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A Hybrid Forward Algorithm for RBF Neural
Network Construction

Jian-Xun Peng, Kang Li, Member, IEEE, and De-Shuang Huang, Senior Member, IEEE

Abstract—This paper proposes a novel hybrid forward algo-
rithm (HFA) for the construction of radial basis function (RBF)
neural networks with tunable nodes. The main objective is to
efficiently and effectively produce a parsimonious RBF neural
network that generalizes well. In this study, it is achieved through
simultaneous network structure determination and parameter
optimization on the continuous parameter space. This is a mixed
integer hard problem and the proposed HFA tackles this problem
using an integrated analytic framework, leading to significantly
improved network performance and reduced memory usage for
the network construction. The computational complexity analysis
confirms the efficiency of the proposed algorithm, and the simula-
tion results demonstrate its effectiveness.

Index Terms—Analytic framework, computational complexity
analysis, parameter optimization, radial basis function (RBF)
neural network, structure determination.

1. INTRODUCTION

UE to the simple topological structure and universal
Dapproximation ability [33], radial basis function (RBF)
neural networks have been widely used in many areas, such as
data mining, pattern recognition, signal processing, time series
prediction, and nonlinear system modeling and control. See,
for example, [1], [7], [12], [13], [15], [18], [19], [23], [25],
[31], [35], and [40]—-[42]. Gaussian radial basis functions have
also been widely used in support vector machines, an important
class of machine learning algorithms [5], [37]. One of the most
important issues in the RBF neural network applications is the
network learning, i.e., to optimize the adjustable parameters,
which include the center vectors, the variances (or the widths of
the basis functions), and the linear output weights connecting
the RBF hidden nodes to the output nodes. Another important
issue is to determine the network structure or the number of
RBF nodes based on the parsimonious principle [8], [20], [22],
[26].

Both the issues to determine the network size and to adjust
the parameters on the continuous parameter space are closely
coupled. It is a mixed integer hard problem if the two issues
are considered simultaneously. Evolutionary algorithms have
been used to address this problem [15], [22], however, they are
computationally very expensive to implement and it is also well
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known that these algorithms suffer the slow and premature con-
vergence problems. Despite that no analytic method is available
to efficiently and effectively address this integrated problem,
the two separate issues have been studied extensively in the
literature.

With respect to the RBF neural network learning, conven-
tional approach takes a two-stage procedure, i.e., unsupervised
learning of both the centers and widths for the RBF nodes and
supervised learning of the linear output weights. With respect
to the center location, clustering techniques have been proposed
[38], [39]. For the width learning, if the input samples are uni-
formly distributed, an identical width can be set for all the basis
functions, otherwise a particular width has to be set for each
individual basis function to reflect the input distribution [33].
Once the centers and the widths are determined, the linear output
weights can be obtainable using Cholesky factorization, orthog-
onal least squares, or singular value decomposition [9].

In contrast to the conventional two-stage learning procedure,
supervised learning methods aim to optimize all the network
parameters [21], [27], [29]. To improve the convergence, var-
ious techniques have been introduced. For example, hybrid
algorithms combine the gradient-based search for the non-
linear parameters (the widths and centers) of the RBF nodes
and the least squares estimation of the linear output weights
[28], [32], [34]. Second-order algorithms have also been
proposed, which use an additional adaptive momentum term
to the Levenberg—Marquardt algorithm in order to maintain
the conjugacy between successive minimization directions,
resulting in good convergence for some well-known hard
problems [4]. In [29], the performances of three different RBF
learning methods are compared—a gradient-based algorithm
(gradient descent with a momentum term), a three-step hy-
brid learning algorithm, and a genetic algorithm. Generally
speaking, although supervised learning is thought to be superior
to conventional two-stage approaches, it can be computation-
ally more demanding.

Nevertheless, these above learning methods are only appli-
cable to RBF networks of fixed structure. If the network size also
has to be determined, one of the simplest ways is to repeat these
above learning procedures with different network size until the
optimal one is acquired based on some network selection cri-
terion such as the Akaike information criterion (AIC) [3]. This
method is, however, computationally too demanding.

With respect to the determination of the RBF neural network
structure, a popular approach is to formulate it as a linear-in-the-
parameters problem, where all the training patterns/samples are
usually used as the candidate RBF centers, and the RBF widths
are chosen a priori. A parsimonious network is then determined
from these candidates using an efficient forward subset selection
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method, such as the orthogonal least squares (OLS) algorithms
[9], [14], [42] or the forward recursive algorithm (FRA) [24].
To improve the network generalization, the regularized forward
selection (RFS) algorithm has been proposed [30], which com-
bines subset selection with zero-order regularization. Backward
selection methods have also been used in RBF center selection
[16], [17]. However, forward selection algorithms are thought
to be superior to backward methods in terms of computational
efficiency, since they do not need to solve the equations explic-
itly with the full set of initial candidate centers.

Generally speaking, existing (forward and backward) subset
selection methods have several major disadvantages. First, since
the RBF widths are set a priori and the centers of the RBF nodes
are selected from a set of training samples with limited size, the
optimal values on the continuous parameter space for the center
and width parameters of RBF nodes can be easily missed out on.
This means that the stepwise forward or backward procedures
can easily miss out on a good RBF neural network. Second, in
order to increase the chance of obtaining a satisfactory RBF net-
work, one has to use a very large set of candidate RBF nodes of
different centers and widths. This is, however, sometimes com-
putationally too expensive or impossible to implement, since all
the candidate RBF nodes have to be stored for batch operations
and the number of all candidates will increase exponentially as
the search space dimension increases. Part of this is usually re-
ferred to as the curse of dimensionality problem in the literature.

In order to optimize the RBF center and width parameters
along with the network structure determination process, a sparse
incremental regression (SIR) modeling method was proposed
very recently [10]. This method appends regressors in an incre-
mental modeling process. For each regressor to be appended, the
nonlinear parameters are tuned using a boosting search based on
a correlation criterion. In this way, the network structure and the
associated nonlinear parameters are determined simultaneously.
However, the search for the optimal values of the nonlinear pa-
rameters (RBF centers and widths) is a continuous optimization
problem. The boosting approach in SIR, which employs a sto-
chastic search process, tends to be slower in convergence than
calculus-based optimization techniques. In addition, all the non-
linear parameters are treated equally in SIR, and the difference
between the center and width parameters of a RBF node is ig-
nored; this is again another factor that slows down the search
process. Finally, the boosting search in SIR has three to five pa-
rameters that need to be tuned empirically. All the above poten-
tial problems with SIR are illustrated in the simulation examples
at the end of this paper.

