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Abstract Based on the classical optical coherent theory
and the extended Huygens-Fresnel integral, ghost imaging
with partially coherent light radiation through turbulent at-
mosphere has been studied. The analytical ghost-imaging
formulas have been derived. Based on these formulas and
the numerical calculation results, we find that the image
quality is influenced by the turbulence strength, the propa-
gation distance, and the coherent parameters of the partially
coherent light.

1 Introduction

Ghost image is an image of an unknown object from a mea-
surement of the fourth order correlation function. It was
firstly realized by using entangled photon pairs generated
in spontaneous parametric down-conversion in 1995 [1, 2].
Recently, it was found that the ghost image can be produced
with quasi-thermal light [3, 4]. As shown in Fig. 1, a twin
beam configuration is used, in which partially coherent light
is split into two paths by the beam splitter with an unknown
object in the test arm. The final image is reconstructed from
the coincidence between the intensities of the two detectors.
Neither of the detectors independently produces an image
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of the object, but the correlation between the two permits
reconstruction of the image.

In recent years, ghost imaging has attracted much inter-
est from investigators and practitioners in the field of quan-
tum optics [5–11]. A very interesting phenomenon of the
ghost imaging is that it can be produced without the use
of lenses. Some groups have studied the realization of lens-
less ghost diffraction and its applicability in x-ray diffraction
and shown that true images also can be produced from lens-
less ghost-imaging systems [6–9]. More recently the ghost
imaging with fully incoherent source through turbulent at-
mosphere has been investigated [10]. However, to the best
of our knowledge, the investigation of the ghost imaging
of partially coherent beam propagating in the turbulent at-
mosphere has not been published. In this paper, the ghost
imaging with partially coherent source propagating in the
turbulent atmosphere has been studied. Based on the clas-
sical optical coherent theory and the extended Huygens-
Fresnel integral, the analytical imaging formula has been
obtained. And the influence of turbulence and the beam pa-
rameters on the ghost imaging has been discussed.

Fig. 1 Geometry of a lens-less ghost-imaging system through turbu-
lent atmosphere
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2 Theory

As shown in Fig. 1, a partially coherent source is split into
two beams by the beam splitter. The two beams propagate
through two different paths. There is an unknown object lo-
cated in the test path, and the detector used in this path is
a bucket detector. The distance between the source and the
object, the source and the reference detector, the object and
the test detector are z0, z1 and z2 respectively. A correlator
is used to measure the correlation function of the intensity
fluctuations.

Based on the classical optical coherent theory, in the one-
dimensional case, the correlation function containing the
imaging of the object is [12, 13]:

g(x1, x2) = 〈
I1(x1)I2(x2)

〉 − 〈
I1(x1)

〉〈
I2(x2)

〉
(1)

where I1 and I2 denote the intensities in the test and refer-
ence beams, respectively. x1 and x2 represent two points in
the field, respectively. The brackets denote an average over
all realizations of the field.

Looking at the reference path, based on the extended
Huygens–Fresnel integral [14], the field at Dr is:

E1(x1) =
( −i

λz1

)1/2 ∫
f (u)e

iπ
λz1

(x1−u)2

eφ1(u,x1) du (2)

where f (u) is the source distribution, φ1(u, x1) represents
the random part of the complex phase due to the atmospheric
turbulence. Similar to the test path, the field at Dt is given
by:

E2(x2) =
( −i

λz2

)1/2( −i

λz0

)1/2 ∫ ∫
f (u)e

iπ
λz0

(y−u)2

× eφ0(u,y)t (y)e
iπ
λz2

(x2−y)2

eφ2(x2,y) dudy (3)

where t (y) denotes the amplitude of the object. If the sta-
tistics of the source and the three propagation regimes are
independent, then the intensity correlation can be described
as:

〈
I1(x1)I2(x2)

〉

= 1

λ3z0z1z2

∫ ∫ ∫ ∫ ∫ ∫ 〈
f (u1)f

∗(u′
1)f (u2)f

∗(u′
2)

〉

× 〈
eφ0(u2,y)+φ∗

0 (u′
2,y

′)〉〈eφ1(u1,x1)+φ∗
1 (u′

1,x1)
〉

× 〈
eφ2(x2,y)+φ∗

2 (x′
2,y

′)〉e
iπ
λz0

[(y−u2)
2−(y′−u′

2)
2]

× e
iπ
λz1

[(x1−u1)
2−(x1−u′

1)
2]
e

iπ
λz2

[(x2−y)2−(x2−y′)2]

