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Structural distortion and orbital ordering in the triangular-lattice
antiferromagnet NaVO2 from first principles
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Triangular-lattice antiferromagnets with the general formula ATO2 (A = alkali metal, T = 3d transition metal)
often adopt a slightly distorted crystal structure at low temperatures, accompanying a lifting of magnetic frustration
and the appearance of long-range magnetic ordering and sometimes a particular orbital ordering. Taking NaVO2

as an example, we successfully demonstrate that the tiny structural distortion with a ratio of lattice parameters,
am/bm = 1.755, and the formation of orbital ordering observed in recent neutron-diffraction experiments can
be well interpreted by first-principles calculations including 3d electron correlations with parameter Ueff =
3.6 eV. This distinct study on “pure” structural distortion is expected to be applied in other triangular-lattice
antiferromagnetic systems.
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I. INTRODUCTION

Geometrical frustration, which stems from the topolog-
ical arrangements of spins, is an important and intriguing
phenomenon in magnetism.1–7 Particularly interesting are the
triangular-lattice systems composed of magnetic ions, in which
once the first two spins are aligned antiparallely, the third one
cannot simultaneously minimize its antiferromagnetic (AFM)
interactions with both of the other two spins, giving rise to
highly degenerate ground states. Such ground-state degener-
acy, that is, magnetic frustration, may yield unconventional
magnetic behavior, for example, spin-disordered liquid.2–4

In the triangular-lattice systems, the transition-metal-based
oxides with the general formula ATO2 (A = alkali metal,
T = 3d transition metal) are particularly interesting in both
applications and fundamental physics. In additional to the
large thermoelectric effect,8–10 these compounds also exhibit
a variety of unusual behavior, such as superconductivity,11,12

charge-ordered insulator and “Curie-Weiss metal,”13 uncon-
ventional dynamics and frustration,14,15 and superparamag-
netism and trimerization.16 It is generally accepted that
all these properties are related to the distinct quasi-two-
dimensional triangular lattice formed by magnetic 3d ions.
In such systems, long-range AFM ordering is prohibited due
to strong magnetic frustration. At low temperatures, these
systems tend to decrease its symmetry by a tiny structural
distortion accompanying a reduction in the energy of the
system. As a result, the magnetic frustration is removed and the
system may favor a particular ground state sometimes with an
orbital ordering.17–21 For instance, α-NaMnO2 crystallizes in
the monoclinic structure (C2/m) due to the strong Jahn-Teller
effect of Mn3+ ions,22–24 resulting in the easing of geometrical

frustration and a cooperative ferro-orbital ordering of the
d3z2-r2 orbital in the distorted MnO6 octahedra.25 Below
∼45 K, the magnetic frustration is further lifted through a tiny
monoclinic-triclinic structural phase transition simultaneously
with an onset of long-range AFM ordering.19,20,26 In the other
analogous compound NaVO2, a second-order rhombohedral-
monoclinic structural transition takes place around 98 K with
the appearance of orbital ordering of one electron per V3+
ion.21 Below 93 K, the compound undergoes a first-order
lattice distortion within the monoclinic phase along with an
orbital ordering of two electrons per V3+ ion. Geometrical
frustration is therefore relieved by these two successive
orbital ordering transitions, and a long-range AFM ordering
develops. Obviously, these examples present quite a different
behavior from the other ATO2 compounds, for example,
LiVO2 (Ref. 27) and NaTiO2,28 where a single transition to
a nonmagnetic low-temperature phase was observed in the
former and the exact nature of the observed transition is
controversial in the latter.

Theoretically, Jia et al.29 studied the ground state of NaVO2

by comparing the total energies of several AFM configurations
at fixed temperatures, but the structural stability at different
temperatures, that is, 20, 91.5, and 100 K, was left without
discussion. Indeed, the crystal structures at these temperatures
are very close to each other and it might be difficult to
determine which structure is more stable only by comparing
their total energies. In this paper, we successfully demonstrate
the small structural distortion as well as the orbital ordering
observed in NaVO2 by first-principles calculation. These re-
sults, combined with our prior work on α-NaMnO2,26 suggest
that our study on structural distortion can be generalized to
other triangular-lattice AFM systems.
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This paper is organized as follows. The computational
method is described briefly in Sec. II. The results and
discussion are presented in Sec. III, which consists of four
subsections: lattice-distortion calculations (Sec. III A), the
process of lattice distortion and its correlation with magnetism
(Sec. III B), density of states and orbital ordering (Sec. III C),
and a comparison of NaVO2 with other ATO2 compounds
(Sec. III D). Finally, we summarize our conclusion in Sec. IV.

