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The two-dimensional (2D) kinetic ballooning theory is developed for the ion temperature gradient
mode in an up-down symmetric equilibrium (illustrated via concentric circular magnetic surfaces).
The ballooning transform converts the basic 2D linear gyro-kinetic equation into two equations: (1)
the lowest order equation (ballooning equation) is an integral equation essentially the same as that
reported by Dong et al., [Phys. Fluids B 4, 1867 (1992)] but has an undetermined Floquet phase
variable, (2) the higher order equation for the rapid phase envelope is an ordinary differential equa-
tion in the same form as the 2D ballooning theory in a fluid model [Xie et al., Phys. Plasmas 23,
042514 (2016)]. The system is numerically solved by an iterative approach to obtain the (phase
independent) eigen-value. The new results are compared to the two earlier theories. We find a
strongly modified up-down asymmetric mode structure, and non-trivial modifications to the eigen-
value. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.5003652]

I. INTRODUCTION

Even in this era of extensive simulations, linear plasma
theory is still important; it provides a benchmark to simula-
tions, and also the mode structure may be used in calculating
significant physical quantities such as the Reynolds stress
and group velocities. Both of these are, for instance, used in
zonal flow studies. It is surprisingly, however, seen that even
after 4 decades since the invention of the ballooning the-
ory,"™ constructing a “sound linear theory” for fluctuations
in a two-dimensional (2D) tokamak equilibrium still remains
a challenge. For example, the so-far most advanced linear
theory for kinetic ion temperature gradient (ITG) mode is
built on the leading order ballooning equation alone; ™ it has
zero Floquet phase.” The class of modes predicted in such a
theory, as pointed out in Refs. 7 and 8, form a set of measure
zero, and are not generally accessible to realistic plasmas
(they were named ““isolated modes” in Ref. 9).

From the numerical simulation perspective, the root
cause of the difficulty (in constructing a general 2D theory)
lies in the unknown 2D boundary condition. For /ocal mode
(the mode localized around a rational surface like drift
wave), it must be a natural boundary condition—that must
follow from the physics of the theory, and not merely from a
simple-minded intuition.'® The theory of “isolated mode”
was recently advanced in the so-called weakly asymmetric
ballooning theory (WABT)'®!" based on the Fourier-
ballooning transform.” We find that WABT is still poloidally
localized (outboard) and has a frequency not too far away
from that of the isolated mode (higher growth rate than the
general mode). The most important aspect of WABT is that
the stringent solvability condition for the isolated mode does

¥ Author to whom correspondence should be addressed: xietao@ustc.edu.cn
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not pertain any longer; it is, in fact, replaced by an easier
constraint requirement—the existence of a second small
parameter. We would like to mention three distinctions in
contrast to the theory of “isolated mode” here. (1) the eigen-
values generally deviate from those of isolated mode, as
much greater than inverse of toroidal mode number; (2) the
2D physical mode structure is derived, generally up-down
asymmetric, and (3) it yields finite Reynolds stress driving
toroidal and poloidal rotations, which can be calculated by
making use of the obtained mode structure. We believe that
all the above mentioned features arise from the translational
symmetry breaking (TSB) terms ignored in the higher order
theory of the isolated mode.

The generalization of Refs. 11 and 10, however, was so
far limited to the fluid models; it is the purpose of this paper
to develop a 2D kinetic ballooning theory as exemplified by
the ITG model.

The paper is organized as follows. In Sec. II, the 2D
gyro-kinetic eigenmode equation for ITG mode is con-
structed using the Fourier-ballooning transform in an up-
down symmetric equilibrium with concentric circular mag-
netic surfaces. All the trapped ion effects are neglected and
velocity variables along unperturbed orbits are assumed to
be independent of spatial variables.” The lowest order equa-
tion is consistent with the one-dimensional (1D) kinetic
equation in Ref. 6, but contains, in addition, a Floquet phase
variable. The integral equation will be solved numerically by
a spectral method in terms of Weber-Hermite functions. The
higher order equation is an ordinary differential equation,
containing all TSB terms up to second order, essentially
the same form as that presented in Ref. 12. An iterative
method is adopted to solve the two equations for the global
(Floquet phase independent) eigen-value and 2D mode struc-
ture in Sec. III. The global eigenvalue is then compared,

Published by AIP Publishing.
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respectively, with results of 1D gyro-kinetic theory® and a
previous 2D fluid theory.'* The 2D mode structure is also
plotted for comparison with that of fluid ITG modes. Major
conclusions of this paper are summarized in Sec. IV. Some
definitions of symbols in the higher order equation are given
in Appendix A. The convergence conditions for wave func-
tions in iteration are discussed in Appendix B.