× t (y)t∗(y′) du1 du′
1 du2 du′

2 dy dy′. (4)

The last term of (1) can be expressed as:

〈
I1(x1)

〉〈
I2(x2)

〉

= 1

λ3z0z1z2

∫ ∫ ∫ ∫ ∫ ∫ 〈
f (u1)f

∗(u′
1)

〉〈
f (u2)f

∗(u′
2)

〉

× 〈
eφ0(u2,y)+φ∗

0 (u′
2,y

′)〉〈eφ1(u1,x1)+φ∗
1 (u′

1,x1)
〉

× 〈
eφ2(x2,y)+φ∗

2 (x′
2,y

′)〉e
iπ
λz0

[(y−u2)
2−(y′−u′

2)
2]

× e
iπ
λz1

[(x1−u1)
2−(x1−u′

1)
2]
e

iπ
λz2

[(x2−y)2−(x2−y′)2]

× t (y)t∗(y′) du1 du′
1 du2 du′

2 dy dy′. (5)

It is assumed that the light source be a Gaussian Schell-
model one which satisfies Gaussian variate of zero mean,
therefore [20]:

〈
f (u1)f

∗(u′
1)f (u2)f

∗(u′
2)

〉

= 〈
f (u1)f

∗(u′
1)

〉〈
f (u2)f

∗(u′
2)

〉

+ 〈
f (u1)f

∗(u′
2)

〉〈
f (u2)f

∗(u′
1)

〉
. (6)

Substituting (4), (5) and (6) into (1), we obtain:

g(x1, x2)

= 1

λ3z0z1z2

∫ ∫ ∫ ∫ ∫ ∫ 〈
f (u1)f

∗(u′
2)

〉〈
f (u2)f

∗(u′
1)

〉

× 〈
eφ0(u2,y)+φ∗

0 (u′
2,y

′)〉〈eφ1(u1,x1)+φ∗
1 (u′

1,x1)
〉

× 〈
eφ2(x2,y)+φ∗

2 (x′
2,y

′)〉e
iπ
λz0

[(y−u2)
2−(y′−u′

2)
2]

× e
iπ
λz1

[(x1−u1)
2−(x1−u′

1)
2]
e

iπ
λz2

[(x2−y)2−(x2−y′)2]

× t (y)t∗(y′) du1 du′
1 du2 du′

2 dy dy′. (7)

The first order correlation function in the source plane
can be expressed by [11, 15]:

〈
f (u1)f

∗(u2)
〉 = G0 exp

[
u2

1 + u2
2

−4σ 2
l

+ (u1 − u2)
2

−2σ 2
g

]
(8)

where G0 is a constant, and is set to be unity in the follow-
ing text. σl represents the source’s transverse size, and σg

represents the source’s transverse coherent width.
It is well known that the statistical averages coursed by

the turbulent atmosphere can be described approximately by
[16–18]:

〈
eφi(x,y)+φ∗

i (x′,y′)〉

= exp

{
(x − x′)2 + (x − x′)(y − y′) + (y − y′)2

−ρ2
i

}
(9)

where ρi = (0.55C2
nkzi)

−3/5 is the coherence length of a
spherical wave propagation through a turbulent medium and
C2

n is the refractive-index structure parameter describing the
strength of the atmospheric turbulence in the path zi .
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By using the following equation

∫ ∞

−∞
exp

(−p2x2 ± qx
)
dx = exp

(
q2

4p2

)√
π

p
. (10)

Equation (7) can be simplified as

g(x1, x2)

= G3
0π

2

λ3z0z1z2
√

B1B2B3B4

∫ ∫
t (y)t∗(y′)

× exp

{
(y − y′)2

−ρ2
0

+ (y − y′)2

−ρ2
2

+ iπ

λz0

(
y2 − y′2) − π2x2

1

B1λ2z2
1

+ A2
4

4B4

+ iπ

λz2

[
(x2 − y)2 − (x2 − y′)2] +

( 2iπx1
λz1

− 2iπx1
B1ρ

2
1λz2

)2

4B2

+
( iπx1
λz1B2σ

2
g

− y−y′
ρ2

0
− 2iπy

λz0
− iπx1

B1B2ρ
2
1λz1σ

2
g

)