Different from existing methods in RBF neural network con-
struction, this paper proposes a novel hybrid forward algorithm
(HFA), which performs simultaneous network growing and pa-
rameter optimization within an integrated analytic framework,
leading to two main technical advantages. First, the network per-
formance can be significantly improved through the optimiza-
tion of the nonlinear RBF parameters on the continuous param-
eter space. Second, conventional forward selection algorithms
tend to use all training samples to produce a very large set of
candidate RBF nodes from which the final RBF network is se-
lected [6], [9]. The currently proposed method, however, only
uses a very small number of training samples just for the initial-
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ization of the RBF centers, aiming to speed up the continuous
optimization procedure. As a result, the memory requirement is
significantly reduced.

This paper is organized as follows. Section II gives the
problem formulation for the forward RBF network construc-
tion, and the corresponding forward RBF network construction
procedure is introduced in Section III. Section IV proposes the
hybrid RBF network construction algorithm, and Section V
gives the computational complexity analysis for the proposed
algorithm. Application examples are given in Section VI
Section VII concludes this paper.

II. PROBLEM FORMULATION FOR FORWARD RBF NEURAL
NETWORK CONSTRUCTION

A wide class of multiple-input—single-output systems can be
modelled by the RBF neural networks given by

Q = RBF (X7U7C7W) = Zwi¢i<x7 0i7ci) (1)
=1

where y denotes the network output, x € R™ is the input
vector to the network, ¢;(x,0;,c;) denotes the radial basis
function (e.g., Gaussian basis function) of the ¢th hidden node
with the center ¢; € R™ and the width o; € R, and w; is the
linear output weight. The adjustable parameters in network (1)
are therefore the center vector ¢ = (cy,...,Cp), the width
vector 0 = (01,...,0m,), and the linear output weight vector
w , W)Y, For the Gaussian radial basis function
$i(x, 05, ¢;) = exp(—||x — ¢;]|>/0?), where || o || denotes the
Euclidean norm.

Now suppose a set of training samples (patterns), denoted as
{(x(k),y(x)),k =1,..., N}, is used for the network training,
and the desired network output seriesis y = [y(1),...,y(N)]T.
The network training aims to optimize c, o0 and w such that the
sum squared error (SSE) becomes minimal

N
Q(O—v c, W) = Z [y(’i) — RBF (X(’i)'/ 0,C, W)]2 — min.

k=1

@)
Let ¢; [:i(x(1)),...,0:(x(N))]T € RN, where
¢i(k) = ¢i(x(k),04,¢;), be the output vector of the ith RBF
node when all data samples are fed into the network. It is
referred to as the basis vector in the following context. Let
® = [¢1,...,Pm] € RVX™ Then the least square estimate of

the linear output weights is given by

w=(0T®) 10Ty 3)
if @ is of full column rank.

If (3) is used as a constraint, the cost function (2) is a function
of c and o, i.e.,

“

The objective of network training is then to minimize Q(o, c)
defined in (4) against continuous parameter ¢ and o, subject to
constraint (3). However, the network size m (i.e., the number
of RBF nodes) is unknown. A practical solution is to use part
or all data samples as the centers with the widths of the radial

Qo.c)=eTe=(y—9)"(y - 3)
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basis functions being set a priori [7], [18], producing a large
number of candidate RBF nodes, say, M nodes (this network
is sometimes called the saturated full neural network). Then
some subset selection algorithm is used to select a small set of
RBF nodes based on a network selection criterion [7], [24], [34],
leading to a neural network of small size.

In the forward subset selection, the M candidate basis vectors
form the full regression matrix ® = [¢1,. .., das], ® € RV¥M,
Now suppose k& RBF basis vectors out of the M candidates,
denoted as ¢1, ..., P, have been selected, and the remaining
candidates in ¢ are denoted as ¢y41, . . ., ¢pr. The least squares
estimation of the network output weight vector is

w = (oF ;) ofy )

where @), = [(f)l., ceey ¢k]
The cost function expressed in (4) is then given by

Q(®r) = (y — 2ew) " (y — Piw)
=y"[I- o (ofer) " of]y.  ©

If a new RBF basis vector Vo) € {dr41,...,dn} is selected
into the neural network, the selected regression matrix increases
by one column, becoming @1 = [P, ¢]. The cost function
SSE is updated as

-1
Q(Pry1) =y" [I = Ppp1 (Pry1 Prt) (DE+1:| y

and the net reduction in the cost function value due to adding ¢
into the network is given by

AQr+1(9) = Q(Pr) — Q([®r, B]) 3

which is referred to as the contribution of ¢ or the (k+1)th RBF
node in this paper.

In order to select the (k + 1)th RBF basis vector into the
neural network, the contribution (8) has to be computed for each
of the M — k remaining candidates, i.e., Voo € {¢;,i = k +
1,...,M}. The one, say, ¢;, that gives the maximum contribu-
tion will be selected into the neural network as the (k+1)th RBF
basis vector. The difference between various forward methods
lies in how to compute the contribution (8) more efficiently [7],
[9], [24].

In the following section, a forward RBF construction algo-
rithm [24] will be briefly introduced as the starting point for
the derivation of the hybrid forward algorithm to be given in
Section IV.

III. A FORWARD NETWORK CONSTRUCTION PROCEDURE

First define a matrix series

I—®p(dF ) 10F, 0<k<M

7

Then, the cost function (6) with £ RBF nodes is rewritten as

Q(®:x) =y Ruy. (10)
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To efficiently compute the net contribution (8), two theorems
about the matrix series {Ry,k = 0,1,..., M} defined in (9)
have to be proposed.

Theorem 1: Let {¢1,...,¢n} beasetof N X 1 column vec-
torsand M < N, and suppose matrices ® = [d1,...,¢r], k =
1,..., M are of full column rank. Then, the following property
holds:

Ri+1 =R —
- bt Redri

k=0,1,...,M—1.