II. COMPUTATIONAL METHOD

All calculations were carried out using the self-
consistent full-potential linearized augmented-plane-wave
package WIEN2K (Ref. 30) based on density-functional theory,
using the general-gradient approximation (GGA) with the
Perdew-Burke-Ernzerhof parametrization for the exchange
correlation.31 For the AFM state, the GGA + U calculations
were also performed to include the correlations of 3d electrons.
Since the value of Ueff of NaVO2 is not available in the
literature, we employ the value of isostructural LiVO2, that
is, Ueff = U − J = 3.6 eV (U and J are on-site Coulomb and
exchange interactions, respectively).29,32 Figure 1 shows the
crystal and magnetic structures observed in neutron-diffraction
experiments.21,29 Since the interlayer V-V distance (∼5.6 Å) is
much greater than the intralayer one (∼3.0 Å), NaVO2 can be
regarded as a pseudo-two-dimensional system. Brillouin-zone
integrations were performed using 500 k points within the
first Brillouin zone. The self-consistency is achieved when
the convergence of total energy is smaller than 1 meV. The
optimization of the internal parameters at 20 K, which will
be used for the lattice-distortion calculations, shows that the
sites of O atoms are (0.2358, 0, 0.7073), (0.2345, 0, 0.7045),
and (0.2334, 0, 0.7088) for the nonmagnetic, FM, and AFM
calculations, respectively, basically close to the experimental
value.21,29
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FIG. 1. (Color online) The crystal and magnetic structures (a) and
the orbital ordering within the ambm plane (b) observed in neutron-
diffraction experiments.21 The long and short V-O bonds are shown,
respectively, by red and green bonds. The filled lobes stand for the
occupied dzx and dyz orbitals along the [110] and [11̄0] directions;
the unfilled lobes are the less occupied dxy orbital along the [010]
direction.

III. RESULTS AND DISCUSSION

A. Lattice-distortion calculations

The lattice parameters and volume per formula unit ob-
served in neutron-diffraction experiments21,29 are listed in
Table I. The rhombohedral lattice parameters at 100 K can
be converted into am = 5.1891 Å, bm = am/1.732 = 2.9959 Å,
cm = 5.6384 Å, and β = 107.865◦ in the monoclinic
representation. Thus, it is very clear that the differences in
crystallographic structure between 20, 91.5, and 100 K are
quite small. Table I lists the total energies (E) calculated
in different magnetic configurations, where the value of E
corresponding to the AFM state at 20 K is taken as zero
energy. As can be seen, for a fixed temperature the value
of E in the AFM state is always lower than those of the
nonmagnetic and FM states, in good agreement with previous
results.29 However, the energy differences between structures
at different temperatures are a little complicated depending
on the calculation methods. In the GGA case, the structure at
100 K has the lowest value of E for the FM and nonmagnetic
states, whereas for the AFM state, the E of the 20 K structure
is lowest. In the GGA + U (Ueff = 3.6 eV) calculation of
the AFM state, the energy for the 100 K structure is lowest
among these three temperatures, in contrast to the GGA
calculation. Considering that the energy differences between
different temperatures are not so pronounced (in particular,
the difference between 20 and 100 K for the AFM state is
so small that it is comparable to the calculation error) and
such differences probably originate from a tiny deviation in
structure as well as the unit-cell volume, it is indeed difficult
to distinguish which structure is more stable in energy. This
raises a question: What is the main aspect determining phase
stability?

Note that the experimentally observed low-temperature
long-range AFM ordering at 20 K is a result of the removal
of the geometrical frustration in the layered triangular lattice.
During this process, the equilateral triangles consisting of V
ions in the rhombohedral phase at 100 K (am/bm = 1.732) are
distorted into isosceles triangles at 91.5 K (am/bm = 1.721) and
20 K (am/bm = 1.755), respectively (see Table I).21,29 Thus, it
is desired to perform a “pure” lattice-distortion calculation by
ruling out the influences from the other structural parameters.
More exactly, we start from the experimental lattice parameters
at 20 K (Table I) and search for the possible energy minima
by varying only am/bm, simultaneously keeping cm, angles,
and volume unaltered. Figure 2 shows the am/bm dependence
of total energy relative to the value of am/bm = 1.755. In
the GGA calculation, the E-am/bm curve for the nonmagnetic
state exhibits a minimum around am/bm = 1.732 (100 K) and
a significant symmetry about this point [Fig. 2(a)]. This could
be attributed to a higher geometrical symmetry of am/bm =
1.732, at which V ions form equilateral triangles in the ambm