Il. THE WEAKLY UP-DOWN ASYMMETRIC ITG MODE
IN THE KINETIC MODEL

In this section, we investigate a non-dissipative kinetic
ITG model pertaining to a large-aspect-ratio, up-down sym-
metric tokamak equilibrium with circular magnetic surfaces.
In the toroidal coordinates (r,®,() that corresponding,
respectively, to the radial, poloidal, and toroidal directions,
the toroidal mode, localized at the rational surface r;, is rep-
resented by

0,(r,9,0) = exp (inl — imd) Y~ @y(r)exp (—il9), (1)
!

where 7 is the toroidal mode number, m = ng(r;) is an inte-

ger denoting the poloidal mode number, and the integer /

labels the sidebands coupled to the central Fourier mode .
The 2D Fourier-ballooning transform’"'?

1" ] e ik(x—1)—ik 9
QDJ(X):EJ dAJ dke* Mok, 2), @)
-n —00

defines the wave function ¢(k, Z) in the Fourier-ballooning
space with x = nq(r;)s(r —r;)/r;.

One can readily see that the 2D Fourier-ballooning
transform is a natural generalization of Lee-Van Dam 1D
representation;” the fixed Floquet phase is turned into a vari-
able followed by an integration over the phase variable
(phase mixing). The 2D wave function in Fourier-ballooning
space, then, obeys

o =Q q)(ka )“) = 07 (3)

where n = |n|, (1/n)(0/0A) is asymptotic expansion param-
eter that results from the TSB terms such as //m and x/m. In
this representation, all terms preserving translational symme-
try depend only on the combination x — /.

To the lowest order, Eq. (3) is identified to be the stan-
dard ballooning equation'®'?

(Lo — Q)] y(k, 2) = 0, )

where y(k, A) is the eigenfunction of the ballooning operator
Lo(k,2) associated with local (Floquet phase dependent)
eigenvalue Q(1); it can be called Floquet-phase parameter-
ized 1D ballooning wave function, since Lo(k, 1) does not
contain 0/0A.

To construct a solvable model, let us assume that the 2D
wave function ¢(k, 1) = y(k,A)y (1), where y(k,1) is a
slowly varying function of A while dlny(1)/04A > 1. If n
were sufficiently large [(1/n)(d1ny(1)/01) < 1], then the
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equation obeyed by the fastly varying function could be
approximated as
d2 4 lnEl d 4 Il2
dir Ly di L

(Q(2) - Q) ly(2) =0, ®)

where Q is the eigenvalue associated with the 2D eigen-
mode, and L; = % dky*Liy/ [~ dky*y (i =1,2), y" is the
complex conjugate of y. It is this global eigenvalue Q that
determines the stability of the mode.

In translating this formalism for the 2D gyro-kinetic
ITG eigenmode, we begin with the ion density response,
assuming an adiabatic electron response and quasi-neutrality

i(r,0,0) = —1e0,(r,0,0) + jdv%(a)h(r, 9,5 vp ),
(6)

where 1, =T,/T;, o=+2k p;v, =, 2t kipyi,  p;
=/mT;/eB, p,=+/mT,/eB, V| =v) /vy, vi=+/2T;/m;,
T.(T;) is the electron (ion) temperature, k, is the perpendicu-
lar wave number of mode, 7;(r, 9, () is the dimensionless
perturbed ion density normalized to equilibrium density,
@, (r,9,{) is the normalized (to T, /e) perturbed electrostatic
potential, and Jo(o) is the Bessel function of zeroth order.
The distribution function A(r,?,{;v|,v.) in the non-
adiabatic response obeys the gyro-kinetic equation