4B3

}
dy dy′

(11)

where

B1 = 1

4σ 2
l

+ 1

2σ 2
g

+ 1

ρ2
0

− iπ

λz0
,

B2 = 1

4σ 2
l

+ 1

2σ 2
g

+ 1

ρ2
0

+ iπ

λz0
− 1

B1ρ
4
1

,

B3 = 1

4σ 2
l

+ 1

2σ 2
g

+ 1

ρ2
0

− iπ

λz0
− 1

4B2σ 4
g

,

B4 = 1

4σ 2
l

+ 1

2σ 2
g

+ 1

ρ2
0

+ iπ

λz0
− 1

4B1σ 4
g

− 1

4B2
1B2ρ

4
1σ 4

g

−
( 2
ρ2

0
+ 1

2B1B2ρ
2
1σ 4

g

)2

4B3
,

A4 = y − y′

ρ2
0

+ 2iπy′

λz0
− iπx1

B1σ 2
g λz1

+
iπx1
λz1

− iπx1
B1ρ

2
1λz2

B1B2σ 2
g ρ2

1

+
(

1

2B3ρ
2
0

+ 1

8B1B2B3ρ
2
1σ 4

g

)(
iπx1

B2σ 2
g λz1

− y − y′

ρ2
0

− 2iπy

λz0
− iπx1

B1B2ρ
2
1λz1σ 2

g

)
.

After assuming the test detector as a bucket detector, then
the ghost image is proportional to

G(x1) =
∫

g(x1, x2) d(x2) dx2 (12)

where d(x2) is a detector function introduced to describe
the detector [19]; d(x2) = 1, if x2 is inside Dt or d(x2) = 0.
In particular, if the size of Dt is large enough, we can take
d(x2) = 1 everywhere. And then D(

y−y′
λz2

) = δ(
y−y′
λz2

), where

D(
y−y′
λz2

) is the Fourier transform of d(x2). Therefore, (12)
can be simplified as

G(x1) = G3
0π

2λ2z0z1
√

B1B2B3B4

∫ ∣∣t (y)
∣∣2 exp

{
− π2x2

1

B1λ2z2
1

+
( 2iπx1

λz1
− 2iπx1

B1ρ
2
1λz2

)2

4B2
+

( iπx1
λz1B2σ

2
g

− 2iπy
λz0

− iπx1
B1B2ρ

2
1λz1σ

2
g

)

4B3

+
[ 2iπy

λz0
− iπx1

B1σ
2
g λz1

+
iπx1
λz1

− iπx1
B1ρ2

1λz2

B1B2σ
2
g ρ2

1
+ ( 1

2B3ρ
2
0

+ 1
8B1B2B3ρ

2
1σ 4

g

)( iπx1
B2σ

2
g λz1

− 2iπy
λz0

− iπx1
B1B2ρ

2
1λz1σ

2
g

)]2

4B4

}
dy

= π

λ2z2

∫ ∣∣t (y)
∣∣2

h(y, x1) dy (13)

where we have assumed z0 = z1 = z, and

h(y, x1) = G3
0

2
√

B1B2B3B4
exp

{
− π2x2

1

B1λ2z2
+

( 2iπx1
λz

− 2iπx1
B1ρ

2
1λz2

)2

4B2
+

( iπx1
λz1B2σ

2
g

− 2iπy
λz
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B1B2ρ

2
1λzσ 2

g

)

4B3

+
[ 2iπy

λz
− iπx1

B1σ
2
g λz

+
iπx1
λz

− iπx1
B1ρ2

1λz2

B1B2σ
2
g ρ2

1
+ ( 1

2B3ρ
2
0

+ 1
8B1B2B3ρ

2
1σ 4

g

)( iπx1
B2σ

2
g λz

− 2iπy
λz

− iπx1
B1B2ρ

2
1λzσ 2

g

)]2

4B4

}
(14)
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here h(y, x1) can be regarded as a function of the lens-less
ghost-imaging system considering a partially coherent light
radiation in the atmospheric turbulence.

Equations (13) and (14) are the main results of this paper.
Based on these formulas, we can study the ghost imaging
with partially coherent light radiation through turbulent at-
mosphere. In the next Section, we will give some numerical
results to show the image quality influenced by the turbu-
lence strength, the propagation distance, and the coherent
parameters of the partially coherent light.