(11)

Theorem 2: Let {¢1,...,¢r} be a set of linearly indepen-
dent N x 1 column vectors. All matrices Ry, k =0,1,..., M,
M < N, defined in (9) have the following properties:

Rl =R, RiR; =Ry,
R,:R; = R;R; = R;,

0,
fxd = { # £ 0,

k=0,1,....M (12)
i,j=0,1,..., M(13)

E=0,1,...,M. (14)

The proofs of Theorems 1 and 2 are given in the Appendix.
In (14) and hereafter, for any /V X 1 column vector, say, an RBF
basis vector ¢ and the desired output vector y, denote

¢MAR¢, y ¥ ARLy. (15)

Obviously, (9 = ¢ and y(@ = y.
According to (12) and (13), for two arbitrary N x 1 column
vectors ¢ and p, it holds that

¢"Rip = ((ﬁ('“))T p=¢"p"
= ¢"RIR;p = («b(k’)T p®.  (16)

From (10) and (11), the net contribution of ¢ given in (8) can
then be computed as

yIRippTRYy  [(y*)) T2
TR ($()THH)

According to Theorems 1 and 2, ¢*) and y(*) can be recursively
updated, giving the final form

AQk+1(4) = (17)

. Ri_1¢rdr RE_, )
k) —Rip=|Ryp_q — —— - "“"k77k=1
¢ kP ( k-1 IRy 10s ¢

k=0T (k-1
k ) 4 )(k—n

= ¢k-1) _ (

( Eckq))T Eckq)
(k—1)\ " (k—1)

y®) =Ry = y*=b — E(ﬁ’(““)iTy(“) (k=1)
k k )

where ¢ is the kth selected RBF basis vector.
Based on (17) and (18), a fast stepwise forward RBF neural
network construction algorithm can be easily proposed (see [24]

(18)
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for details). Despite the great efficiency of stepwise forward
methods for RBF neural network construction, they have several
technical disadvantages. First, in the forward network construc-
tion process, all candidate basis vectors have to be processed,
stored, and updated each time a new node is added, which is
computationally very demanding if the set of candidate basis
vectors is very large in size. Second, the basis vectors are only
selected from a candidate set {¢;,i = k + 1,..., M}, where
M is a limited number, and the neural network performance is
severely restricted. In detail, each basis vector can be regarded
as a function of the width and the center in the continuous pa-
rameter space {c, c}, which is defined as follows:

¢(k,0,¢) = ¢p(x(k),0,c), c e R

If all the adjustable parameters for an RBF node are grouped
as a vector

oeR, (19)

w = [wo,w1, . ..,wn] = [0,¢] (20)
then the basis function (19) can be rewritten as
d(k,w) = d(x(k),w), w € R 21

With the previous notations, one can easily conclude that
the subset selection algorithms essentially select the param-
eter vector w for each basis vector from a discrete candidate
set, instead of searching in the continuous parameter space
w € R"*1. Obviously, further improvement can be made if
all the adjustable parameters are optimized on the continuous
parameter space. This analysis forms the basis of the proposed
HFA for the RBF neural network construction.

In the proposed algorithm, the RBF neural network is con-
structed using stepwise forward method, i.e., the RBF nodes
are added into the network one by one. In the meantime, a gra-
dient-based search for the optimal parameters w € R" T is car-
ried out on the continuous parameter space to maximize the con-
tribution of each selected basis function. In order to speed up the
search process, a small number of candidate RBF basis vectors,
which are randomly selected from the training samples, are used
to initialize the gradient-based search. This above procedure re-
sults in a hybrid algorithm for the RBF neural network construc-
tion which will be fully explored in the following section.

IV. HYBRID FORWARD ALGORITHM FOR RBF NEURAL
NETWORK CONSTRUCTION

Given N training samples, the contribution AQy+1(¢) of the
(k+1)th newly added basis vector given in (17) is a function of
parameter vector w, and it can be rewritten as

AQit1(w) = C*(w)/D(w) (22)
with
C(w) =y TRed(w) = (yM)" ¢M(w)
=205 [ e (x(w), )] o3
D() = [¢(w)]"Red(w) = [¢®(w) ] ¢*) (w

SN (W (x(k), w)]?
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where
Rid(w) = 6() = [0 x(1).0). ... 6P (x(N).0)]
(24)
The maximum contribution is expressed as
AQp11(wit1) = max{AQy41(w),w € R}, (25)

The adjustable parameter vector w1 has to be optimized for
the (k+1)th RBF basis vector. This is an (n+1)-dimensional
continuous optimization problem, and various optimization
techniques are available. In this paper, the Newton method [36]
is used. In order to facilitate the Newton search, the (n+1)-by-1
gradient vector and the (n+1)-by-(n+1) Hessian matrix have
to be derived.

To obtain the gradient vector of the contribution (22), the first-
order partial derivatives of vector in (24) with respect to the
adjustable parameters w; are denoted as

o
B@a2 @ _ gy )
) = 6 () 50
—0,1,...,n. (26)

The gradient vector g(w) of the contribution (22) with respect
to w is then given by
l9i (w)](n+1)x1

glw) =
9i (LU) = aAQa,Z:;l (w)

2r(w)ly — r(w)d(w)] " Ridu, (w)

27)

where
r(w)AC(w)/D(w).
The Hessian matrix H(w) of (22) is derived as

H(w) = [hlj(w)](n-‘é-l)x(n_;’_l)
hi j(w) = hji(w) = P*AQp+1(w)

awiaw]'
hij(w) = % 22w, ()R, ()

+20()ly — r(w)$()] T Ridu,u, (@)

where ¢y, and h; j,4,j = 0,...,n are the second-order par-
tial derivatives of the basis vector and the contribution with re-
spect to w; and wj, respectively, and

Bi = Bi(w)Aly — 2r(w)$(w)] T Rido, (w)-

Remark 1: The derivative information of the cost function
with regards to the unknown network parameters is always re-
quired in a gradient-based learning algorithm. Since this paper
deals with the simultaneous RBF neural network construction
and parameter optimization, the derivative information used for
the parameter optimization is therefore also acquired, but in a
quite different approach from the conventional method [29]. In
the conventional approach, the linear output weights in the RBF
networks are treated as independent parameters in the learning

(28)

(29)

(30)
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process. In this paper, due to the introduction of the matrix se-
ries (9), the linear output weights are dependent parameters and
therefore are eliminated from the equation by substituting the
least squares solution (5) into the cost function (10). Thus, the
dimension of the optimization problem is reduced for the whole
network construction and parameter optimization process.

For those RBF neural networks that use Gaussian function as
the basis function, the gradient and the Hessian matrix of the
Gaussian function can be explicitly expressed.

Consider the Gaussian function

d(x(k),0,c) = exp (— Z [z:(K) — ci]2/02> (€2))

i=1

which is ill defined at ¢ = 0, which makes it difficult to im-
plement some calculus-based optimization algorithms. To over-
come the problem, define

wol = (6372, wi=e¢,  di=1,...,n  (32)

then rewrite (31) as
Px().w) = exp (—w% S foil) - w,:12> (33)
i=1

and the first-order partial derivatives of the Gaussian basis
vector with respect to the adjustable parameters are

P (W) = —2wps o Pp(w)
b (W) = 203 (x; — w;) oo¢(w),i = 1,...,n} (34

and the second-order partial derivatives are derived as

Buogwo (W) = dwis os o p(w) — 2s 0 p(w) )

Duow; (w) = Py (w)
= 4wy [1 —wis] o (x; —w;) o p(w),i=1,...,n
¢Wiwj (w) = (z>iji (w)
= dwj(xi — wi) o (% — w;) 0 H(w)
L,j=1,...,n,i#j
G () = 203 [t — wi)? — 1] 0 B(w)
1=1,...,n J