plane and all the V-V distances are equal to each other (note
that this is not the exact rhombohedral structure because
the VO6 octahedra are still distorted). In the FM calculation
with GGA [Fig. 2(b)], the E-am/bm curve exhibits a local
maximum at am/bm = 1.721, corresponding to the value at
91.5 K. Decreasing or increasing am/bm, the energy decreases
gradually until a local minimum around am/bm = 1.655 and
1.750, with the former lower in energy than the latter. Although
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TABLE I. Lattice parameters (Refs. 21 and 29), volume per formula unit, and calculated total energy (meV/f.u.) of NaVO2 at 20, 91.5, and
100 K. The number marked by an asterisk is the value of a/b in the monoclinic representation.

Configuration 20 K 91.5 K 100 K

Structure Monoclinic (C2/m) Monoclinic (C2/m) Rhombohedral (R-3m)
a (Å) 5.2223(2) 5.1758(1) 2.9959(1)
b (Å) 2.9755(1) 3.0078(1) 2.9959(1)
c (Å) 5.6492(3) 5.6340(1) 16.0996(1)
am/bm 1.755 1.721 1.732∗

β or γ (deg) β = 108.335(1)◦ β = 107.629(1)◦ γ = 120◦

V (Å3/f.u.) 41.665 41.975 40.715

GGA Nonmagnetic 304 316 287
FM 51 53 36
AFM 0 39 2.7

GGA + U AFM 0 33 −2.6

the physics behind the minimum around am/bm = 1.655 is
not clear at this moment, am/bm = 1.750 nearly points to the
experimental value of am/bm = 1.755 at 20 K (Table I). For the
AFM calculation with the GGA [Fig. 2(c)], the E-am/bm curve
exhibits only one minimum around am/bm = 1.767, which is
slightly larger than the experimental value at 20 K.
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FIG. 2. (Color online) The E-am/bm curves of NaVO2 for non-
magnetic, FM, and AFM calculations (a)–(c). The E of experimental
AFM monoclinic volume, Vexp, is taken as energy zero. The result for
α-NaMnO2 is also shown for comparison (d).

To further illustrate the stability of the monoclinic phase,
we performed the GGA + U (Ueff = 3.6 eV) calculations
for the AFM state, as is shown in Fig. 2. Compared with the
result of the GGA calculation, the minimum of the E-am/bm

curve now moves to a lower value of am/bm = 1.750, nearly
pointing to the experimental monoclinic structure of am/bm =
1.755 at 20 K. We note that the energy at am/bm = 1.750
is lower than those at am/bm = 1.732 and 1.721 by only
1–2 meV/f.u., which are comparable to the calculation errors.
However, judging from the smooth E-am/bm curve, we infer
that the monoclinic structure with am/bm = 1.750 is more
stable than those of am/bm = 1.732 and 1.721. Hence, our
results not only demonstrate successfully the AFM ground
state with am/bm = 1.750, in good agreement with recent
neutron-diffraction experiments,21 but they also suggest that
an inclusion of 3d electron correlations in the calculations is
essential and NaVO2 has almost the same value of Ueff as its
sister compound LiVO2.32

B. Process of lattice distortion and its correlation
with magnetism

In addition to the prediction of the AFM ground state with
am/bm = 1.750, Fig. 2 also elucidates the process of lattice
distortion as well as its correlation with magnetism. On the
one hand, as an equilateral triangle consisting of V ions in
the rhombohedral phase (R-3m) is distorted into an isosceles
triangle in the monoclinic phase (C2/m), the geometrical
symmetry of the compound is reduced. An introduction of
magnetism, either FM or AFM, prompts such a reduction in
symmetry due to magnetoelastic coupling. However, only the
introduction of the AFM state can induce an experimentally
observed lattice distortion. This tiny lattice distortion slightly
lowers the energy of the system by removing the magnetic
frustration and establishing low-temperature long-range AFM
ordering. On the other hand, based on the requirement of
energy reduction, the general rule for the rhombohedral-
monoclinic distortion is am/bm > 1.732. In this process, the
original equal V-V bonds in the VO2 layer split into two short
bonds along the [010] direction and four long bonds along
the [110] and [11̄0] directions. Defining the distortion of the
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VO6 octahedron as (d1−d2)/d2, where d1 and d2 are the long
and short V-O bond lengths, respectively [see Fig. 1(a)], will
result in an enhancement of distortion of the VO6 octahedron.
Experimentally, however, a second-order structural transition
from am/bm = 1.732 (100 K) to 1.721 (91.5 K), in which
the energy is increased, was indeed observed. This might
show that the AFM state at am/bm = 1.721 is a metastable
intermediate state, in which the VO2 layer is composed of
two long bonds along the [010] direction and four short bonds
along the [110] and [11̄0] directions. Concomitantly, the VO6