(0 +ivai -V +ivyb - V)h(r, 9,5 vy, v.)
= FM((U - @*T)]O(O()(pn(rv v, C)7 (7

where vy = (2T;/eB)(b x k) (V] /2 + ﬁﬁ), b is the unit vec-
tor of magnetic field, k= (b- V)b, b-V = (1/¢9(r)R)[0/
99+ q(Nd/al). @ = v wuell 0,02 + 97— 3/2)],
0o = nq(r)Te/eBLyr, Fy = (m2) % exp (=0 =92), 9
=v/vii, kg =m/rj, L, = —(dinn/dr);", Ly, = —(dInT,/
dr).', 0y = La/Ly, (s =1i,e), and o is the mode frequency.
Here, n;(r) is the plasma density in equilibrium, e is the unit
charge, and B ~ By and R =~ R are the magnetic field and
major radius on the magnetic axis, respectively.
Substituting Eq. (1) into Eq. (7) yields

(a) — g — q(‘:‘)R (x — l))h(x, I V”,VL)

= Fu(o — &.7)Jo(0) @)(x), ®)

where x = ng(r;)$(r —rj)/r; is a new radial variable, @
= 04(01 /2 +9]), 0ag(x) = (koTi/eBR){[(r;/r)(1 + 1/m)
+8(0/00)] @y (x) +[(ry/r)(1+1/m) —3(0/0)) - (x)}. KT
— —3[§2(02/0x%) — (1 1) (1 + 1 m)). 1y r=(1 4 x/ms) .
In Ref. 5, the author directly invoked the existence of a
quasi-mode (a typical practice in the literature—generally
the ballooning wave function with the Floquet phase speci-
fied to be either O or m) demanding a zero Floquet phase, and
reduced the problem to a single integral ballooning equation,
[Lo — Q(0)]%(k,0) = 0. The 2D kinetic ballooning theory
presented in this paper, however, deals with the second
dimension (Floquet phase becoming a variable) squarely; the
resulting system consists of two equations: first is the same
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ballooning equation parameterized with the Floquet phase
[of form Eq. (4)], and the other one is the envelop equation
of form Eq. (5).

For independent variables v and v 17 it is straightforward
to cast Eq. (8) into the (k, /) space by substituting Eq. (2)

. v 9 :
(a) — Wgqi — q(r)R ﬁ)h(k’ )., VH,VJ_)

= Fulo — o) lo(2)(k, ), ©)

where  wg — (2kyT;/eBR)[(r;/r)(1 + 7 )cos (k + 1) + ks
sin (k+ )], K2 — K352 + (rj/r)*(1 4+ £)] with 7 = (—i/
m)(8/9%), rj/r — (14+4/5)"". In the derivation, use is
made of a linear ¢(r) profile ¢(r) := ¢(r;) + x/n, density pro-
file n;(r) := n;(r;)(1 — t,x/m), and temperature profile T(r)
=Ts(r;)(1 —trx/m) (s=1i,e) with t,=r;/SLy, tr, =7,/
§Lry, Lo =Ly(r)) =—(dInn;/dr) ", Lo =Lz, (r;) = —(dInT,/
dr);l. It is noticeable that the TSB term [ /m corresponds to
opefator J in (k,A) space. The following two rules are help-
ful to simplify derivation: (a) derivatives act only on wave
functions, not on equilibrium quantities; and (b) the TSB
term x/m can be replaced by //m, because of 9/IA>>/0k.
As a result, the 2D gyro-kinetic ITG eigenmode equation can
be written in the form of integral kernel as

J dk'K (k, k', 7, 2 ) (K, ) — Qep(k, 2) = 0, (10)

with
(1 2
K(k K, 2, 7) = == +’*’€°)J ar 2
vr(l+t) Jo  (1+a)
X exp {iwr —a(t)(k — k) — i O_(:a ]
t
I =22 Vf (kK2 2)
0 (1 +a;) s Ry by ),
(11)
Q=(1+10) 2, (12)
*e()
where
kK t,7) = a)w {rew + Wy [1 + nv(t)(k — )
*e0
3’71} 20,05, s
_ 2 1 —
2 (1+a) [ (I+a)
206* I]
¥ at 13
) 4
a=1+ ir#J.k dk” g, (14)
=),
T E@;sgn(k—k')(k—k'), (15)
vii [7)]
2p2
_qR 1
l/(‘f) = vz ;, (16)

ti

wo =2 (B4 K2), o= gk a17)
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where quantities with subscript “0” stand for the quantity at
rational surface, Iy(/;) is the zeroth (first) order modified
Bessel function.