(35)

where o denotes the element-by-element Kronecker product be-
tween two vectors and

s =s(w) = Z [(#:(1) —wi)?, ..., (zi(N) — w;)?]E. (36)

Given (34), the elements of the gradient of the contribution
for the Gaussian function can be computed as

9o(w)
= —dwor(w)[y — r(w)p(w)] " Re[s(w) o ¢(w)]
gi(w) (37)
= dwir(w)ly - 7‘_(u1)¢(w)]TRk [xi 0 p(w)]

PR
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and the elements of the Hessian matrix for the Gaussian function
are given by

\

2 .
ho,o = 4(4)0{ w + 7"(2(4)05 - 1)TX(()k)

—2wor?(so ) TRy(s o qS)}

2 .
ho,i = _SWO{% + r(wis — I)TXEk)

(38)
—wir?(x; 0 ¢) TRy (s 0 ¢)}:i =L...,n

7

hij = 8w [% + rx}rx(k)

where D, r, s are given in (23), (28), and (36), respectively, and

Yo = Yo(w) )
= [y — 2r(w)$(w)] "Rafs(w) 0 p(w)]
b 20 s 0 60)]
=[y — 2r(w)¢(w)] "Ry [x; 0 p(w
() = xiP) 9
= [Rily — r{(w)(w))] 0 s(w) 0 p(w)
X =P (w)
= [Ri(y — r(w)(w))] o xi 0 p(w) )

In (37) and (38), s o ¢, x; 0 ¢, ng), and ng) are intermediate
quantities which are used to reduce the computational com-
plexity. In addition, Ry (so ¢) and Ry (x;0¢) fori=1,...,n
can be computed recursively using just the same way as for
#*) = Ry given in (18).

Both the gradient vector and the Hessian matrix of the con-
tribution are used in the Newton method to search for the points
in the continuous space that gives the maximum contribution.

To speed up the convergence of the Newton search and also
based on the definition of the RBF centers [29], a subset of
training samples is randomly selected as the initial RBF cen-
ters. When a new RBF node is to be added into the network, the
best one selected from this subset of training samples is used as
the starting point for the continuous gradient-based searching
for the optimal parameter vector. It should be pointed out that,
in the proposed new algorithm, the subset of training samples
used to initialize the RBF centers is usually much smaller in
size than the set of candidate centers used in the conventional
subset selection algorithms [7], [9], [17]. In detail, for conven-
tional subset selection algorithms, all the node centers in the
RBF neural network are selected from the candidates. There-
fore, the number of candidate centers has to be very large. In
the proposed algorithm, the subset of training samples is simply
used as the initial values in the gradient-based search on the con-
tinuous parameter space for the optimal RBF centers. Therefore,
its size can be very small.
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The complete procedure for the Newton search over contin-
uous space can be found in [36], and the Newton search proce-
dure is combined with the forward RBF network construction
procedure presented in Section III, leading to the proposed hy-
brid forward algorithm.

To facilitate efficient numerical implementation, several in-
termediate matrices and vectors have to be introduced. Suppose
k RBF basis vectors have been selected and optimized using
the hybrid forward selection procedure. Denote these RBF basis
vectors as p;,...,Dpx to distinguish from the candidate RBF
basis vectors. For these k optimized basis vectors, define a k x k
upper triangular matrix A as

AAla; jlkxk
0, j<i
pTRL 1Pi = (p(L 1)> (i_1)7

piRi_1p; ( (1—1)) (i-1)
T . D; /(l, iy
p; Ri_1p;

aij =

and a kx 1 vector a, as
ayé[ai,y]kx 1

y'Ri_1pi

pIRi_1p;

= (v6) P s

For the M candidate RBF basis vectors, define a k£ x M matrix
B as

(41)

Aiy =

T -0\ "
BA[bi jlexar, bij = p; Ricidj = (p,; ) ¢;  (42)
and two M x 1 vectors ¢®) and d¥ as
k)A[Cf)]qu Y = yTRyi 43)
dk)A[dic)]Mxly d,; = ¢pFRyep;

where the superscript & for vectors ¢®) and d*) indicates the
updated values for ¢ and d as the number of RBF nodes &
increases.

With these above notations, (22) can be rewritten as

AQk+1(¢i) = (Cf))z /d?,

Now suppose a new RBF node, say, the (k 4 1)th optimized
basis vector py1, will be added into the network. Then all the
intermediate matrix and vectors defined in (40)—(43) have to be
updated.

1) First, the (k4 1)th column of the triangular matrix A has
to be computed and the new basis vector px41 has to be
updated from pchJZ1 = Pk41 tO p,(fgl using the following
recursive formulas:

i k41 = ( EL 1)> p,(fﬂl)/ai i )

(i-1) (i-1)
_ -1 ( : ) Pt (o1
= Prt1

(py =) Tpi Y .
= P;(CLHI) —a; k+1p§i_1)
9, =

i=1,...,M.  (44)

(i)
P
h (45)

PRI

(k)

_ T k)
Ak+1,k+1 = \Pp41) P

k+1° )
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2) Then the output vector has to be updated and the (k+1)th
element of a, has to be computed, which can be done as
follows:

T (k
Ap+1,y = (y(k)) P;(Cﬁl/akﬂ,kﬂ

T (k
(y(k)) piﬁl (k)
—NT . Prt+1
k k
PEchl pgc-gl

k
= y(k) — ak+1,yp](€_21

y D) — (k) _

(40)

3) Finally, the (k+1)th row of B has to be computed ac-
cording to (42), and vectors ¢¥) and d*) have to be up-
dated for further RBF network construction (adding more

RBF nodes)
k+1
it ) = Y Rit10; )
=y k T bi
Prr1RrPr41
k
:kci) — Qkt1,y0041,i
1
A = $T Ry 16 47)
T Rkpk+1pg+1R;£
= ¢z Rk - T T B . i
Pt 1 ReDry1
b2
o D
=
Af+1,k+1
1=1,....M J

With all the above-detailed formulas, the detailed procedures
of the HFA for the RBF network construction can now be given
as follows.

A. Algorithm: HFA for RBF Neural Network Construction

Step 1—Initialization: Assign an initial value for the width
parameter of the basis functions and randomly select a small
set of, say, M RBF centers from the whole set of training sam-
ples. Then construct the corresponding candidate RBF basis
vector set {¢;,4 = 1,..., M}. Let k = 0,y(®) =y, compute

) = =y T, >yT¢M] and d°) = [¢T¢17 . >¢M¢M]
according to (43), and compute SSE= yly.

Step 2: Add the (k+1)th RBF node into the network. The
(k+1)th RBF node is optimized as follows.

