — Ppu| /P < 10% in both the visible and infra-
red wavelength range, and neither P, nor Py, is good
enough to approximate Pp,; in the ITER condition, and it is
better to use Py, all the time.

The total radiation power of runaway electrons is
located in the middle of pure curvature and pure synchrotron
radiation, and runaway electrons in most tokamaks exhibit
the feature closer to pure synchrotron radiation. To estimate
the total radiation power of runaway electrons, P, is better
than P, with error |Pa51 — Pful]|/Pful] < 5% in EAST to
simplify the calculation, and P, can be used in ITER with
error |Pas2 — Pfull|/Pfull < 10%.
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