In order to describe contributions from TSB terms, we
perform Taylor expansion around the rational surface r; on
the integral kernel Eq. (11) to the second order with respect
to 4. It yields

o0

Lok /) = | deK(K. 200K D, (18)
—00
> © dK
1 J dky* (k, /I)J e
L(J)=——2=>= oo £=0 . (19)
“ | et
~ * ~ /de !
diy () | aEE ] )
. - Hanr
LZ()“) - _ﬁ 0 }
o | der etk
—00
(20)
where
C e )
K(k,k’,i,o):fLJ drg 270
\/E 0 (1 "!‘leo)
X exp [iwro — aoro(k — k)’ — (11;210)]
20(*0 !
s I (=220 Vf(k K. 10,0), 21
(s )kt 20.0) e1)
/ w 12
£k, K 70,0) = {reow + @uco {1 + ook — K)
Wie()
_3’71‘0] 210+ | — %0
2 (1 + a,()) (1 + (l,())
20140 11}}
o
(1 +an)lo
(22)
dK i ro 2/
B o deGlk K rg) =Y
di |;_ Valy (1 + an)
T — k— k) — %0
X exp |:ICO‘L'0 Cl;()l/()( ) 1+ a0
20‘*0
I 23
X 0(1+a[0)’ (23)
&K i 2./
R L deoH (kK ) Y
drz|,_, \/EL ofl( ) (1+ayp)
. 2 o
X exp [w)ro —aorylk—K) — 1_:0(1[0]
20‘*0
X I . 24
0<l+at0) (24)

We notice that when A = 0 the ballooning equation is consis-
tent with Eq. (11) in Ref. 6. The higher order equation is
found to have the same form as derived in Ref. 12. However,
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Egs. (19) and (20) can only be calculated by resorting to
numerical integration, which will be introduced in detail in
Sec. III. In order to improve the readability, the definitions
of G(k,k',70) and H(k, k', 7o) will be given in Appendix A.

lll. NUMERICAL RESULTS

An iterative integral code named KITG-WABT has
been developed to solve the system consisting of the inte-
gral equation (4), and the differential equation (5).
Equation (4) was solved numerically using the spectral
method. The base functions are chosen to be Weber-
Hermite functions, Hermite polynomials with a weight
function exp (—k*/2). The ballooning wave function, then,
is approximated by

N

1k, 2) = > ADH; (k)exp (k2 /2), (25)

i=0

where H;(k) is the Hermite polynomial of degree i, A;(1) is
the undetermined coefficient only related to A.

After multiplying by H;(k)exp (—k*/2)(j =0,1,...,N)
and integrating over k, Eq. (4) [with Eq. (18)] converts to a
system of linear algebraic equations

M — Q(W)IJA =0, (26)

where A = (Ag,Aq,...,Ay)', M is a (N+1)x (N+1)
dimensional matrix, and I is an unit matrix. The integrations
over 7 and k" are performed with a Gaussian rule of even
order. The integration over £ is carried out with a trapezoidal
rule. The same numerical integral scheme is also used to cal-
culate L;(4) and Ly (1).

Since the matrix M depends on the mode frequency w,
Eq. (26) needs to be solved numerically using an iterative
method. The concrete procedure is briefly described as fol-
lows. (1) An initial guess, ), is substituted into the coeffi-
cient matrix M to solve Eq. (26) for Q(/) using the QR
decomposition technique.'” (2) The inverse power method
is adopted to obtain A and y(k, Z). (3) y(k, A) is substituted
into Egs. (19) and (20) for L;(4) and L,(A). (4) Then, we
make use of the shooting method to solve Eq. (5) for the
global eigenvalue oW, 5 QW is substituted into Eq. (12)
for o). (6) Repeat the steps (1)—(5) with ) replaced by
oV until the convergence condition |1 —(*! /@]
< 1074 is satisfied. The corresponding convergence condi-
tion for wave functions |@,(x)| (the wave function in (x,/)
representation with / = 0) is found to be |1 — |qoo(x)|(i+1)/
|(p0(x)|(i)| ~5x107% it will be further described in
Appendix B.