A) Compute the contribution for all the candidate RBF basis
vectors using (44) and identify the one that gives the max-
imum contribution.

Use the width and the center vector that gives the max-
imum contribution as the initial parameter value, denoted
as w,?,)H, for the (k + 1)th RBF node. Search for the op-
timum wy41 over the continuous parameter space using
the Newton method.

Denote the (k+1)th ogtlmized basis vector as pry1 =
¢(wi+1). Compute pk 1 and the (k+1)th column of ma-
trix A in (45), the (k—i—l)th row of matrix B in (42) and
y(k"'l), and the (k+1)th element of vector a,, in (46). Up-
date vectors ¢*) and d¥) into ¢tV and d**1) using (47).
Reduce the cost function SSE by SSE «+ SSE —
AQk+1(pr+1) and let k — k + 1.

B)

O

D)
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Step 3: Repeat Step 2 to add more RBF nodes into the net-
work, until some neural network construction criterion is satis-
fied. This, for example, can be that a certain number, say, m, of
RBF nodes have been selected, or the SSE is reduced to a given
level or some information criterion such as AIC [3] is satisfied.

The linear output weights of the final RBF network of, say, m
hidden nodes can be solved from a linear equation with an upper
triangular coefficient matrix. Based on the least squares solution
of the linear output weights given in (3) and the definition of Ry,
it follows that

Pw =P(P'P)"'P'y = (I-Ru)y (48)
wip1 + wap2 + -+ WipPpm =Y — Ry (49)
where P = [p1,p2,...,pm] denotes the regression ma-
trix consisting of the m optimized basis vectors and

w = [wy,wa, ..., w,]T is the output weight vector.
For k = 1 to m, left-multiplying (49) with (]o,(ck_l))T =

(Ry_1pr) T, respectively, and taking into account the property

Ryp; = 0 for ¢ < k given in (14) as well as the notations given

in (40) and (41), it follows that

k=1,..

m
Ok k Wk + O E Ok W; = Ok kAk,y, m.

i=k+1

(50)

Equation (50) is a set of linear equations relating to the upper
triangular coefficient matrix A. According to Theorem 2, if the
regression matrix P is fully ranked, then ay ;. # 0 and therefore
the m linear output weights can then be easily solved from (50)
using back substitution

m
Wy = Ay — g Wik i, k=m,
i=ht1

m—1,...,1. (51

V. COMPUTATIONAL COMPLEXITY

For the Gaussian functions (33), if each evaluation of the ex-
ponential function is regarded as one floating-point operation
(FPO), then the total number of FPOs to compute the contribu-
tion for the (k+1)th RBF node using (22) and (23), including
computing $(¥)(w) = Ry¢(w) for (23) in the same recursive
way as in (45), is

CAQusr = Bn+4k+T)N. (52)

The additional numbers of FPOs to compute the n+1 ele-
ments of the gradient in (37) and the (n + 1)(n + 1) elements
of the Hessian matrix in (38) and (39) are, respectively

C(Gra.d = (277/ + 5)N +3
CHossian = [(n + 1)(2’[’!, + 4k + 8) + 4]N
FA(n+ 2)(n + 1)

(53)

If (52) is compared with (53), it could be found that less than
two-thirds of additional FPOs are required to compute the n+1
gradient components; and less than n+1 times additional FPOs
for the (n+1)-by-(n+1) Hessian matrix computation. It should
be noted that, for the Gaussian basis function, no additional eval-
uation of the exponential function is required in computing the
gradient vector and the Hessian matrix.
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VI. SIMULATION EXAMPLE

Among various RBF neural network construction algo-
rithms, the forward subset selection such as the modified
Gram-Schmidt (MGS) based OLS is perhaps the most popular
method used in the open literature [7]-[9]. As a most recent
development in this area, the SIR modeling method [10] was
proposed, aiming to improve the network performance. In this
paper, the proposed new algorithm HFA was compared with the
above two algorithms, and these algorithms were tested on all
the simulation examples given in this section. All the following
tests were carried out using MATLAB V5.3 on a PIII-800 MHz
desktop PC with Windows XP.

Example 1: Consider the following nonlinear function taken
from [10]:

y(z) = 0.1z + Sl% 4sin05z,  —10<z <10. (54)

Asin [10], 1000 data points were generated usingy = f(z)+
&, where z was uniformly distributed within [—10, 10] and £ was
a Gaussian white noise with zero mean and variance 0.01. The
first 500 points were used for network training and the other 500
points for network validation.

For MGS all 500 training data samples were used as the can-
didate centers. Based on a series of judicious trial-and-error tests
for o € {0.5,1.0,...,10}, the width for the Gaussian basis
function is chosen as o = 3.0. For HFA, ten candidate cen-
ters are randomly selected from the 500 training samples, and
the initial value for the width parameter for all the ten candi-
date RBF basis vectors was simply set to be wg = 1/20 (which
can cover the whole input range). For SIR, similar algorithm pa-
rameters as in [10] were used for the boosting search, i.e., the
population size s = 5, the number of iterations M = 20, and
the repeating times M = 10. These three algorithms were then
used to generate the RBF networks of different sizes.

The rooted mean squared error (RMSE) [2], [20] over the
training data set, measured running time, and flops of the three
algorithms are listed in Table I. The RBF networks produced
by the three algorithms were then tested on the validation data
of the rest of the 500 samples, and the RMSE values over the
validation data set are listed in Table II. The RMSE is defined
as

RMSE = [(y - y)*(y — y)/N]"/? (55)
where y is the RBF neural network predictions for target y and
N is the vector length.

Both the measured running time and flops listed in Table I
indicate that the computational complexity of the proposed HFA
is significantly lower than the conventional MGS-based OLS al-
gorithm and the SIR method. It should be noted that the running
time and the number of flops in Table I and the following ex-
periments include calculations of all the candidate RBF basis
vectors. The trial and error tests for the optimal width for MGS
were, however, not included.