3 Numerical results

To get a clear ghost imaging, we assume that the lens-less
ghost-imaging system satisfy the following relation z0 =
z1 = z. The object used in test path is a double slit with 1 mm
slit width and 6 mm separation. We made a comparison with
different z as shown in Fig. 2. The parameters for calcu-
lation are chosen as: σl = 5 × 10−3 m, σg = 1 × 10−3 m,
λ = 785 × 10−9 m, C2

n = 10−14 m−2/3, z2 = 50 m. The ob-
ject is located at z = 10, 50, 100 m, respectively. A high
quality ghost imaging can be obtained when the propaga-
tion length is short. However, the quality of the ghost image
decreases as increasing of the propagation distance z. When
the distance is large enough, the image we get is a Gaussian
shape.

To investigate the influence of the atmospheric turbu-
lence on the ghost imaging, we change C2

n from strong tur-
bulence (10−11 m−2/3) to weak turbulence (10−14 m−2/3),
shown in Fig. 3. The other parameters for calculation are
σl = 5 × 10−3 m, σg = 1 × 10−3 m, λ = 785 × 10−9 m,
z = 30 m, z2 = 50 m. From Fig. 3, we can directly see that
the ghost imaging becomes better while the turbulence be-
comes weaker, and the atmospheric turbulence seems hav-
ing little influence on the imaging when C2

n is weaker than
10−14 m−2/3.

Fig. 2 The ghost imaging of a double slit with partially coherent
source for different z. The other parameters are: σl = 5 × 10−3 m,
σg = 1 × 10−3 m, λ = 785 × 10−9 m, C2

n = 10−14 m−2/3, z2 = 50 m

In Fig. 4, we have studied the influence of the source’s
transverse coherent width on the ghost imaging. The para-

Fig. 3 The ghost imaging of a double slit with partially coherent
source for different C2

n . The other parameters are: σl = 5 × 10−3 m,
σg = 1 × 10−3 m, λ = 785 × 10−9 m, z = 30 m, z2 = 50 m

Fig. 4 The ghost imaging of a double slit with partially coherent
source for different σg . The other parameters are: σl = 5 × 10−3 m,
λ = 785 × 10−9 m, z = 10 m, z2 = 50 m, C2

n = 10−14 m−2/3

Fig. 5 The ghost imaging of a double slit with partially coherent
source for different σl . The other parameters are σg = 5 × 10−6 m,
λ = 785 × 10−9 m, z = 10 m, z2 = 50 m, C2

n = 10−14 m−2/3
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Fig. 6 The ghost imaging of a
double slit with partially
coherent source for different z2.
The other parameters are:
σl = 5 × 10−3 m,
σg = 1 × 10−3 m,
λ = 785 × 10−9 m,
C2

n = 10−14 m−2/3, z = 30 m

meters for Fig. 4 are σl = 5 × 10−3 m, λ = 785 × 10−9 m,
z = 10 m, z2 = 50 m, C2

n = 10−14 m−2/3. The source’s
transverse coherent width is set as σg = 5 × 10−3, 2 × 10−3,
5×10−4, 1×10−6 m respectively. We can find that with the
increasing of σg , the quality of the ghost imaging decreases
and the imaging will finally become of a Gaussian shape.
The source can be regards as incoherence source when σg is
small enough, such as 1 × 10−6 m.

Finally, the influence of the source’s transverse size on
the ghost imaging have been studied as shown in Fig. 5.
The parameters for calculation are σg = 5 × 10−6 m, λ =
785 × 10−9 m, z = 10 m, z2 = 50 m, C2

n = 10−14 m−2/3.
The source’s transverse size is chosen as σl = 5 × 10−3,
1 × 10−3, 5 × 10−4 m respectively. From Fig. 5, we can find
that the quality of the ghost imaging becomes better with the
increase of σl .

What we have to point out is that the distance between the
object and the test detector z2 seems to have little influence
on the ghost imaging as shown in Fig. 6. The parameters
are chosen as: σl = 5 × 10−3 m, σg = 1 × 10−3 m, λ =
785 × 10−9 m, C2

n = 10−14 m−2/3, z = 30 m.

4 Conclusions

Ghost imaging can be produced with partially coherent light
propagating through turbulent atmosphere. Based on the
classical optical coherent theory and the extended Huygens-
Fresnel integral, we obtained an analytical imaging formula.

The influence of the turbulence strength, propagation length,
the source’s transverse size and coherent width on the qual-
ity of the ghost imaging has been discussed. The larger the
source’s transverse size is, the better the quality of the ghost
imaging. When the turbulence strength, propagation length
and the source’s coherent width increase, the quality of the
ghost imaging decreases and the image will finally become
of a Gaussian shape. But the distance between the unknown
object and the detector has little influence on the ghost imag-
ing.
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