The physical parameters, chosen here, corresponding to
the operating conditions on HL-2A (R = 1.65m, ¢ = 0.4 m,
T =T =250eV, B=135T),'" are kyp,, = —0.53, §
=1, qo =2, ;p = 1,0 = 3.5, Lyo/R = 0.12, and rj/a = 0.6.
The corresponding toroidal mode number is n = —53.

In Figs. 1(a)-1(d), the ballooning wave function y(k, A)
is plotted versus k for 1 =0, n/4, n/2, and —n/2 (with
N = 10); the blue and red lines denote the real and imaginary
parts. The corresponding local eigenvalues are listed in
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FIG. 1. The real (blue line) and imaginary (red line) parts of ballooning
wave functions y(k, 4) versus k for (a) A =0; (b) 2 = n/4; (c) A =n/2; (d)
/.= —mn/2. The physical parameters are kyp,y = —0.53, § =1, qo =2,
Nio = Moo = 3.5, Lyo/R = 0.12, and n = —53.

Table 1. The local eigenvalue at 2 =0, w(Z=0)/|w.0
= —0.42 + 0.42i, is consistent with Ref. 6. The global eigen-
value is iteratively calculated to be ®/|w.o| = —0.40
+0.347 with a growth rate obviously smaller than the local
one at 4 = 0.

In order to compare with the weakly up-down asymmet-
ric ITG mode based on the 2D fluid model,12 another set of
parameters is chosen: kyp,n = —0.51, § =0.9, gy = 1.7,
Nio = Nep = 3, and Lyo/R = 0.1. The rest of the parameters
are the same as those used in Fig. 1. The corresponding toroi-
dal mode number is n = —60. The global eigenvalues,
o/|w..0] = —0.27 + 0.28i for the gyro-kinetic, and @/|w..0|
= —0.25 + 0.83; for the fluid model, show that the fluid
model greatly overestimates the growth rate.

The real (blue) and imaginary (red) parts of the envelop
function (1) are plotted in Fig. 2. It is found that the devia-
tion of peak in /(1) from A =0 is greater than the result
obtained in the fluid model."?

The 2D mode structure is shown in Fig. 3 via the con-
tour plot of Re[g,(r,?¥,0)]. The radial position is deter-
mined by the mapping (1 + x/ms)(rj/a). The up-down
asymmetry of the mode structure is shown to be obviously
stronger than that of 2D fluid model.'? It is expected that
the weakly up-down asymmetric kinetic ITG mode can pro-
vide torque for intrinsic rotation comparable to that of the

TABLE I. The local eigenvalues corresponding to the ballooning wave func-
tions as displayed in Figs. 1(a)-1(d).

A () /| @xe0]

0 —0.42 4 0.42i
n/4 —0.32 +0.37i
+1/2 —0.19 +0.13i
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FIG. 2. The real (blue line) and imaginary (red line) parts of envelop func-
tion y(2) versus Z.
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FIG. 3. Level contours of the real parts of the 2D mode structure on a poloi-
dal cross section.

2D fluid mode, even though its growth rate is smaller than
the latter.

To conclude this section, we should mention that con-
struction of the higher order theory for WABT requires a
second small parameter Z = L(4.)/2L,(4.) with A, repre-
senting the localization of y(2) in 2.'%'" The physics param-
eters used in the present paper were chosen to lie in the
region of validity. In particular, = is found to be less than
1/3, even though the tilt of the ballooning orientation (Fig. 3)
may give a different impression.