It is also shown in Tables I and II that the training and valida-
tion RMSE values obtained by the proposed HFA are quite the
same as the MGS and SIR in all cases; however, the proposed
HFA is able to produce a RBF neural network with significantly
reduced computational complexity.
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TABLE 1
RMSE VALUES OVER THE TRAINING DATA AND THE COMPUTATIONAL COMPLEXITIES FOR EXAMPLE 1

Hidden  Training error RMSE Running time (s) Number of flops

nodes HFA  MGS SIR  HFA MGS SR HFA MGS SIR
4 0.1156 0.1523 0.1271 0.15 069 122 298e+06 1.05e+07 1.81e+07
5 0.1128 0.1073 0.1160 022 0383 160 433e+06 1.27e+07 2.54e+07
6 0.1002 0.1034 0.1088 024 098 200 4.98et06 1.4%+07 3.3%+07
7 0.0964 00970 003986 029 109 244 620et06 172e+07 4.35e+07
8 0.0955 0.0964 00962 036 123 300 6.84e+06 1.94e+07 5.42e+07

TABLE II network output is ¢(¢ + 1). The produced networks were used

VALIDATION PERFORMANCES FOR EXAMPLE 1

Hidden Validation error (RMSE)
nodes HFA  MGS SIR
0.1255 0.1524 0.1240
0.1197 0.1183 0.1149
0.1062 0.1135 0.1117
0.1032 0.1047 0.1038
0.1018 0.103% 0.1026

o ~) v Lh

TABLE III
RESULTS FOR THE HFA USING DIFFERENT NUMBER
OF CANDIDATES FOR EXAMPLE 1

Hidden 1 candidate 3 candidates 5 candidates 20 candidates
nodes TRMSE VRMSE TRMSE VRMSE TRMSE VRMSE TRMSE VRMSE
02278 02130 02278 02130 0.1173 0.1262 0.1173 0.1262
0.1092 0.1157 0.10%2 0.1157 0.1156 0.1221 0.1156 0.1221
0.1009 0.1077 0.1003 0.1067 0.1010 0.1076 0.1010 0.1076
0.1007 0.1073 00365 0.1010 0.1002 0.1067 0.1002 0.1067
0.0997 0.1059 0.0963 0.1010 0.0961 0.1009 0.0959 0.0995

00~ v

It should be noted again that, in the proposed HFA, the can-
didate set of the RBF basis vectors are randomly selected from
the train samples, and it is only used to initialize the RBF neural
parameters for the Newton search. Therefore the size of the can-
didate set for the proposed algorithm is not as vital as for the
conventional subset selection algorithms.

To further examine how the number of candidate RBF basis
vectors affects the resultant network performance for the pro-
posed algorithm, the experiments on HFA were repeated with
different numbers of candidate centers. The results are listed in
Table III, where T.RMSE stands for the training RMSE values
and V.RMSE stands for the validation RMSE values. It is shown
in Table III that, except for the RBF networks of four nodes with
one and three candidates, respectively, are significantly worse,
all the others have quite similar performance.

Example 2: Prediction of the chaotic time series generated
from the Mackey—Glass differential equation

dy(t) ay(t —7)
- — byt
it 1+y0(t—1) y(t),
0=02 b=0.1, 7=17. (56)

The Mackey—Glass time series was widely used as a bench-
mark problem for neural network training in the literature [2],
[20], [34]. Although it was reported in [34] that the predic-
tion error variance for (56) is much smaller when RBF-AR
models are used rather than RBF networks, the objective of
this paper is to test the three algorithms on RBF networks
construction. Therefore, to use other model types to predict
this particular time series is out of the scope of this paper.
According to [20], the input vector to the RBF network is
selected as x = [y(t),y(t — 6),y(t — 12),y(t — 18)] and the

to predict y(t + 6), y(t + 50) and y(¢ + 84) from y(¢ — 1) for
l €{0,6,12,18}.
The trapezoidal rule for integration over the time interval

[t,t + At] yields
e+ ) = y(o] = | 252y B0 2

The discrete equation corresponding to (56) is then given as
follows according to [20]:

(57)

e+ 8) = 2
N aA [ yt+A—-1)
(24+0A) [1+y0(t+A—-7)
| (59)
1+ yO(t—7)]"

Following [20], by setting A = 1 and the initial condition
for y(¢) = 0.3 for —7 < ¢ < 0, a time series of 4500 samples
was generated using (58). The first 4000 samples were used as
the training data set and the remaining 500 samples for network
validation. The three algorithms were used to construct the RBF
neural networks of different sizes. For MGS, 2000 samples were
randomly selected from the training sample set as the candidate
centers, which is the best choice based on a series of experi-
ments with 500, 1000, and 3500 candidates, respectively. The
experiment failed when all 4000 training samples were used as
the candidates, due to the matrix being too large to carry out
on the PC. The width is chosen as ¢ = 1.5 for all 2000 candi-
date Gaussian basis functions again based on a number of ju-
dicious trial-and-error tests. For SIR, a series of tests are per-
formed in advance [10], and the algorithm parameters are tuned
tobe s = 15, M; = 40, and M = 40. For the HFA, 80 candi-
date centers are randomly selected from the 4000 training sam-
ples. The initial value for wy was simply set at one for all the
80 candidate basis vectors, given the range of the time series
being [0.3, 1.32]. The training RMSE, measured running time,
and flops are listed in Table IV for the three algorithms.

It is shown in Table IV that the three algorithms again gave
equivalent training RMSE values in all the cases. However, the
HFA is computationally much cheaper to implement than MGS
and SIR. It is noticed that the measured flops for the MGS are
about two times of those for the HFA. However, the MGS takes
even longer running time than the HFA because MGS requires
many more evaluations of the exponential function and has to
operate on a very large matrix (a 4000-by-2000 matrix storing
all the candidate RBF basis vectors).

The produced RBF neural networks were then applied to per-
form 6-, 50- and 84-steps-ahead predictions over the validation
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TABLE 1V
RMSE VALUES OVER THE TRAINING DATA AND THE COMPUTATIONAL
COMPLEXITIES FOR EXAMPLE 2

Hidden RMSE (x1073) Run-time (s) Number of flops

nodes HFA MGS SIR HFA MGS SIR  HFA MGS SR
10 646 806 632 688 43.02 24452 2.88e+08 8.14e+08 6.68e+09
11 610 754 587 775 4677 23542 3.10e+08 8.86e+08 7.76e+09
12 481 582 572 844 5058 259.86 3.41e+08 9.57e+08 8.92e+09
13 393 455 553 975 54.23 309.74 3.99¢+08 1.03e+09 1.02e+10
14 397 390 540 10.11 5830 339.66 4.23¢+08 1.10e+09 1.15¢+10
15 363 369 510 10.84 61.86 372.36 4.57e+08 1.17e+09 1.29¢+10
16 344 344 447 11.88 66.22 41539 4.92e+08 1.24e+09 1.43e+10
17 323 323 399 1444 69.52 453.08 6.23e+08 1.31e+09 1.59¢+10
18 315 318 348 1594 7431 49430 6.94e+08 1.3%+09 1.75e+10
19 311 291 328 1672 7745 557.34 7.50e+08 1.46e+09 1.92e+10
20 304 272 314 19.03 81.72 62149 9.12e+08 1.53e+09 2.09¢+10

TABLE V
LONG-TERM PREDICTION PERFORMANCES (RMSE X 107!) OVER THE
VALIDATION DATA SET FOR EXAMPLE 2

Hidden 6-step-ahead 50-step-ahead 84-step-ahead

nodes HFA MGS SIR HFA MGS SIR HFA MGS SR
10 041 610 111 078 1050 342 151 1068 415
11 040 785 081 073 1123 251 148 1131 306
12 023 909 107 050 11.83 300 085 1181 318
13 018 560 120 042 1046 271 056 1054 242
14 018 353 113 043 634 262 058 79% 240
15 016 0358 1.1% 028 097 2465 044 167 251
16 015 407 126 030 4% 29 051 437 278
17 023 179 1.1% 037 286 26% 074 335 3.00
18 025 065 110 035 119 250 061 19% 280
19 025 524 116 035 1130 26% 058 1143 299
20 019 185 1.11 02% 224 267 045 221 303

data set, and the RMSE values of the predictions are compared
in Tables V. It is shown that the proposed HFA produces sig-
nificantly better long-term predictions than the other two algo-
rithms over the validation data set.