octahedron is compressed along its axial direction. Such a
state is not stable and can be converted into a more stable one
with am/bm > 1.732 by a discontinuous reversal of V-V bond
length, as was observed in the first-order lattice distortion from
am/bm = 1.721 to 1.755,21 during which the distortion varies
discontinuously from −1.83% to +2.40%. In addition, the
first-principles calculation that is usually employed to predict
the ground state (absolute zero temperature) might not be relied
on to mimic the temperature-induced structure transition. To
predict correctly the order of the phase transition, a detailed
calculation on structural stability including thermodynamic
properties such as enthalpies of formation, zero-point energy,
and temperature-dependent free energy is desired.

C. Density of states and orbital ordering

We now examine how the density of states (DOS) varies
with the lattice distortion. Figure 3 plots the total and projected
DOS of am/bm = 1.721, 1.732, and 1.750. The empty a1g band
is pushed upward and a gap of 1.5 eV is opened near the Fermi
level, characterizing an insulator due to strong correlation of
3d electrons.29 The total and projected DOS nearly overlap
with each other because there are no dramatic changes in
the occupation of d orbitals, the V-O bond lengths, and spin
magnetic moment (1.68μB/V). However, close scrutiny still
reveals a slight increase in the occupation of d orbitals as
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FIG. 3. (Color online) The total and projected DOS of the AFM
state calculated by GGA + U (Ueff = 3.6 eV) for am/bm = 1.721,
1.732, and 1.750.
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FIG. 4. (Color online) The spin-up DOS of dzx , dyz, and dxy

orbitals of V1 ion in local coordinate system. The calculations were
performed for the AFM state by using GGA + U (Ueff = 3.6 eV).

the compound undergoes a distortion from am/bm = 1.721 to
1.750.

To further explore the tiny variation of d-orbital occupation,
Fig. 4 shows the spin-up DOS of dzx , dyz, and dxy orbitals of
the V1 ion in a local coordinate system, where the z axis of
this system points to the V-O bond of the VO6 octahedron.29

It is clear that the dzx and dyz orbitals are mainly occupied
and the dxy orbital is less occupied at all V ions. Such a
spatial distribution of 3d partial DOS is consistent with the
Goodenough-Kanamori rules,33,34 based on which the empty
orbitals lie along the two short V-V bonds, favoring the FM
exchange interaction along the [010] direction, whereas the
filled orbitals lie along the four long V-V bonds, favoring the
AFM interaction along the [110] and [11̄0] directions (see
Fig. 1 for the AFM spin arrangement and orbital ordering of
V ions within the ambm plane).21 This is different from other
vanadates, for example, LaVO3, in which the orbital order
violates the Goodenough-Kanamori rules due to spin-orbital
entanglement.35 Most interestingly, Fig. 4 also reveals that
during the distortion from am/bm = 1.721 to 1.750, the
occupations of dzx and dyz orbitals are slightly enhanced, while
that of the dxy orbital exhibits a significant reduction. It is
thus proposed that, ignoring the metastable intermediate state
of am/bm = 1.732 (see above), the experimentally observed
lattice distortion is a result of the enhancement of the occupied
dzx or dyz orbitals and the weakening of the less occupied dxy

orbital. The orbital ordering as well as its enhancement are a
mechanism for driving the compound to distort from am/bm =
1.721 to 1.750, which relieves the magnetic frustration and
stabilizes the long-range AFM ordering.