IV. SUMMARY

The 2D kinetic ballooning theory for the gyro-kinetic
ITG model, developed in this paper, provides the full mode
structure localized at the given rational surface (shown
in Fig. 3); it also predicts a global eigenvalue (—0.40

Phys. Plasmas 24, 102506 (2017)

+0.34i) somewhat different from the local eigen-value
(—0.42 4 0.42i) calculated, conventionally, at 1 = 0. The
lower growth rate from the 2D kinetic model may be attrib-
uted to finite deviation of the envelop peak away from the
equatorial plane.

The ballooning theory, as an asymptotic theory, is not
expected to be able to make very accurate predictions. We
contend, however, that its use best should be in providing
natural boundary conditions for local modes in a tokamak.
For example, it would make sense to take the asymptotic
results of the kinetic ballooning theory as the natural bound-
ary condition for certain gyro-kinetic simulation, such as
routinely done via a code like GENE;”’18 we believe that it
will be better than using the flux tube boundary condition
based on the quasi-mode.

The Reynolds stress induced by the 2D gyro-kinetic ITG
mode can readily be calculated as was done for the fluid
ITG."
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APPENDIX A: SOME DEFINITIONS IN THE HIGHER
ORDER EQUATION

In Egs. (23) and (24), G(k,k',19) and H(k,k', 7o) are
defined as

G(k7 k/7 TO) = h/(ka k,7 T())f(k, k/a 1070) +f,(k7 k/a 1070)7
(A1)

H(ka k,7 TO) = g(ka k,a TO) + hlz(k7k1a TO) f(ka k/71070)

+ 2h/(k7 k/a TO)f/(ka k/7 7o, O) +f”(k7 k,7 70, 0)7
(A2)

T todl (1 + ‘EeO) di (1 + a,o) di

d d d
2 at—&-iw T o

J— _/ —_—
wlk— k)7 o a7 (1 +a)

Ld 2o
lodZ (1+a)’

(A3)
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, , _ o dz, dw*e o) U , 3
f(k7k7T050) _(U*e(){ i + |:l +’710VO k — k :l *eOdy |:1/O(k k) 2
21750(1)*60 da; o) 20,0 14 d(”]jw*e) 0l0 20,0 14
— 00 T — + 1 - =
(1+ an)”d4 (1+ao)  (1+ao)ly)  (1+ aro) dz (14+an) (14+an)l
2Migweeo | d 0y 2000 1_1_% d 2o, (Ad)
(I+ao)| di(1+a) (1+ap) i§)di(1+a)||’
(K m0) = 1 d*t (m) 1 |, 1 <dre>2 1 |d%a, 1 (da,)2
ST = A7) (I +tw) |d2~ (1+ 1) \di (1 +aw) [d22 (1 +an) \di
d*a d*t &« d (I, d 2
k- k)L it ! - AS
k= k) e tio 22 (1 +a)  di \lod (1 +a))’ (A5)
d’t, d*o 2 3y, } do..dn; [ 2 3}
"(k,k ,70,0) = ¢ N ok — k)" =22 22—y (k— k)" ==
FH k00,0 =27 {“’dzz T [ ok =K"= SR 27 [k =R =3
d ;i [V (k- k,)z_ﬂ 4 dmow) | d oy N 20,0 - 12 d 2o,
Tan 2l (14ap) dz di (1+a) (14ayp) di (1+a)
200 da, oy 200 1] Anpueo da | d oy 2000 717% d 2,
2772 2 + -2
(1+ap) di (1+ap)  (1+an)ly (1+a,0) di | di(1+a) (1+an) ) di(14a)
B 4 dled(nia)*e)[ oo n 20640 11] 2 dz(”liw*e)[ %40 20640 11:|
(1+ap)*di di (I+ap) (I+ap)l] (1+ao) di2 (1+ap) (1+an)l
471i0w*e0 (dat>2 {1 _ x40 + 20140 11] 47’[,‘0(1)*(»,005*0 1— ﬁ LZ 201,
(1+ap)’ \di (I+ap) (1+an)l (1+ap) I3)di?(1+a)
2110®se0 iz LA ﬁ d 2u, : n 200 11 21 R ! d 2a 2
(14+ap)| di?2(1+a,) )\di(1+a) (1 +a,0)10 2 I di (14a) ’
(A6)
with
dt 1 dr,
- (1 + EtT,)y YT Teo (f1; — I1, )5 (A7)
d. 2it  Toe, 1 i 1
d_jf: —%{[Siﬂ(k—l—i) —sin (k' 4 )] [2+§ -2 5l +§)} — §[kcos (k+ 2) — K cos (K + 1)] (1 —EzT,)},
(A8)
dws, 1 dn;
= Wyl 1—= ty 1 y T = il i _17 Al
a @ 0[( s) (M0 — )] T Nio(Mio — 1) (A9)
d(n;w, 1
% = 1;0®+e0 Kl — ;> + ta (i — mo)] , (A10)
Do _ iz a1 1) 2o g 2 1 22 All
d7 =T 191050 - E — I \2+s +s ) ( )
do, - %) ) 1 ( 1) 1 ( 1)
— = k 1 k)1 k)|l ———— (1 —= —— |1 == — 17 Al2
di Te0 19ps0\/( +s )( +3 ) (1 —|—§2k2) K +(1 _~_§2k/2) § Ti|» ( )
d oy 1 dOC+ 040 da[
_ doy dar) Al3
di(ta) (I +a) Lm (i +a,o)dz] (A9
d 2o, 2 do, 20,0 da;
_ do. S0 dar Al4
di (1+az) (1+a[0) di (1+ato)2d;f ( )
d*t 3 d*t
2= (1 + ZIT,-)7 75 = 210l (I1, — I1,),5 (A15)
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d*a, 20T, 080 (1 . .
= _(k“_—k/){[sm (k+ ) — sin (k' + 2)]