Example 3—-Modeling of Continuously Stirred Tank Reactor:
Simulated continuously stirred tank reactor (CSTR) [11] repre-
sents a wide class of chemical processes exhibiting a high degree
of nonlinearity. Within a CSTR, two chemicals are mixed and
react to produce a product compound at a concentration C,(t),
and the temperature of the mixture is T'(¢). The CSTR system
considered here is a single-input single-output system, where
the input variable is the flow rate of a coolant ¢.(¢) and the
output variable is the concentration of the product C, (). The
reaction is exothermic; if uncooled, the heat it generates acts to
slow it down. Fig. 1 shows a simple schematic of the plant, and
the system can be described as follows:

L (Cup — Cult)) — ko Ca(t) exp <—Rim> (59)

&
—
~~
~—
Il
S

T(t) = L (T, = T(t) + ki - Cu(t) - exp <_RLT@)>
the 0 (1- o0 (- 225)) - (- 1)

(60)

where C, is the product concentration, C,, is the inlet feed con-
centration, q is the process flow rate, and T, and T, are the inlet
feed and coolant temperatures, respectively. k., £/ R, v, ki, k2,
and k3 are thermodynamic and chemical constants relating to
this particular problem.
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Fig. 1. Schematic of a CSTR plant.

TABLE VI
STATISTICS OF THE CSTR DATA
Data Mean Deviation
g. (min) 103.42 5.3705
C, (mol/l) 0.1052 0.0305

The system was simulated with a sampling interval of 0.2 s,
and the system input ¢.(t) is subject to uniformly distributed
random perturbation over the range [—10, 10] I/min from the
operating point. A normally distributed random signal was
added to the output to simulate measurement noise. A set of
1500 data samples was generated and used for modeling. The
statistics of the plant data are shown in Table VI.

The inputs to the RBF networks were selected as q.(t), g.(t —
2),q.(t—3), q.(t—4),C,.(t), Coa(t—1),Cy(t—2),and C, (t—3).
The RBF network output predicts C,, (¢4 1). The plant data were
split into two sets; the first 700 samples were used for network
training, the remaining 800 as validation data. All data samples
were zero meaned and normalized prior to the following mod-
eling experiments.

The three algorithms were used to produce the RBF network
models. For MGS, all 700 training samples are used as the can-
didate centers, and the widths of the Gaussian basis functions
were chosen as o = 8.0 again based on a number of judicious
trial and error tests. For SIR, a series of preliminary tests are
performed to determine the algorithm parameters, and the al-
gorithm parameters were chosen as s = 14, M; = 60 and
Mpr = 50. For HFA, 40 candidate centers are randomly se-
lected from the 700 training samples. The initial value for wy
was simply chosen to be 0.5 for all the 40 candidate basis vec-
tors, given the range of the normalized data as [—1.85, 1.69] for
q-(t) and [—1.86, 5.46] for C,(t).

RBF neural networks of size from four to eight were gen-
erated using the three algorithms. The training RMSE values,
running time, and flops are listed in Table VIL. It is shown that
the three algorithms produced equivalent training RMSE values.
The computational complexities of both the HFA and the MGS
are quite similar but both are much simpler than the SIR.

The produced networks were then used to perform one-step-
ahead and long-term predictions, and the results are compared in
Table VIII. It is shown that networks produced by the HFA have
the best generalization performance for both one-step-ahead and
long-term predictions. As an example, the long-term predictions
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TABLE VII
RMSE VALUES OVER THE TRAINING DATA AND THE COMPUTATIONAL COMPLEXITIES FOR EXAMPLE 3
Hidden Tra1zl;rllg(J§l;'ISE Running time (s) Number of flops
nodes —FEi- MGS SR HFA MGS SR HFA | MGS SIR
4 346 268 418 059 144 3489 211et07 2756407 7.82¢+08
5 254 247 301 097 167 4367 3.25¢+07 3.18e+07 1.04e+09
6 240 216 225 183 194 5578 6.05e+07 3.62e+07 1.32e+09
7 196 211 218 233 217 6911 7.73e+07 4.05e+07 1.62e+09
8 192 195 211 259 253 7431 850e+07 4.48e+07 1.94e+09
T T T T T T T T T
. 4r « Plant []
8 2 — HFA
2 0
s
o Ll i
1 1 1 1 1 1 1 1 1
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e 5
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Fig. 2. Long-term prediction for the last 100 outputs of the validation set by six-hidden-node RBF networks produced by HFA, MGS, and SIR of eight hidden

nodes with different RBF width settings.

TABLE VIII
VALIDATION PERFORMANCES (RMSE x 10~!) FOR EXAMPLE 3

Hidden  One-step-ahead Long-term

nodes HFA MGS SIR HFA MGS SIR
4 263 418 481 458 2492 613
5 2.89 360 387 523 1857 596
6 275 406 411 272 1994 556
7 252 475 421 238 2437 538
8 244 595 413 234 3229 526

of the six-hidden-nodes RBF networks for the last 100 outputs
are illustrated in Fig. 2. Note that the RMSE values indicated
in Tables VII and VIII and the data in Fig. 2 are based on the
normalized plant data.

Remark 2: 1t should be pointed out that, by convention, all
the results shown in the above three case studies were acquired
by optimizing the nonlinear parameters (widths and centers) for
the RBF neurons with regards to the training error (RMSE).
For the proposed HFA, all the parameters were optimized over
the continuous solution space with regards to the training error
(RSME). For the conventional MGS method, the RBF width,
however, has to be set a priori, and in the three examples, this
parameter was set with the optimal value which minimizes the
training error (RMSE) through a series of exhaustive tests for
o € {0.5,1.0,...,10.0}. Apparently, different choices of the
width parameters could lead to different network performance
for the MGS method. To illustrate this limitation for the MGS

method, the RMSE values of both the one-step-ahead and long-
term prediction errors over both the training and validation data
sets in Example 3 are compiled in Table IX for the MGS method
foro € {0.5,1.0,...,10.0}. According to Table IX, in terms of
the long-term prediction performance over the validation data
set, o = 4.5 would be the best choice for the MGS method,
though the training performance is not the best. Table IX and the
above analysis reflect the difficult issues for the MGS method
in that it requires manual setting of the nonlinear parameters a
priori and the network performance cannot be guaranteed.