D. Comparison of NaVO2 with other ATO2 compounds

So far, we have successfully illustrated the experimentally
observed AFM ground state, tiny lattice distortion, and
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orbital ordering in NaVO2 by a detailed lattice-distortion
calculation. Since a similar method was applied in α-
NaMnO2,26 here we compare both systems. The common
factor is that both systems experience similar lattice distor-
tion, that is, rhombohedral-monoclinic-triclinicdistortion in
α-NaMnO2,19,20 and rhombohedral-monoclinic distortion in
NaVO2,21,29 resulting in low-temperature long-range AFM
ordering. Presumably because of this similarity, the lattice-
distortion calculation can be well applied in both systems.
Noting that the present AFM calculation of NaVO2 using the
GGA overestimates the energy minimum whereas the GGA +
U calculation compensates for this deviation, we recalculate
the monoclinic-triclinic distortion of α-NaMnO2 by using
GGA + U (Ueff = 8.8 eV),25,36 which was not included
previously.26 The result shows that the energy minimum moves
from at/bt = 1.0036 to at/bt = 1.0022 [see Fig. 2(d)], in
surprisingly good agreement with the experimental value of
at/bt = 1.0023.26 Thus, both systems show the importance of
including 3d electron correlations. The values of Ueff obtained
from the isostructural LiVO2 (Ref. 32) for NaVO2 and by
the constrained local-density approximation36 for α-NaMnO2,
respectively, are further confirmed.

The differences between both compounds are also pro-
nounced. In α-NaMnO2 with a strong Jahn-Teller Mn3+ (t3

2ge
1
g)

ion, the orbital degeneracy is well lifted. As a result, the com-
pound adopts a distorted monoclinic structure even at room
temperature. The MnO6 octahedra are axially elongated during
this large hypothetical rhombohedral-monoclinicdistortion,
accompanied by a large variation in the distortion-related
energy (see Ref. 26). The elongated Mn-O bond points in
the same direction as the cooperative ferro-orbital ordering of
a d3z2−r2 orbital in the amcm plane. Obviously, in such a strong
Jahn-Teller system, the lattice distortion determines the type of
orbital ordering. In NaVO2, however, Jahn-Teller effect of V3+
(t2

2ge
0
g) is not that strong and the lifting of orbital degeneracy

is more subtle.32 It was proposed that peculiar orbital ordering
can remove the geometric frustration and lower the energy
of the system.18 NaVO2 manifests itself as such a system
by showing two successive orbital ordering transitions.21 The
orbital ordering, which now lies in the ambm plane, removes
the frustration, leading to small rhombohedral-monoclinic
distortions along with a relatively smaller distortion-related
energy [see Fig. 2(c)]. The VO6 octahedra are compressed in
the beginning followed by a later elongation, different from
the uniform elongation of the Mn-O bond in α-NaMnO2.

Finally, we point out that a similar lattice-distortion calcu-
lation might be applied in other ATO2 compounds containing
Jahn-Teller ions. For instance, LiMnO2 was reported to
have an orthorhombic (Pmmn) structure that is stabilized by
AFM ordering.37,38 This is different from α-NaMnO2 and
quite unusual since Li is isoelectronic to Na. The NaTiO2

and LiVO2 have nonmagnetic low-temperature phases, but
the details are quite different and still controversial. LiVO2

undergoes a first-order orbital ordering transition below 500 K,
corresponding to the trimerization (or “clusters”) of a V trian-
gular lattice.27,33 In contrast, NaTiO2 exhibits a second-order
rhombohedral-monoclinic transition below 250 K.28 Both of
these are different from NaVO2. An intensive lattice-distortion
calculation would be useful in elucidating the phase stability
of these systems.

IV. CONCLUSIONS

Our first-principles study on triangular-lattice antiferro-
magnet NaVO2 predicts a right monoclinic AFM ground
state with a ratio of lattice parameters of am/bm = 1.750,
which is very close to the experimental observation. For this
successful prediction, it is essential to include 3d electron
correlations with parameter Ueff = 3.6 eV in the calculations.
The lattice distortion is found to be strongly correlated with
magnetism. It is the tiny lattice distortion that results in
the removal of magnetic frustration and final onset of low-
temperature long-range AFM ordering. In accordance with
the Goodenough-Kanamori rules, the orbital ordering as well
as its enhancement are identified as a mechanism for lattice
distortion at low temperatures. The similarities and differences
in the low-temperature lattice distortions between NaVO2 and
α-NaMnO2 are discussed. Our study on structural distortion
offers a distinct way to study the phase stability of frustrated
triangular-lattice antiferromagnets. In particular, this method
may be useful to understand the phase stability of some
other ATO2 compounds, for example, LiMnO2, NaTiO2, and
LiVO2.
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