1\? N 1
X 2<1—7> —tT.<2+§—7>——t%_(1+§)
Ky ! K 4 i

1
+§[kcos (k4 1) — K cos (K + )]z, (1 + é_ltTi> },

(A16)
dzw*e 1 1 1
d72 2(1)*9 |:§( —> +tn(1’]60—1)<1—§>
im0 — 1)1, (A17)
d277i
272 = Hiotatr (Mo = 1), (A18)
@ (e 1 1
% = 27’]1'0(0*()0 |: (1 — ) —+ [n(;/]lo neo)
1
(1 —> + oo (Mo — mo)], (A19)
d2 1 3
7 =41, kﬁpso( E) (1 -3~ 2IT,>7 (A20)
d*a, _ k 11220 52 (1 1
a2 % +s +5 -3

x (1 _g_ 2tT"> {(1 +1§2k2) A +1§2k’2)]
_(l_l) [( +1szk2) (1+1§2k'2)}2 ’

d2a+ o)) dza,
(14 ayp) d7?

(1 +ao) |di?
e )
(1+ ato)2 di. 7

(A22)

(A21)
& o1
di2(14a)

_ 2 dOC+ da,
( —&—a[()) d//{ di

d* 2o, B 2 d%o, oo d’a
d2?(1+a,) (1+ap) |di? (14ag)di>

2 doda 2.0 (@)2
(I4+ap)dZ di (1 + ay)* \d% ’

(A23)

dhd 20 ]_1( b 2§\[d 2. ]°
di |lydi (1+a)| 2 Ly 13)|di(1+a)
11 d2 206*
A24

Lhdi?(l+a)’ (A2

where the quantities with subscript “0” indicate the value on
the rational surface r;, I, is the modified Bessel function of
second order.
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FIG. 4. The wave functions in iteration |, (x Y| for the same parameters as
in Fig. 1. The sequence numbers of iteration (i) are shown in the legend.

APPENDIX B: THE CONVERGENCE CONDITION
OF WAVE FUNCTIONS

As displayed in Fig. 4, we give the radial variations of
wave functions in iteration | (x) |<i) for the same parameters
as in Fig. 1. ¢((x) represents / = 0 component of ¢,;(x) and
the superscript (i) stands for the sequence numbers of itera-
tion. The close-up view of wave functions near to x = 0 is
also shown using picture-in-picture. It is obvious that the
wave functions tend to be convergent with the increasing of
iterations. In contrast to the required convergence condition
of eigenvalue (<10~%), the maximum relative difference of
| (x)| is 5 x 10~* (taken from the 8th to 9th iterations).
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