VII. CONCLUSION

The performance of an RBF neural network constructed by
the conventional subset selection algorithms mainly depends on
the size and quality of the candidate RBF basis vectors from
which the network is solely selected. In the proposed HFA, the
network structure is determined by combining both the step-
wise forward network configuration and the continuous RBF
parameter optimization. These two tasks are performed within
a unified analytic framework, leading to significantly improved
network performance and reduced memory usage. In the pro-
posed HFA, a small set of candidate RBF center vectors is still
used, but it is only used to initialize the parameter optimiza-
tion in order to speed up the convergence of the Newton search.
Therefore, the resultant network performance is no longer sig-
nificantly dependent on the candidate RBF basis vectors, and the
size of the candidate basis vectors therefore can be very small.
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TABLE IX
MGS TRAINING RESULTS (RMSE x 10~!) FOR RBF NETWORKS
Width Training data Validation data
setting 1-step Long-term 1-step Long-term
05 8162 10.675 8278 10.053
10 5418 8.590 7.020 7.799
15 3785 5.297 5.961 6.797
20 3133 4.814 4.133 6.537
25 2748 4.394 3220 10.000
30 2377 4.248 3250 11733
35 23% 4.296 2.720 4.580
4.0 2424 5.674 2617 4.833
45 2059 5.440 2.274 2.804
50 2025 4725 2.117 2.952
55 2159 3.629 2.885 5.151
6.0 2249 5.312 3342 17.787
65 2085 4.286 2.504 4913
7.0 2085 5.450 2999 16.133
75 1955 5.699 3793 22713
80 1948 5.716 5949  32.295
85 1973 5.781 6.020 32556
9.0 2058 4.760 5642 28314
95 1982 4.636 7.379 36852
100 1967 4.976 12.055 48.914

The computational complexity analysis has confirmed the ef-
ficiency of the proposed algorithm, and the simulation results
have demonstrated its effectiveness.

APPENDIX A
PROOF OF THEOREM 1

From the definition of R, in (9), it is obvious that (11) holds
fork =0.Fork > 0,®r11 = [P, dry1] is of full rank and it
can be verified that

-1 TP, D dpi |
( kol k+1) ng-uq’k ¢E+1§bk+1
_[(@Feg)T 0] L[ v
0 0 ~ vl 1
(61)

where the kX 1 column vector v and the scalar -y are defined as

follows: -1
v=—(B[®) ®ldr

1
Y= i1 Oht1 — Pp 1 Br (BLDRL) T B by (62)
= ¢py1Redrgn
It follows from (9) for R, and Ry; that
Rit1 =1 — [Pk, Pr1]
(@E@k)_l 0 1wl v
- ([ 0 ol Ty VT
X Bk, prt1]”
2R, - ARy (63)

where

1 T
ARy = — [®k, Pit1] |:va v} (@), pria] . (64)
¥ v 1
Substitute v and «y in (62) into (64), and note (9) for Ry,
yielding
_ Rigri1di, Re

ARy = (65)
brs 1 Rerir-
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Noting the symmetric property of Ry, and based on (63) and
(65), (11) is obvious. It also should be noted, according to The-
orem 2, that when [®y,, ¢41] is of full rank, v given in (62) is
nonzero. Therefore, R, defined in (9) is well defined.

APPENDIX B
PROOF OF THEOREM 2

a) Equation (12) is obvious according to the definition (9) of
R;.

b) Forz = j, the result is obvious from (12).
For: = j + 1, from (11) and (12), it follows that

RR, = (R,  RlindmBi) o
o T T Rdin !
R;p;4107, RT
R T
¢ir1Ridjn

Similarly, it can be proved that R;R; = R;; therefore
(13) holds forz = 5 + 1.
Fori > j+1,apply Ryy1Rry = Rpyi fork =4 —1,4—
2,...,7 + 1, resulting in

RLRJ = RiRi_le
=-.=RR;_; R
=RiRi-1--Rji1=--=R; (67)
Similarly, using the property Ry 1Ry = Ry for k =
1—1,i—2,...,5+1, gives R;R; = R;.

In summary, (13) holds forz > j.
c) First, the following property is to be proved:

Ri¢; =0, 1<j<. (68)
From (11), it is obvious that
Ri_1¢0i¢; R,
Ridi=Ri_1¢9pi — —735—— ¢
I S T
=R; 1¢i—R; 146; =0 (69)

therefore, (68) holds for 7 = 1.
For j =4 — 1, noting R;_1¢;—1 = 0 as proved in the above

Ripi 1 =Ri 1¢i1
TRT
_ %@_1 —-0.
¢; Ri—19;
This process continues for all 7 < ¢ to confirm (68).
Now for an arbitrary vector ¢ of appropriate dimension, from
(11) and noting Ry = 1, it follows that

P17

(70)

Rip=¢— ¢
' $Tn
Pio
=¢— =¢—0> (71)
¢ ST b1 =¢ — b1
where by is some scalar determined by ¢; and ¢.
Therefore, it can be further derived that
Ri¢2¢03 RT
Ryp=Rip— —55—"—9¢
T GI Ry
TRTQS
— _ b/ _ 2 1 _ b/ 72
¢ — by TR10n (2 — b1¢1) (72)
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or rewritten as

Ro¢ = ¢ — by — baho

where by and by are some scalars determined by ¢1, ¢, and ¢.
More generally, for & > 0, it holds that

Rip=¢—bid1 —bapo — -+ — bps,

with the scalar b; for 7 = 1,...,k determined by ¢q, ...
and ¢.

In order to prove (14), it is supposed that rank
([P1,---, bk, @) k; then ¢ is linear dependent on
D1y Pry 1€, ¢ = a1y + asps + -+ + arppr with a;’s
being some scalars, given that rank([¢1, ..., ¢r]) = k. Noting
(68), (14) always should hold, i.e.,

(73)

(74)
’ (bk

Ri¢p = a1Ri¢1 + aaRypo +
=0.

<+ arRp o
(75)

Now if rank([¢1,...,¢x,¢]) = k + 1 and assuming that
Ri¢ = 0, it follows from (74) that ¢ — byp1 — baps — - - - —
brdpr = 0 or ¢ = by + bapa + - - - + brpy. This contradicts

the condition that rank([¢1,..., ¢k, #]) = k + 1. Therefore
Ry ¢ # 0 should always hold.
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